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Wb have endeavoured in the present work to combine some of 
the modem developments of Higher Algebra with the subjects 
usually included in works on the Theory of Equations. The 
first ten Chapters contain all the propositions ordinarily found 
in elementary treatises on the subject. In these Chapters we 
have not hesitated to employ the more modem notation wher- 
ever it appeared that greater simplicity or comprehensiveness 
could be thereby obtained. 

Begarding the algebraical and the numerical solution of 
equations as essentially distinct problems, we have purposely 
omitted in Chap. YI. numerical examples in illustration of the 
modes of solution there given of the cubic and biquadratic 
equations. Such examples do not render clearer the conception 
of an algebraical solution; and, for practical purposes, the 
algebraical formula may be regarded as almost useless in the 
ease of equations of a degree higher than the second. 

In the treatment of Elimination and Linear Transformation, 
as well as in the more advanced treatment of Symmetric Func- 
tions, a knowledge of Determinants is indispensable. We have 
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vi Preface to the First Edition. 

found it neoessaiy, therefore, to give a Chapter on this subject. 
It has been our aim to make this Chapter as simple and intelli- 
gible as possible to the beginner ; and at the same time to omit 
no proposition which might be found useful in the application 
of this calculus. For many of the examples in this Chapter, as 
well as in other parts of the work, we are indebted to the kind- 
ness of Mr. Cathcart, Fellow of Trinity College. 

We have approached the consideration of Covariants and 
Invariants through the medium of the functions of the diffe- 
rences of the roots of equations — ^this appearing to us the sim- 
plest mode of presenting the subject to beginners. We have 
attempted at the same time to show how this mode of treatment 
may be brought into harmony with the more general problem of 
the linear transformation of algebraic forms. In the Chapters 
on this subject we have confined our attention to the quadratic, 
cubic, and quartic; regarding any complete discussion of the 
covariants and invariants of higher binary forms as too diffi- 
cult for a work like the present. 

Of the works which have afforded us assistance in the more 
elementary part of the subject, we wish to mention particularly 
the Traiti d^ Algkbre of M. Bertrand, and the writings of the 
late Professor Young* of Belfast, which have contributed so 
much to extend and simplify the analysis and solution of 
numerical equations. 

In the more advanced portions of the subject we are in- 
debted mainly, among published works, to the Lessons Intro- 
ductory to the Modern Higher Algebra of Dr. Salmon, and the 



* Theory and Solution of Algebraical JEquatiotiSf London, 1835 ; Analysis and 
Solution of Cubic and Biquadratic Equations^ London, 1842 ; and Theory and 
Solution of Algebraical Equations of the Higher Orders^ London, 1843. 
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Tkeorie der bindren algebraischen Fbrmen of Glebsoh ; and 
in some degree to the Thiorie des Formes Unaires of the 
Ghey. F. Fa& De Bruno. We must record also our obligations 
in this department of the subject to Mr. Michael Boberts, from 
whose Papers in the Quarterly Journal and other periodicals, 
and from whose professorial lectures in the TJniversiiy of 
Dublin, very great assistance has been derived. Many of the 
examples also are taken from Papers set by him at the TJni- 
▼ersity Examinations. 

In the Chapter on the Complex Variable we have followed 
closely the treatment of imaginary quantities given by M. 
Briot in his Legans d^Algibre. 

In connexion with various parts of the subject several 
other works have been consulted, among which may be 
mentioned the treatises on Algebra by Serret, Meyer Hirsch, 
and Bubini, and papers in the mathematical journals by Boole, 
Gayley, Sylvester, Hermite, and others. 

We have, in the last place, to express our thanks to Mr. 
Robert Graham, of Trinity College, Dublin, who has read the 
proof sheets, and verified most of the examples. His thorough 
acquaintance with the subject has been invaluable to us, and 
many improvements throughout the work are owing to sug- 
gestions made by him. 

Tbiritt GoLLEes, 

September, 1881. 



PREFACE TO THE SECOND EDITION. 



The chief alterations in the present edition will be found in 
the Chapter on Determinants, which has been considerably en- 
larged ; and in Chap. XYI., on Transformations, to which two 
new sections have been added. The former of these contains a 
discussion of Hermite's theorem relating to the limits of the 
roots of an equation ; and in the latter we have given an 
account of the method of transformation from a system of two 
to a system of three variables, by means of which the Theory 
of Govariants and Invariants of Binary Forms receives a 
simple geometrical illustration. 

TBOflTT CoLLBGSy 

December f 1885. 



Note. — ^The first ten Chapters of this work may be regarded as forming an 
elementary course. In reading these Chapters for the first time, Students are 
recommended to omit Art. 63 of Chap. V., and to confine their attention in 
Chap. VI. to Arts. 55, 56, 57, 61, 62, and 63. 
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INTRODUCTION. 

1. Bcfinitloiis. — ^Any mathematical expression involving a 
quantity is called o, function of that quantity. 

We shall be employed mainly with such algebraical func- 
tions as are rational and integral. By a rational function of a 
quantity is meant one which contains that quantity in a rational 
f onn only ; that is, a form free from fractional indices or radical 
signs. By an integral function of a quantity is meant one in 
which the quantity enters in an integral form only ; that is, 
never in the denominator of a fraction. The following expres- 
sion, for example, in which n is a positive integer, is a rational 
and integral algebraical function of x : — 

ac" + baf^^ + cjif^ + + fee + /. 

It is to be observed that this definition has reference to the 
variable quantity x only, of which the expression is a function. 
The several coefficients a, 6, c, &c., may be irrational or fractional, 
and the function still remain rational and integral in x, 

A function of ir is represented for brevity by F{x)^f{x)^ <p{x)y 
or some such symbol. 

The name polynomial is given to the algebraical function 
to express the fact that it is constituted of a number of terms 
containing different powers of x connected by the signs plus or 

B 



2 Introduction. 

mliius. For certain values of the variable quantity x one poly- 
nomial may become equal to another diflferently constituted. 
The algebraical expression of such a relation is called an equa^ 
tion; and any value of x which satisfies this equation is called a 
root of the equation. The determination of all possible roots 
\oonstitutes the complete solution of the equation. 

It is obvious that, by bringing all the terms to one side, we 
may arrange any equation according to descending powers of x 
in the following manner : — 

The highest power of ^ in this equation being n, it is said to 
be an equation of the n'* degree in x. For such an equation we 
shall, in general, employ the form here written. The suffix 
attached to the letter a indicates the power of x which each coef- 
ficient accompanies, the sum of the exponent of x and the suffix 
of a being equal to n for each term. An equation is not altered 
if all its terms be divided by any quantity. "We may thus, if 
we please, dividing by ato, make the coefficient of a^ in the above 
equation equal to unity. It will often be found convenient to 
make this supposition ; and in such cases the equation will be 
written in the form 

An equation is said to be complete when it contains terms 
involving or in all its powers from n to 0, and iticomplete when 
some of the terms are absent ; or, in other words, when some of 
the coefficients p^ p,, &c., are equal to zero. The term /ig,, 
which does not contain Xy is called the absolute term. An equa- 
tion is numericaly or algebraical^ according as its coefficients are 
numbers, or algebraical symbols. 

2. Numerical and Algebraical Eqnatioiis. — ^In many 
researches in both mathematical and physical science the final 
mathematical problem presents itself in the form of an equation 
on whose solution that of the problem depends. It is natural, 
therefore, that the attention of mathematicians should have been 



Numerical and Algebraical Equations. 3 

at an early stage in the history of the science directed towards 
inqniries of this nature. The science of the Theory of Equa- 
tions, as it now stands, has grown out of the succeBsive attempts 
of mathematicians to discover general methods for the solution 
of equations of any degree. When the coefficients of an equation 
are given numbers, the problem is to determine a numerical 
value, or perhaps several different numerical values, which will 
satisfy the equation. In this branch of the science very great 
progress has been made ; and the best methods hitherto advanced 
for the discovery, either exactly or approximately, of the nume- 
rical values of the roots will be explained in their proper places 
in this work. 

Equal progress has not been made in the general solution of 
equations whose coefficients are algebraical symbols. The stu- 
dent is aware that the root of an equation of the second degree, 
whose coefficients are such symbols, may be expressed in terms 
of these coefficients in a general formula ; and that the nume- 
rical roots of any particular numerical equation may be obtained 
by substituting in this formula the particular numbers for the 
symbols. It was natural to inquire whether it was possible to 
discover any such formula for the solution of equations of higher 
degrees. Such results have been attained in the case of equa- 
tions of the third and fourth degrees. It will be shown that 
in certain cases these formulas fail to supply the solution of 
a numerical equation by substitution of the numerical coef- 
ficients for the general symbols, and are, therefore, in this 
respect inferior to the corresponding algebraical solution of 
the quadratic. 

Many attempts have been made to arrive at similar general 
formulas for equations of the fifth and higher degrees ; but it 
may now be regarded as establiBhed by the researches of modem 
analysts that it is not possible by means of radical signs, and 
other signs of operation employed in common algebra, to ex- 
press the root of an equation of the fifth or any higher degree 
in terms of the coefficients. 

3. Polynomials. — From the preceding observations it is 

b2 



4 Introducfion. 

plain that one important object of the soience of the Theory of 
Equations is the discovery of those values of the variable quan- 
tity X which give to the polynomial /(a?) the particular value 
zero. In attempting to discover such values of x we shall be led 
into many inquiries concerning the values assumed by the poly- 
nomial for other values of the variable. We shall, in fact, see 
in the next Chapter that, corresponding to a continuous series 
of values of x varying from an infinitely great negative quan- 
tity (- 00 ) to an infinitely great positive quantity (+ oo ), /{x) 
-will assume also values continuously varying. The study of 
^ such variations is a very important part of the theory of poly- 
nomials. The general solution of numerical equations is, in 
fact, a tentative process ; and by examining the values assumed 
by the polynomial for certain arbitrarily assumed values of the 
variable, we shall be led, if not to the root itself, at least to an 
indication of the neighbourhood in which it exists, and within 
which our further approximation must be carried on. 

A polynomial is sometimes called a quantic. It is convenient 
to have distinct names for the quantics of various successive 
degrees. The terms qtMdratic (or quadric)^ cubicj biquadratic (or 
quartic)j quintic^ sexiic^ &c., are used to represent quantics of the 
2nd, 3rd, 4th, 5th, 6th, &c., degrees ; and the equations obtained 
by equating these quantics to zero are called quadratic, cubic, 
biquadratic, &c., equations, respectively. 



CHAPTER I. 

GENERAL PROPERTIES OF POLYNOMIALS. 

4. In tracing the changes of value of a polynomial coirespond- 
ing to changes in the variable, we shall first inquire what terms 
in the polynomial are most important when values very great 
or very small are assigned to x. This inquiry will form the 
subject of the present and succeeding Articles. 
Writing the polynomial in the form 

^L (hi (hi a»-i 1 a« 1) 

.• ( chx Ooir , ch ^ (h^y 
* • • • 

it is plain that its value tends to become equal to Ooof as x tends 
towards oo . The following theorem will determine a quantity 
such that the substitution of this, or of any greater quantity, 
for X will have the effect of making the term (h^ exceed the 
sum of all the others. In what follows we suppose Oo to be 
]>ositive; and in general in the treatment of polynomials and 
equations the highest term is supposed to be written with the 
positive sign. 

Theorem. — If in the poli/nomial 

Oo^ + aiQf*^^ + a^af*"' + . . . + On^iX + On 

the valute — + 1, or any greater value, be substituted for a?, where au 

is that one of the coefficients a^ chy - - > an whose numerical value is 
greatest, irrespective of sign, the term containing the highest power 
qfx will exceed the sum of all the terms which follow. 
The inequality 

(h^ > aiOf^^ + OaiT""' + . . . + a,^iX + an 
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is satbfied by any value of x which makes 

ffo^ > ajt («""* + s^^ + . . . + a; + 1), 

where Uk is the greatest among the ooeffidents aiy 0^ • - • On-if Ony 
without regard to sign. Summing the geometric series within 
the brackets, we have 

^ a^-1 - Ok /- IV 

which is satisfied if ao (^ - 1) be > or = au^ 
that is a?>or = — + 1. 

do 

The theorem here proved is useful in supplying, when the 
coefficients of the polynomial are given numbers, a number such 
that when x receives values nearer to + oo the polynomial will 
preserve constantly a positive sign. If we change the sign of x^ 
the first term will retain its sign if n be even, and will become 
negative if n be odd ; so that the theorem also supplies a nega- 
tive value of Xy such that for any value nearer to - oo the 
polynomial will retain constantly a [positive sign if n be even, 
and a negative sign if n be odd. The constitution of the poly- 
nomial is, in general, such that limits much nearer to zero than 
those here arrived at can be found beyond which the function 
preserves the same sign ; for in the above proof we have taken 
the most imf avourable case, viz. that in which all the coefficients 
except the first are negative, and each equal to ajc ; whereas in 
general the coefficients may be positive, negative, or zero. 
Several theorems, having for their object the discovery of such 
closer limits, will be given in a subsequent Chapter. 

6. We now proceed to inquire what is the most important 
term in a polynomial when the value of ^ is indefinitely dimi- 
nished ; and to determine a quantity such that the substitution 
of this, or of any smaller quantity, for x will have the effect of 
giving such term the preponderance. 

Theorem. — If in the pohjnomial 



flTo^ + flTi^^' + . . . + an-\X + On 



Theorem. 7 

the value — ^^, or any smaiia" value^ be substituted for a?, u^here ak 
an + «* 

is the greatest coefficient exclusive of any the term an will be nume^ 
rieally greater than the sum of all the others. 

To prove this, let a; = - ; then by the theorem of Art. 4, 

ak being now the greatest among the coefficients ao^ aiy . . . On-i, 

without regard to sign, the value — + 1, or any greater value of 

an 

y, will make 

««y" > «n-iy""^ + an^2 y"~' + . . . + a,y -f aoj 

f k ^ • 11 1 

tnat IS, a^ > an-i - + a,^2 -?+••• ^o — ; 

y t y 

henoe the value — ^— , or any less value of x. will make 

an + «*' -^ ' 

an > dn^iX + ttn^^X^ + . . . + aoO^. 

This proposition is often stated in a different manner, as 
follows : — Values so smalt may be assigned to x as to make the 
polynomial 

an-iX + an-.2^ + . . . + OoX^ 

less than any assigned quantity. 

This statement of the theorem follows at once from the above 
proof, since an may be taken to be the assigned quantity. 

There is also* another useful statement of the theorem, as 
follows : — WTien the variable x receives a very small value^ the sign 
of the polynomial 

is the same as the sign of its first term an-iX. 

This appears by writing the expression in the form 

xlan^i-¥ a^2X-\- . . . +aoa:""'M > 

for when a value sufficiently small is given to x^ the numerical 
value of the term rtr„_i exceeds the simi of the other terms of Ihe 
expression within the brackets, and the sign of that expression 
will consequently depend on the sign of an-\. 
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6. Change of Form of a Polynomial eorrespondinf 
to an increase or dimlnntlon of the Variable. llerlTed 
Functions. — We Bhall now examine the form assumed by the 
polynomial when x-\-h\& substituted for x. If, in what follows, 
h be supposed essentially positive, the resulting form will corre- 
spond to an increase of the variable ; and the form corresponding 
to a diminution of x will be obtained from this by changing the 
sign of A in the result. 

When X is changed to a? + h^f{x) becomes /(a; + A), or 

at,{x + hy -\- ai{x ^ hy-^ ■¥ a2{x ■\- h)"*^^ + . . . + a,».i (a; + A) + a„. 

Let each term of this expression be expanded by the binomial 
theorem, and the result arranged according to ascending powers 
of h. We then have 

■¥h[nao3f^^ + (n-l)aia^ + (n - 2) Osaj""* + . . . + 2flrn-2a? + a,».i) 



[n[n - l)flroa^"' + (n - l)(n - 2)aiixf-^ + . . . +2an-2) 



1.2 



{«.?/- 1 ... 2 . Ijoo. 



1.2.^...;* 



It will be observed that the part of this expression indepen- 
dent of h is /(a?) (a result obvious d priori) ^ and that the succes- 
sive coefficients of the different powers of h are functions of x of 
degrees diminishing by unity. It will be further observed that 
the coefficient of A may be derived from /(a;) in the following 
manner: — Let each term in /(a?) be multiplied by the exponent 
of a; in that term, and let the exponent of a; in the term be 
diminished by imity, the sign being retained ; the sum of all 
the terms of /(a*) treated in this way will constitute a polynomial 
of dimensions one degree lower than those of /(a?). This poly- 
nomial is called the first derived function of /(a?). It is usual to 
represent this function by the notation /'(a?). The coefficient 
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A* 

of •= — ^ may be derived from/^(ar) by a prooess the same as that 

employed in deriving /'(a?) from /(a?), or by the operation twioe 
performed onf{x). This coefficient is represented by /"(ar), and 
is called the second derived function oif{x). In like manner the 
succeeding coefficients may all be derived by successive opera- 
tions of this character; so that, employing the notation here 
indicated, we may write the result as follows : — 

It may be observed that, since the interchange of x and h 
does not alter /(a; + A), the expansion may also be written in the 
form 

f{x + h) ^f{h) ^f\h)x J-^ X" ^-^^ ^+... + 000^. 

We shall in general employ the notation here explained; 
bat on certain occasions when it is necessary to deal with derived 
functions beyond the first two or three, it will be found more 
convenient to use suffixes instead of the accents here employed. 
The expansion will then be written as follows : — 



Example. 

Find the result of substituting a; + A for a? in the polynomial 4^^ + 6a;* -7a? + 4. 

Here 

/(«) =4jc3 + 6x2-7a: + 4, 

f'{x) =12a:2+12a:-7, 
r(x) = 24a: +12, 

/'" W = 24 ; 
and the result is 

4j:5 + 6r^-7ar + 4 + (12a;»+12jf-7)/* + (24;c+12) -^ + 24— ^--. 
The student may verify this result by direct substitution. 

7. Continuity of a Rational Integral Function of ;r. — 

If in a rational and integral function f{x) the value of :r be 
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made to vary, by indefinitely small increments, from one quan- 
tity a to a greater quantity J, we proceed to prove that f{x) at 
the same time varies also by indefinitely smaU increments ; in 
other words, that/(ar) varies continuomly toith x. 

Let X be increased from a to a + A. The corresponding incre- 
ment oi/{x) is 

/{a + h) -f{a) ; 

and this is equal, by Art. 6, to 

r(a)A+r»j^+...+aoA~, 

in which expression all the coefficients /'(«),/"(«), &o., are finite 
quantities. Now, by the theorem of Art. 5, this latter expres- 
sion may, by taking h smaU enough, be made to assume a value 
less than any assigned quantity ; so that the difference between 
/{a + A) and /(a) may be made as small as we please, and will 
ultimately vanish with A. The same is true during all stages of 
the variation of x from a to b; thus the continuity of the func- 
tion /(a?) is established. 

It is to be observed that it is not here proved that /{x) 
increases continuously from /(a) to /(ft). It may either increase 
or diminish, or at one time increase, and at another diminish ; 
but the above proof shows that it cannot pass per saltum from 
one value to another ; and that, consequently, amongst the 
values assumed by /(a?) while x increases continuously from a to 
b must be included all values between /(a) and/(6). The sign 
of /'(fl) will determine whether /(a;) is increasing or diminishing; 
for it appears by Art. 5 that when h is small enough the sign of 
the total increment will depend on that oi f\a)h. We thus 
observe that whenf\a) is positive /{x) is increasing tcith x ; and 
whenf\a) is negative /{x) is diminishing as x increases. 

8. Form of the liootlent and Remainder when a 

Polynomial is divided by a Binomial. — ^Let the quotient, 

when 

aoo;* + fliOJ""^ + a^x*^-^ . . . + On-iX + a„ 
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I diyided by a? - A, be 

This we shall represent by Q, and the remainder by 22. We 
Ave then the following equation : — 

/{x)'={x-h)Q+R. 

The meaning of this equation is, that when Q is multiplied 
\jx-hy and JR added, the result must be identical^ term for term, 
niii/(x). In order to distinguish equations of the kind here 
xplained from equations which are not identities, it will often 
le found oonvenient to use the symbol here employed in place 
f the usual symbol of equality. The right-hand side of the 
lentity is 

boOf^-^-bi )3^^ + b2 l«^+... + 6»-i )x + R 
-hbo) -Wij -hbnJ -AJn.i. 

Equating the coefficients of x on both sides, we get the fol- 
>wing series of equations to determine 609 (19 62, • . • bn.19 R : — 

bo = flo, 

bi = 60^ + ^i> 

62 = bih + (i2> 

J3 • bzh + ^3, 



6„_i= bn-ih + ttn-iy 

R «= bn^ih + an. 

These equations supply a ready method of calculating in 
accession the coefficients boy 61, &o. of the quotient, and the 
smainder jB. For this purpose we write the series of operations 
1 the following manner : — 

Ooj fli, flfj, a^f .... (tn-iy any 

bohy bjiy bihy .... b^-iky ftfj-l ^^ 

0\y 62, Osj .... On~.iy JtC. 

In the first line are written down the successive coefficients 
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oif{x). The first term in the seoond line is obtained by mnlth 
plying flo (or 60, which is equal to it) by h. The product b^h k 
placed under ai, and then added to it in order to obtain the 
term 61 in the third line. This term, when obtained, is multi- 
plied in its turn by A, and placed under <h. The product is 
added to 02 to obtain the second figure bt in the third line. The 
repetition of this process furnishes in succession all the coef- 
ficients of the quotient, the last figure thus obtained being the 
remainder. A few examples will make this plain. 

EZAHFLES. 

1. Find the quotient and remainder when Zx^-bt^ '\- \W +11^ — 61 is ditided 
by«-3. 

The calculation is arranged as follows : — 

3-5 10 11 - 61. 

9 12 66 231. 



4 22 77 170. 

Thus the quotient is Sx' + 4i;3 + 22j; + 77, and the remainder 170. 

2. Find the quotient and remainder when a? + 5x^ + 3x + 2 is divided by « - 1. 

Ana. Q = «» + 6« + 9, J2=ll. 

3. Find Q and J2 when a:*-4j;* + 7r» - 11* - 13 is divided by z- 6. 

N.B. — When any term in a polynomial is absent, care miist be taken to supply 
the place of its coefficient by zero in writing down the coefficients oif{x). Inthii 
example, therefore, the series in the first line will be 

;i -4 7 0-11 -13. 

Ans. Q = a?* + a^ + 12a:» + 60x + 289; J2= 1432. 

4. Find Q and J2 when ar» + 3a;' - 15r* + 2 is divided by «-2. 

Ana. (2 = a;8 + 2a;' + 7««+14x« + 28j:* + 66j;« + 112x2 + 209a;+418; iJ = 838. 

5. Find Q and i2 when j;B + «>-10x+113 is dividedby d; + 4. 

Ana. Q = a?*-4«s + 16«>-63« + 242; i2a-865. 

9. Tabnlatlon of Functloiis. — The operation explained 
in the preceding Article affords a oonvenient practical method 
of calculating the numerical value of a polynomial whose ooef- 
ficients are given numbers when any number is substituted iotx. 
For, the equation 

since its two members are identically equal, must be satisfied 
when any quantity whatever is substituted for x. Let ^ « i(y 
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la 



then /(A) -JR^x-^h being = 0, and Q remaining finite. Hence 
the lesolt of substituting A for a; in f{x) is the remainder when 
f(x) is divided hj x-h, and can be calculated rapidly by the 
process of the last Article. 

For example, the result of substituting 3 for a; in the poly- 
nomial of Ex. 1, Art. 8, viz., 

is 170, this being the remainder after division by a; - 3. The 
student can verify this by actual substitution. 
Again, the result of substituting - 4 for ;r in 

ip» + ar' - 10a? + 113 

is - 855, as appears from Ex. 5, Art. 8. We saw in Art. 7 that 
as X receives a continuous series of values increasing from - oo to 
+ 00 , /{x) will pass through a corresponding continuous series. 
If we substitute in succession for Xy in a polynomial whose coef- 
ficients are given numbers, a series of nimibers such as 

...-5,-4,-3,-2,-1, 0, 1, 2, 3, 4, 5,..., 

and calculate the corresponding values of /(a;), the process may 
be called the tabulation of the function. 

Examples. 



1. Tabulate the trixunnial 2x^ + « - 6, for the following yalues of x : — 

-4,-3,-2,-1, 0, 1, 2, 3, 4. 



Ine 


• of «, 


-4 


-3 


-2 


-1 





1 


2 


3 


» 


,, /w, 


22 


9 





-6 


-6 


-3 


4 


15 



2. Tabulate the polynomial lOj^ - 17^ + « + 6 for the same values of x. 



4 
30 



Values of r, -4-3-2-10 1 2 3 4 

„ „/(x), -910 -420 -144-22 6 20 126 378 

10. Cfrmphle Representatloii of a Polynomial. — ^In 

inTestigatang the changes of a function /(^) consequent on any 
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series of changee in the Tariable which it oontuna, it ia |Jaia 
that great advant^e will be derived from any mode of repn- 
Bentation which renders possible a rapid comparison with nw 
another of the different Tiilnes which the fonotion may awomt. 
In the case where the function in question is a polynomial w^ 
numerical ooefBoients, to anj assumed value of x will oorrespoid 
one definite valne of /(:r). We proceed to explain a mods d 
graphic representation by which it is posnble to exhibit to tin 
eye the several values of f{x) ooiresposding to the difEemt 
values of x. 

Let two right lines OX, OY 
(fig. 1} cut one another at right 
angles, and be prodnoed indefinitely .qf 

in both diieotiona. These lines are 

called the axis of x and axit of y, 1 

respectively. Lines, such as OA, ^ ^ 

measured on the axis of x at the 

right-hand aide of 0, are regarded 

as positive ; and those, such as 

OA', measured at the left-hand 

ude, as n^^tire. Lines parallel ^' '' 

to OFwhieh are above XX', such as AP or S^Q, are poedtivB; 

and those below it, snoh b& AT ot A'P, are negative. These 

conventions are already familiar to the stadent acquainted with 

Trigonometry. 

Any arbitrary length may now be taken on OX as unity, 
and any number positive or n^:ative will be tepreeented by a 
line measured on XX' : the series of numbers iooreBsing from 
to + 00 in the direction OX, and diminishing from to - oo in ths 
direction OX'. Let any number wi be represented by OA ; cal- 
culate /(m) ; from A draw AP parallel to OT to represent /(m) 
in magnitude on the same scale as that on which OA repneenti 
III, and to represent by its position above or below the line OX 
the sign of/(fH). Corresponding to the different values of « 
reprwented by OA, OB, OC, &c., we shall have a series of points 
P, Q, £, &c., which, when we suppose the series of values of 
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tn indefinitely increased so as to include all numbers between 
— 00 and + oo , will trace out a continuous curved line. This 
oarve will, by the distances of its several points from the line 
OX, exhibit to the eye the several values of the function /(ar). 
The process here explained is also called tracing the function 
/{x). The student acquainted with analytic geometry will observe 
that it is equivalent to tracing the plane curve whose equation 

In the practical application of this method it is well to begin 
by laying down the points on the curve corresponding to certain 
small integral values of x^ positive and negative. It will then 
in general be possible to draw through these points a curve 
which will exhibit the progress of the function, and give a general 
idea of its character. The accuracy of the representation will 
of course increase with the number of points determined between 
any two given values of the variable. When any portion of the 
curve between two proposed limits has to be examined with care, 
it will often be necessary to substitute values of the variable 
separated by smaller intervals than imity. The following ex- 
amples will illustrate these principles. 



Examples. 

1. Trace the trinomial 2x' + x - 6. 

The unit of length taken is one-sixth of 
the line OD in fig. 2. 

In Ex. 1, Alt. 9, the Talues oif{x) are 
giren corresponding to the integral values 
of X from — 4 to + 4, inclusive. 

Bj means of these values we obtain 
the poeitionfl of nine points on the curve ; 
seven of which, A, By C, 2), E, F, G, are 
here represented, the other two correspond- 
ing to values of f{z) which lie out of the 
limits of the figure. 

The student will find it a useful exercise 
to trace the curve more minutely between 
the points C and E in the figure, viz. by 
calculating the values off{x) corresponding Fig. 2. 

to all values of x between - 1 and 1 separated by small intervals, say of one-tenth, 
as if done in the following example. 
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2. Tiaco th« pdynomial 



10i>-17i' + «- 



This a already UbuUted in Art. 9 fur TtiluM of x between —4 and 4. 

It may be abeerred, m an eierciae on Art 4, tliat thii fanction retun* pooli* 
TBlnes for all pomtire Talnea of x greater than 27, and negatiTe tbIum fiv il 
Tsluea of « nearer to - « tlun - 2-7. The 
enne wiU, then, if it cut* tlie axii of x at all, 
cnt it at a point (or points) coneeponding to 
•omo value (or Taluea) of x betireen — 2-7 and 
+ 2'7 ; so tbst if our object is to dctennine, or 
approiimato to, Ulg pomtions of tbe roots of the 
equation f[x) = 0, tlio tabulation may be con- 
fined to tlie intorral betveen - 2-7 and 2'T. 

This is a caso in which the substitution of 
integial Taluea only of x gives very little help 
towards the tracing of the curre, and where, 
conseqnently, nnaller mterraU have to be ex- 
amined. We give the tabulatioD of the func- 
tion for intervals of one-tenth botireen the 
integers- 1, ; 0, 1 ; 1, 2. From these Talnea 
the positions of the corresponding points on 
the curve may be approiimatoly ascertained, 
and the curve traced as in fig. 3. 



Fig. 3- 



Taluea of * I - 1 I - -9 I - -8 1 - -7 I - '6 
.. .. /W |-22|-16-961-10-8|-8-46l-2-8f 



-■6U-41--3I --2I --Ij 
2-24|3-9|5-04|6-72 



501 ! 4-32 I 3-6 1,2-641 IS 1-04 | -42 



, /w 



I 1-6 1 1-7 I 1-81 I-» I I , 
|B'04|7-7|ll-04|lfi-13| M 



The curve traced in Ex. 1 cuts the axis of x in two poinls 
(a number equal to the degree of the polynomial) : in othv 
words, there are two values of z for which the value of the giTeo 
polynomial is zero ; these are the roots of tiie equation 3^ + « - 
6 -^ 0. viz., - 3, and 1*5. Similarly, the curve traced in Ex. 3 
cuts the axis in three points, viz., the points oorreeponding to the 
roots of the ouhio equation 10a:* - \ii^ -i- « -i- 6 » 0. The outyb 



Maxima and Minima Values. 17 

representing a given polynomial may not out the axis of x at 
ally or may out it in a number of points less than the degree of 
the polynomial. Such cases correspond to the imaginary roots 
of equations, as will appear more fully in the next Chapter. For 
example, the curve which represents the polynomial 2^ + d? + 2 
will, when traced, lie entirely above the axis of :r ; in fact, since 
this function differs from the function of Ex. 1 only by the ad- 
dition of the constant quantity 8, each value olf{x) is obtained 
by adding 8 to the previously calculated value, and the entire 
oorve can be obtained by simply supposing the previously traced 
curve to be moved up parallel to the axis of y through a distance 
equal to 8 of the units. It is evident, by the solution of the 
equation 2iiJ* + ir + 2 - 0, that the two values of x which render 
the polynomial zero are in this case imaginary. Whenever the 
number of points in which the curve cuts the axis of x falls short 
of the degree of the polynomial, it is customary to speak of the 
oorve as cutting the line in imaginary points. 

11. Maxima and HElnima Values of Poljuomials. — 
It is apparent from the considerations established in the pre- 
ceding Articles, that as the variable x changes from - oo to + oo , 
the function f{x) may imdergo many variations. It may go 
on for a certain period increasing, and then, ceasing to increase, 
may commence to diuiinish ; it may then cease to diminish and 
commence again to increase; after which another period of 
diminution may arrive, or the function may (as in the last 
example of the preceding Art.) go on then continually in- 
creasing. At a stage where the function ceases to increase 
and commences to diminish, it is said to have attained a 
maximum value; and when it ceases to diminish and com- 
mences to increase, it is said to have attained a minimum 
value. A polynomial may have several maxima, or several 
minima values, or both : the nimiber depending in general on 
the degree of the function. Nothing exhibits so well as a 
graphic representation the occurrence of such a maximum or 
TninifTimn valuc ; as wcll as the various fluctuations of which 
the values of a polynomial are susceptible. 

c 
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A knowledge of the maxima and miniiSia values of a f uno- 
tion, giving the position of the points where the curve bends 
with reference to the axis, is often of great assistanoe in tracmg 
the curve corresponding to a given polynomial. It will be 
shown in a subsequent chapter that the determinatioii of these 
points depends on the solution of an equation one degree lower 
than that of the given function. 



CHAPTER IL 

GENERAL PROPERTIES OF EQUATIONS. 

12. The process of tracing the fanotion/(;r) explained in Art. 10 
may be employed for the purpose of ascertaining approximately 
the real roots of a given numerical equation ; for when the cor- 
responding curve is accurately traced, the real roots of the equa- 
tion f{x) = can be obtained approximately by measuring the 
distances firom the origin of its points of intersection with the 
axis. With a view to the more accurate numerical solution of 
this problem, as well as the general discussion of equations 
both numerical and algebraical, we proceed to establish in the 
present Chapter the most important general properties of equa- 
tions having reference to the existence, and number of the roots, 
and the distinction between real and imaginary roots. 

By the aid of the following theorem the existence of a real 
root in an equation may often be established : — 

Tlieoreiii. — If two real qtuintitiea a and b he substituted for 
the unknoum quantity x in any polynomial f{x)y and if they furnish 
results having different signs, one plus and the other minus ; then the 
equation f{x) = mmt have at least one real root intermediate in 
calue between a and b. 

This theorem is an immediate consequence of the property 
of the continuity of the function /(a?) established in Art. 7 ; for 
hince/(ar) changes continuously from /(a) to/(i), and therefore 
passes through all the intermediate values, while x changes from 
aiob', and since one of these quantities, /(a), or /(i), is positive, 
and the other negative, it follows that for some value of x inter- 
mediate between a and 6, f{x) must attain the value zero which 
is intermediate between /(a) and/(i). 

c2 
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The student will assist his oonoeptioii of this theorem hy 
reference to the graphic method of representation. What is 
here proved, and what will appear ohvious from the figure, is^ 
that if there exist two points of the curved line representing the 
polynomial on opposite sides of the axis OXy then the curve 
joining these points must cut that axis at least once. It will 
also he evident from the figure that several values may exist 
between a and b for which /(a?) = 0, u e, for which the curve cuts 
the axis. For example, in fig. 3, Art. 10, j; = - 2 gives a nega- 
tive value (- 144), and x = 2 gives a positive value (20), and be- 
tween these points of the curve there exist three points of section 
of the axis of x. 

Corollary. — If there exist no real quantity tchichy substituted 
for Xf makes /{x) = 0, th£n/{x) must be positive for evert/ real value 
ofx. 

For it is evident (Art. 4) that a: = oo makes /(a*) positive ; and 
no value of x^ therefore, can make it negative ; for if there were 
any such value, the equation would by the theorem of this 
Article have a real root, which is contrary to our present hypo- 
thesis. With reference to the graphic mode of representation 
this theorem may be expressed by saying that when the equa- 
tion f{x) = has no real root, the curve representing the poly- 
nomial /(;r) must lie entirely above the axis of x. 

13. Theorem. — Evei-y equation of an odd degree has at least 
one real root of a sign opposite to that of its last term. 

This is an immediate consequence of the theorem in the last 
Article. Substitute in 'succession - oo , 0, oo for a? in the poly- 
nomial /(ar). The results are, n being odd (see Art. 4), 

for a? = - 00 j/(«) is negative ; . 
„ a; = 0, sign otf{x) is the same as that of an ; 
„ a; = + 00 ff{x) is positive. 

If an is positive, the equation must have a real root between - oo 
and 0, t. e. a real negative root ; and if a^ is negative, the equa- 
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tion must have a real root between and oo , «. e. a real positive 
root. The theorem is thus proved. 

14. Tlieoreiii. — Every equation of an even degree^ whose last 
term is negative^ has at least ttco real roots^ one positive and the 
ether negative. 

The results of substituting - oo , 0, oo are in this case 



-00 



0, 



+ 00 



+ : 



henoe there is a real root between - oo and 0, and another be- 
tween and + 00 ; t. e. there exist at least one real negative, and 
one real positive root. 

We have contented ourselves in both tbis and the preceding 
Articles with proving the existence of roots, and for this purpose 
it is sufficient to substitute very large positive or negative values, 
as we have done, for x. It is of course possible to narrow the 
limits within which the roots lie by the aid of the theorem of 
Art. (4), and still more by the aid of the theorems respecting 
the limits of the roots to be given in a subsequent Chapter. 

15. Existence of a Root in the C^enerai Equation. 
Imaginary JRoots. — We have now proved the existence of a 
real root in the case of every 
equation except one of an even 
degree whose last term is positive. 
Such an equation may have no 
real root at all. It is necessary 
then to examine whether, in the 
absence of real values, there may 
not be values involving the ima- 
ginary expression %/- 1, which, 
when substituted for x^ reduce the 
polynomial to zero ; or whether 
there may not be in certain cases 
both real and imaginary values 




Fig. 4. 



of the variable which satisfy the equation. We take a simple 
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example to illustrate the ocourrenoe of such imaginary roots. 
As already remarked (Art. 10), the curve corresponding to the 

polynomial 

/{x)^2x' + x + 2 

li^ entirely above the axis of ;r, as in fig. 4. The equation 
/(x) = has no real roots ; but it has the two imaginary roots 

as is evident by the solution of the quadratic. We observe, 
therefore, that in the absence of any real valu^ there are in 
this case two imaginary expressions which reduce the polynomial 
to zero. 

The general proposition of which this furnishes an illustra- 
tion is, that JEverf/ rational integral equation 

OoX"* + flTiir^' + a^x^^^ + . . . + an-iX + </„ = 

must have a root 0/ the form 

a and /3 being real finite quantities. This statement includes 
both real and imaginary roots, the former corresponding to the 
value /3 = 0. 

As the proof of this proposition involves principles which 
could not conveniently have been introduced hitherto, and 
which will present themselves more naturally for discussion 
in subsequent parts of the work, wo defer the demonstration 
imtil these principles have been established. For the present, 
therefore, we assume the proposition, and proceed to derive 
certain consequences from it. 

16. Theorem. — Every equation of n dimensions has n rootSy 
and no more. 

We first observe that if any quantity A is a root of the equa- 
tion /(:r) = 0, then/(ar) is divisible by a?- A without a remainder. 
This is evident from Art. 9 ; for if /(/*) = 0, t. e. if A is a root 
oifix) = 0, i2 must be «= 0. 
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Let, now, the given equation be 

This equation must have a root, real or imaginary (Art. 15), 

which we shall denote by the symbol oi. Let the quotient, when 

y(a?) is divided by a? - d, be ^i (a?) ; we have then the identical 

equation 

/(a?)s(ir-ai)^i(a?). 

Again, the equation ^i {x) = 0, which is of n - 1 dimensions, must 
have a root, which we represent by as. Let the quotient ob- 
tained by dividing 0i {a) by a; - as be ^i {x) . Hence 

^i(a?)s(ir-aj)^2(ar), 

and .'./{x) = (a? - oi) {x - a,) ^3 (a?), 

where ^s (x) is of n - 2 dimensions. 

Proceeding in this manner, we prove that /(a?) consists of the 
product of n factors, each containing x in the first degree, and a 
numerical factor ^n(a?)* Comparing the coefficients of x^j it is 
plain that f^nix) = 1. Thus we prove the identical equation 

f{x) = (a?-oi) (ic-aa) (a?-aj) {x- an-i) {x-On). 

It is evident that the substitution of any one of the quanti- 
ties oi, 03, . . . a« for X in the right-hand member of this equation 
will reduce that member to zero, and will therefore reduce /(j;) 
to zero ; that is to say, the equation /(a;) = has for roots the n 
quantities ai, as, 09 . . . on-i, o^. And it can have no other roots ; 
for if any quantity other than one of the quantities ai, as, . . . an 
be substituted in the right-hand member of the above equation, 
the factors will be all different from zero, and therefore the pro- 
duct cannot vanish. 

Corollary. — Two polynomials of the n'* degree cannot be equal 
to one another for more than n values of the variable without being 
completely identical. 

For if their difference be equated to zero, we obtain an equa- 
tion of the n'* degree, which can be satisfied by n values only of 
the variable, unless each coefficient be separately equal to zero. 
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The theorem of this Article, although of no assistanoe in the 
solution of the equation /(a;) = 0, enables us to solve completely 
the converse problem, t. e. to find the equation whose roots an 
any n given quantities. The required equation is obtained by 
multiplying together the n simple factors formed by subtnUSt- 
ing from x each of the given roots. By the aid of the present 
theorem also, when any (one or more) of the roots of a giv^ 
equation are known, the equation containing the remaining 
roots may be obtained. For this purpose it is only necessaiy 
to divide the given equation by the product of the given bino- 
mial factors. The quotient will be the required polynomial 
composed of the remaining factors. 



EXAHPLES. 

1. Find the equation whose roots are 

-3, -1, 4, 6. 

2. The equation 

has a root 5 ; find the equation containing the remaining roots. 
Use the method of diyision of Art. 8. 

Atu, a^'-a^'^-3x-2 = 0. 

3. Solve the equation 

a:* - 16x» + 86«2 - 176x + 106 = 0, 
two roots being 1 and 7. 



Ant, The other two roots are 3, 5. 



4. Form the equation whose roots are 



2» 3, ^. 

Ant. 14x3 -23*2- 604? + 9 = 0. 

5. Solve the cubic equation 

a»-l=0. 

Here it is evident that x=l satisfies the equation. Divide by x - 1, and solve the 
resulting quadratic. The two roots are found to be 

1 1 /-— 1 1 ,— - 

C, Form an equation with rational cocfiicients which shall have for a root the 
irrational expression 
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This expreseion has four different values according to the different combinations 
he radical signs, viz. 

The required equation is, therefore, 

(x- v//»- v^^) (x^-yp + >/q) (x-y/p-\- y/q) (x + 's/p-y/q)=0, 

finally, 

X*- 2(^1 + ^)i;' + (l>-y)»=0. 

17. Equal Rooto. — ^It must be observed that the n factors 

whioh a polynomial f{x) oonsists need not be all different 
>m one another. The factor x-a^ for example, may occur in 
e second, or any higher power not superior to n. In this case 
e equation f{x) = is still said to have n roots, two or more 
ling now equal to one another ; and the root a is ctdled a mul- 
)le root of the equation : double^ triple, &c., according to the 
imber of times the factor is repeated. 

A reference to the graphic construction in Art. 10 (fig. 3) 
11 help to explain the occurrence of multiple roots. We see 
' an inspection of the figure that the two positive roots of the 
nation IOj:^ - Via? + a? + 6 = are nearly equal, and we may 
noeive that a slight addition to the absolute term of this poly- 
»mial, which is, as already explained, equivalent to a small 
jallel movement upwards of the whole curve, would have the 
?ect of rendering equal the roots of the equation thus altered. 
L that case the line OX would no longer cut thd curve in two 
stinct points, but would touch it. Now, when a line touches a 
TYQ it is properly said to meet the curve, not once, but in two 
ncident points. The student acquainted with the theory of 
Eme curves will have no difficulty in illustrating in a similar 
Einner the occurrence of a triple or higher multiple root. 

Equal roots form the connecting link between real and 
laginary roots. We have just seen that a small change in the 
rm of a polynomial may convert it from one having real roots 
to another in which two of the real roots become equal. A f ur- 
er small change may convert it into a form in which the two 
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roots become imaginary. Let us suppose that the above poly- 
nomial is further altered by another small addition to the abso- 
lute term. We shall then have a graphic representation in whid 
the axis OX cuts the curve in only one real point, viz., that cor- 
responding to the negative root, the two points of section ocrre- 
sponding to the two positive roots having now disappeared. 

Consider, for example, the polynomial lOa?* - 17aj* + a? + 28, 
which is obtained from that of Ex. 2, Art. 10, by the addition 
of 22. The student can easily construct the figure : the point 
corresponding to A in fig. 3 will now lie much above the axis off. 
Divide by a? + 1, and obtain the trinomial lOx^ - 27a? + 28 whidi 
contains the remaining two roots. They are easily found to be 



27 v/391 /— 27 v/39i /— 
20"^ 20 ^ ' 20 20 ^ 

We observe in this case, as well as in the example of Art. 15, 
that when a change of form of the polynomial causes one reil 
root to disappear, a second also disappears at the same tiAie, and 
the two are replaced by a pair of imaginary roots. The reasoB 
of this will be apparent from the proposition of the following 
Article. 

18. Imaginary Rooto enter Eqnatlons In Pairs.— 
The proposition to be now proved may be stated as follows :— 
If an equation f(x) = 0, tchose coefficients are all real quantitiB^ 
have for a root the imaginary expression a + /3 y^- 1, it must db$ 
have for a root the conjugate imaginary expression a - /3 \/-l. 

We have the following identity : — 

(dr-a-/3y^) (ir-a + /3v/^)-(*-a)'+/3'. 

Let the polynomial /(ar) be divided by the second member of'' 
this identity^ and if possible let there be a remainder Bx-^S* 
We have then the identical equation 

where Q is the quotient, of n - 2 dimensions in x. Substitute in 
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this identity a + /3 -v/- 1 for a?. This, by hypothesis, causes /(^) 
to Yanish. It also causes {x - of + j3' to vanish. Hence 



i2(a + i3v<-T)+i2'=0. 
From this we obtain the two equations 

since iJie real and imaginary parts cannot destroy one another ; 
hence 

Thus the remainder ^ + jB' vanishes ; and, therefore, /(ar) is 
divisible without remainder by the product of the two factors 

The equation has, consequently, the root a - j3\/- 1 as well 

as the root a + /3 v^- 1. 

Thus the total number of imaginary roots in an equation 
with real coefficients is always even ; and every polynomial may 
be regarded as composed of real factors, each pair of imaginary 
roots producing a real quadratic factor, and each real root pro- 
ducing a real simple factor. The actual resolution of the poly- 
nomial into these factors constitutes the complete solution of the 
equation. 

We observed in Art. 17 that equal roots may be considered 
as the connecting link between real and imaginary roots. This 
statement may now be regarded from another point of view. 
Suppose a polynomial has the quadratic factor {x-a)' -\- A*, and 
let its form be altered by means of slight alterations in the value 
of t. When k is negative, the quadratic factor gives a pair of real 

roots ; when h = 0, this factor has two equal roots, a ; when k is 

positive, the factor has two imaginary roots. 

A proof exactly similar to that above given shows that mrd 

fooU^ of tke/orm a ±y/yy enter equations whose coefficients are 

^ional in pairn. 
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Examples. 

1. Form a rational cubic equation which ihall haye for roots 

1, 3 + 2v^ri. 

An*. «»-7«»+19*-18=0. 

2. Form a rational equation which shall have for two of its roots 

l + 6\/^, b-y/^. 

Ant, «*- 12*5 + 72x»- 812* + 676=0. 



3. Solye the equation 
which has a root 

4. Solve the equation 
one root being 



x* + 2«>-6j:* + 6« + 2 = 0, 

-2 + v^3. _ 

An9. Therootsare-2iv^3, li\/^. 

3jc»-4a:» + «+88 = 0, 

2 + v/~7'. 

Am. Therootsare 2:tV^'~7, —5. 

3 

19. Descartes* Rale of Signs— P<Miltf¥e Roots. — ^This 

rule, which enables us, bj the mere inspeotion of a given equa- 
tion, to assign a superior limit to the number'^of its positiTS 
roots, may be enunciated as follows : — No equation can have mom 
positive roots than it has changes of sign from ^-to--^ and from -to 
+, in the terms of its first member. 

We shall content ourselyes for the present with the proof 
which is usually given, and which is rather a verification thia 
a general demonstration of this celebrated theorem of Descaitei. 
It will be subsequently shown that the rule just enimciated, and 
other similar rules which were discovered by early investigaton 
relative to the number of the positive, negative, and imaginary 
roots of equations, are immediate deductions from the mora 
general theorems of Budan and Fourier. 

Let the signs of a polynomial taken at random succeed eaoh 
other in the following order : — 

+ + - + + + - + -. 

In this there are in all seven changes of sign, including 
changes fpom + to -, and from - to +. It is proposed to show 
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lat if this polynomial be multipUed by a binomial whose signs, 
^iresponding to a positive root, are + -, the resulting poly- 
omial will have at least one more change of sign than the 
riginal. 

We write down only the signs which occur in the operation 
s^ollowB : — 

+ + - + + + - + - 

+ - + + + + - + 



+ ±- + - + + + ±- + -4- 



Here in the third line the ambiguous sign ± is placed wher- 
ever there are two terms with different signs to be added. We 
)b8erve in this case, and it inll readily appear also for every 
>th6r arrangement, that the effect of the process is to introduce 
he ambiguous sign wherever the sign + follows +, or - follows -, 
n the original polynomial. The number of variations of sign 
B never diminished. There is, moreover, always one variation 
idded at the end. This is obvious in the above instance, where the 
nriginal polynomial terminates with a variation ; if it terminate 
vith a continuation of sign, it will equally appear that the cor- 
leeponding ambiguity in the resulting polynomial must furnish 
me additional variation either with the preceding or with the 
mperadded sign. Thus, in even the most unfavourable case: 
hat, namely, in which the continuations of sign in the original 
remain continuations in the resulting polynomial, there is one 
rariation added; and we may conclude in general that the 
)fEeot of the multiplication of a polynomial by a binomial 
Eactor j; - a is to introduce at least one additional change of 
rign. 

Suppose now a polynomial formed of the product of the 
Eactors corresponding to the negative and imaginary roots of an 
equation ; the effect of multiplying this by each of the factors 
r-a, a? - /3, a? - 7, &c., corresponding to the positive roots 
a,/3,.Y, &o., is to introduce at least one change of sign for 
eadi; so that when the complete product is formed containing 
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all the roots, we conclude that the resulting polynomial has at 
least as many changes of sign as it has positive roots. This is 
Descartes' proposition. 

20. Descartes' Rale of Signs ^IVegatlve Roots. — ^In 

order to give the most advantageous statement to Descartes' rule 
in the case of negative roots, we first prove that if - 2? be substi- 
tuted for X in the equation f{x) = 0, the resulting equation will 
have the same roots as the original except that their signs will 
be changed. This follows from the identical equation of Art. 16 

f{x)^{x-ai) (x-az) (ir-as) .... (x-an), 
from which we derive 

/(-ir)s(-l)~ (iP + ai) (iC + aa) (x+oz) .... (x + On). 

Prom this it is evident that the roots of /(-a?) = are 

Hence the negative roots of /(ar) are positive roots of/(-ar), and 
we may enunciate Descartes' rule for negative roots as fol- 
lows : — No equation can have a greater number of negative rook 
than there are changes of sign in the terms of the polynomial /(-as). 
/ 21. Use of Descartes' Rale In proving tlie exlsteaee 
of Imaginary Roots. — It is often possible to detect the 
existence of imaginary roots in equations by the application of 
Descartes' rule ; for if it should happen that the sum of the 
greatest possible number of positive roots, added to the greatest 
possible number of negative roots, is less than the degree of the 
equation, we are sure of the existence of imaginary roots. Take^ 
for example, the equation 

a:« + 10ii?» + ar-4 = 0. 

This equation, having only one variation, cannot have more thaa 
one positive root. Now, changing x into - ar, we get 

and since this has only one variation, the original equation can- 
not have more than one negative root. Hence, in the proposed 
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equation there cannot exist moi^ than two real roots. It has, 
therefore, at least six imaginary roots. This application of 
Descartes' rule is available only in the case of incomplete 
equations ; for.it is easily seen that the sum of the number of 
yariations in/(x) and/(-ar) is exactly equal to the degree of 
the equation when it is complete. 

22. Theorem. — If ttoo numbers a and 6, substituted for x in 
the poli/nomialf(st)y give results with contrary signSy an odd number 
of real roots of the equation f[x) = lies between them; and if they 
give results with the same sign^ either no real root or an even num^ 
ber of real roots lies between, them. 

This proposition, of which the theorem in Art. 12 is a par- 
ticular case, contains in the most general form the conclusions 
which can be drawn as to' the roots of an equation from the 
signs furnished by its first member when two given numbers 
are substituted for x. We proceed to prove the first part of 
the proposition : the second part is proved in a precisely similar 
manner. 

Let the following m roots a^ a2, . . . . om* and no others, of 
the equation f{x) = lie between the quantities a and by of 
which, as usual, we take a to be the lesser. 

Let ^ {x) be the quotient when /(a?) is divided by the product 
of them factors (a?-ai) (a?-aa) . . . . {x-am)* We have, then, 
the identical equation 

/(a?)a(a;-ai)(ii?-aa) .... (a?-a«) ^(a?). 

Putting in this successively a;= a, ^ = 6, we obtain 

/(a) = (a - ai) (a - a,) .... («-a«)^(o),' 

/(6)»(ft-a,)(6-a,) .... (6-am)*W. 

Now ^(a) and ^ {b) have the same sign ; for if they had dif- 
ferent signs there would be, by Art. 12, one root at least of the 
equation (a?) = between them. By hypothesis, /(«) and/(6) 
have different signs; hence the signs of the products 

(a-ai)(a-a,) .... (a-Om), 
(6-ai)(6-a2) .... (ft-om), 
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are different ; but the sign of the second is positive, sinoe all 
its factors are positive ; hence the sign of the first is negative; 
but all the factors of the first are negative; therefore their 
number must be odd; which proves the proposition. 

In this proposition it is to be understood that multiple roots 
are counted a number of times equal to the degree of their 
multiplicity. 

It is instructive to apply the graphic method of treatment to 
the theorem of the present Article. From this point of view it 
appears almost intuitively true ; for it is evident that when any 
two points are connected by a curve, the portion of the curve 
between these points must cut the axis an odd number of times 
when the points are on opposite sides of the axis ; and an even 
number of times, or not at all, when the points are on the same 
side of the axis. 
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1. If the signs of tbc tonus of an equation be all positive, it cannot ha^e a 
positive root. 

2. If the signs of the terms of any complete equation bo alternately positive f^ 
and negative, it cannot have a negative root. 

3. If an equation consist of a number of terms connected by + signs followed 
by a number of terms connected by — signs, it has one positive root and no more. , 

^ Apply Art. 12, substituting and go ; and Art. 19. ' ■" 

4. If an equation involve only oven powers of r^ and if all the coefficients have 
positive signs, it cannot have a real root. 

Apply Arts. 19 and 20. 

6. If an equation involve only odd powers of .r, and if the coefficients hftTO eU 
positive signs, it has the root zero and no other real root. 

6. If an equation be complete, the number of continuations of sign in/(«)ii 
the same as the number of variations of sign in /(- x). 

7. When an equation is complete ; if all its roots are real, the number of poeitxre 
roots is equal to the number of variations, and the number of negative roots is eqtul 
to the number of continuations of sign. 

\ ^ 8. An equation having an even number of variations of sign must haye its lalft 
sign positive, and one having an odd number of variations must have its last sigii 
negative. 

^ Take the highest power of x with positive coefficient (see Art. 4). 

9. Hence prove that if an equation has an even number of variationB it moit 
have an equal or less even number of positive roots ; and if it has an odd number d 
variations it must have an equal or less odd number of positive roots ; in oUmt 
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wordfly the number of positiYe roots when less than the number of yariations must 
differ from it by an oyen number. 

Substitute and oo , and apply Art 22. 
"^ 10. Find an inferior limit to the number of imaginary roots of the equation 

4P«-3a^-aJ+l=0. 

An$. At least two imaginary roots. 

1 1 . Find the nature of the roots of the equation 

a?« + 16«» + 7a:-Il=0. 

Apply Arts. 14, 19, 20. 

Ant. One positiye, one negative, two imaginary. 

12. Show that the equation 

a:» + ^a; + r = 0, 

where q and r are essentially positiTe, has one ncgatiye and two imaginary roots. 

13. Show that the equation 

»• - ^ + r = 0, 

where q and r are essentially positiye, has one negatiye root ; and that the other two 
roots are either imaginary or both positive. 

14. Show that the equation 

A^ S^ C^ Li 

+ 7 + + . . .. + -=2: -fit, 

x—a x—b x-e x—i 

where a, 3, (,..../ are numbers all different from one another, cannot have an 
imaginary root. 

Substitute a + /B \/— 1 and a — /B \/- 1 in succession for ar, and subtract. We 
get an expression which can yanish only on the supposition /3 = 0. 
N^ 16. Show that the equation 

«»-l = 

^ has, when n is eyen, two real roots, 1 and - 1, and no other real root ; and, when n 
is odd, the real root 1, and no other real root. 

This and the next example follow readily from Arts. 19 and 20. 

16. Show that the equation 

a;» + l = 

has, when n is even, no real root ; and, when n is odd, the real root - 1, and no 
other real root. ^ 

17. Solye the equation 

«* + 2^«» + 3j*ir» + 2^* - r* = 0. 
This IB equivalent to 

(r* + ^a;+^s)2_^_r* = 0. 



Am. '^q + ^--q^-\-\/q*-¥r*~ 



The different signs of the radicals give four combinations, and the expression 
bere written involyes the four roots. 

D 
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18. Fonn the equation which has for roots the different values of the expression 

2 + «'/7+\/ll+«V7, 
where ^=1. 

If no restriction had been made by the introduction of 0, this egression would 

have 8 yolues. The v^7 must now be taken with the same sign where it occurs 
under the second radical and free from it. There are, therefore, only four yalues 
in aU. Ant. a:«-8i:»-l^ + 84z-63=0. 

19. Form the equation which has for roots the four values of^"- 



-9 + av^l37 + 3\/34-2aVl37, 
where «2 = 1. Aru. a:* + 36x»-400j?»-3168x+ 7744 = 0. 

20. Form an equation with rational coefficients which shall have for roots all the 
values of the expression 

where ei« = l, as« = l, 63*= 1. 

There are eight different values of this expression, viz., 

-Vv^y/q-Vr, Vp-Vq-^Vr, 

-y/p-y/q + y/r, v/p+v^?-\/r. 

Assume 

Squaring, we have 

a^=p + q-\^r+2{020iy/qr + 030i'\/rp + 0i02y/pq). 
Transposing, and squaring again, 

{x'-p-q-r)i=i{qr + rp-\-pq) + S0i020iy/pqr(0i\/p-^02\/q-{-0i^r). 

Transposing, substituting x for 0i *»/ p + 0% *»/ q + 0^ ^r, and squaring, we obtain 
the final equation free from radicals 

{«*-2a:«(i? + ^ + r) + p2 4.j^» + r>-2^-.2rp-2i>y}» = 64i?|?r«?. 

This is an equation of the eighth degree, whose roots are the values above writ- 
ten. Since 0i, 02, 63 have disappeared, it is indifferent which of the eight roots 

± ^P±.vq ± \/^ ifl assumed equal to ir in the first instance. The final equation 
is that which would have been obtained if each of the 8 roots had been subtmoted 
from Xf and the continued product formed, as in Ex. 6, Art. 16. 



CHAPTER IIL 

RELATIONS BETWEEN THE ROOTS AND COEFFICIENTS OF EQUA- 
TIONS, WITH APPLICATIONS TO SYMMETRIC FUNCTIONS OF THE 
ROOTS. 

23. RelaHons between the Rooto and Coefficients. — 

Taking for sunplioity the ooeffident of the highest power of x 
as unity, and representing, as in Art. 16, the n roots of an equa- 
tion by oi, aa, azj , . . , Onj we have the following identity : — 

= (ir - ai) (a? - 02) (a? - aa) {x-on)* (1) 

When the factors of the second member of this identity are 
multiplied together, the highest power of ^ in the product is o^ ; 
the coefficient of af^^ is the sum of the n quantities - oi, - 02, &c., 
Tiz., the roots with their signs changed ; the coefficient of oif*^'^ 
is the sum of the products of these quantities taken two by 
two; the coefficient of af*^ is the sum of their products taken 
three by three ; and so on, the last term being the product of 
all the roots with their signs changed. Equating, therefore, 
the coefficients of x on each side of the identity (1), we have the 
following series of equations : — 

\ Pi = -(ai + aa+a3+ +an), 

7 ^= (aia2 + aia3 + aaa3+ . . . . +an-ia«), 

-,. i^ = - («i aa 03+ ai oj 04 + . . . . + On-a ai»-i a»), ^ (2) 



/ 

/ 



^Pn = (- 1)****! 02 da ... . a»-i Onj 

which enable us to state the relations between the roots and 

ooeflElciants as follows : — 

d2 
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Theorem. — In every algebraic equation^ the coefficient of 
ichose highest term is unity j the coefficient px of the second term wiih 
its sign changed is equal to the sum of the roots. 

The coefficient jh of the third term is equal to the sum of the 
products of the roots taken two by tiro. 

The coefficient pz of the fourth term %cith its sign changed » 
equal to the sum of the products of the roots taken three by three; 
and so on^ the signs of the coefficients being taken attemately negative 
and positive J and the number of roots multiplied together in each term 
of the corresponding function of the roots increasing by uniiyy till 
finally that function is reached tchich consists of the product of the 
n roots. 

When the coefficient ^o of 2^ is not nnity (see Art. 1), we 
must divide each term of the equation by it. The sum of the 

roots is then equal to — ^ ; the sum of their products in pairs is 

equal to — ; and so on. 

Cor. 1.— -Every root of an equation is a divisor of the abso- 
lute term of the equation. 

Cor. 2. — ^If the roots of an equation be all pofiitive, the coef- 
ficients (including that of the highest power of x) will be alter- 
nately positive and negative ; and if the roots be all negative^ 
, the coefficients will be all positive. This is obvious from the 
equations (2) [cf. Arts. 19 and 20]. 

24. Applications of the Theorem. — Since the equations 
(2) of the preceding Article supply n distinct relations betvreen 
the n roots and the coefficients, it might perhaps be supposed 
that some advantage is thereby gained in the general solution 
of the equation. Such, however, is not the case ; for suppose it 
were attempted to determine by means of these equations a root, 
oi, of the original equation, this could be effected only by the 
elimination of the other roots by means of the given equations, 
and the consequent determination of a final equation of which 
Qi is one of the roots. Now, in whatever way this final equa- 
tion is obtained, it must have for solution not only ai, but each 
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of the other roots 02, os, . . . On ; for, since all the roots enter in 
the same manner in the equations (2), if it had been proposed 
to determine 03 (or any other root) by the elimination of the rest, 
our final equation oould difEer from that obtained for ai only by 
the substitution of 02 (or that other root) for oi. The final equa- 
tion aniyed at, theref ore, by the process of elimination must 

have the n quantities a^ aty o» for roots ; and cannot, 

consequently, be easier of solution than the given equation. 
This final equation is, in fact, the original equation itseU, with 
the root we are seeking substituted for x. This we shall show 
for the particular case of a cubic. The process here employed 
is general, and may be applied to an equation of any degree. 
Let a, /3, 7 be the roots of the equation 

a^ -^PiQi? -\-ptX + j9,= 0. 

We have, by Art. 23, 

i?i = -(a + /3 + 7), 

i?2= a/3 + a7 + /3y, 

Multiplying the first of these eqxiations by a', the second 
by a, and adding the three, we find 

Pio^ -^^ Pta + pt = — a\ 

or a' +^ia' +^2a +Pi = 0, 

which is the given cubic with a in the place of x. 

The student can take as an exercise to prove the same result 
in the case of an equation of the fourth degree. In the corre- 
sponding treatment of the general case the successive equations of 
Art. 23 are to be multiplied by 0**"% a"'*, a**"', &c., and added. 

Although the eqxiations (2) afford, as we have just seen, no 
assistance in the general solution of the equation, they are often 
of use in facilitating the solution of numerical equations when 
any particular relations among the roots are known to exist. 
They may abo be employed to establish the relations which 
must obtain among the coefficients of algebraical equations cor^ 
responding to known relations among the roots. 
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fiJJ^ 



1. Sotve the «qT2stiaD 

tLe fom of tvo of its rood hrr.r tt{zal to x:^9Cbisf . 
Let the rooCi be ■. B, 7. We hare tLec 

« — 3 -»- 7 = 5. 

«B-r«7-^ = -16- 

•37 = -80. 

Taking ^ -|'7=: 0, ve hare, from the £nt of thcK, « = 5 ; and finom either th» 
Beoood or third we obtain ^ = -16. We find for 3 and 7 the Tihiei 4 and -4. Thna 
the three loota aze 5, A, - 4. 

2. Scire the equation 

*>-3j:»-r4=0. 

two of its roota being eqnaL 

Let the thxee nwti be «, «, 3. We hare 

■2« + 3 = 3, 

«5-r2«3«=0, 

finom which we find as 2, and 3= -1- The roots aze 2, 2, - 1. 

3. The equation 

a:* + 4x»-2*»-12jr + 9 = 

has two pairs of equal roots ; find them. 

Let the roots be a, a, 3» 3 ; we hare, therefore, 

2a + 23 = -4, 

o* + 3^ + 403 = -2, 

from which we obtain for a and 3 the yalues 1 and - 3. 

4. SoWe the equation 

*»-9x»+14x + 24 = 0, 

two of whose roots are in the ratio of 3 to 2. 

Let the roots be a, 3> 7} with the relation 2a s 33* By elimination of a we 

easily obtain 

53 + 27 = 18, 

33* + 537 = 28, 
from which we haye the following quadratic for 3 : — 

193^-903+ 56 = 0. 
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The roots of this are 4, and — ; the former gives for a and 7 the values 6 and 
— 1. The three roots are 6, 4, - 1. The student will here ask what is the signi- 
ficance of the value — of /i ; and the same difficulty may have presented itself in 

the previous examples. It will he observed that in examples of this nature we 
never require all the relations between the roots and coefficients in order to deter- 
mine the required unknown quantities. The reason of this is, that the given con- 
dition establishes one or more relations amongst the roots. Whenever the equations 
employed appear to furnish more than one system of values for the roots, the actual 
roots are easily determined by the condition that they must satisfy the equation (or 
equations) between the roots and coefficients which we have not made use of in 
determining them. Thus, in the present example, the value /i = 4 gives a system 
satisfying the omitted equation 

a/i7 = -24; 

14 
while the value /) = 75 gi^es a system not satisfying this equation, and is therefore 

to be rejected. 

5. Solve the equation 

ar»-9^ + 23a?-16 = 0, 

whose roots are in arithmetical progression. 

Let the roots be a- 8, a, a + S ; we have at once 

3a= 9, 

3a'-8» = 23, 

from which we obtain the three roots 1, 3, 5. 

6. Solve the equation 

«*+2«»-21ar«-22x + 40 = 0, 

whose roots are in arithmetical progression. 

Assume for the roots a — 38, a— 8, a +8, a + 38. 

Ans, —6,-2, 1 , 4. 
7. Solve the equation 

27«« + 42«»-28a;-8 = 0, 
whose roots are in geometric progression. 

Assume for the roots op, a, -. From the third of the equations (2), Art. 23, we 

P 

8 2 

have 9?-— J or a = -. Either of the remaining two equations gives a quadratic for p. 
£1 3 



2 -2 
^'"- "^' 3' I)' 



8. Solve the equation 

3«* - 40x3 + 130*2 - 120x + 27 = 0, 
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whoee roots are in geometric progression. 



Anume for the roots -z, -, op, of?. Employ the second and f onrth of the equs- 

r P 

tions (2), Art. 23. ^m«. -, 1, 3, 9. 

9. Solve the equation 

^ + 16a:»+ 70j> + 120«+ 64 = 0, 

M'hose roots are in geometric progression. Aru. -1,-2,-4, - 8. 

10. Solye the equation 

6j»-llj> + 6a;-l = 0, 

whoso roots are in harmonic progression. 

Take the roots to be a, j3, y. We have here the relation 

1 1 2 

hence 

i37 + 70+ a3 = 370 ; &c. 

Ans. 1, -. -. 

11. Solve the equation 

81a:'-18jc2-36j; + 8 = 0, 

whose roots are in harmonic progression. 

12. If the roots of the equation 

Zr 

be in harmonic progression, show that the mean root is — . 

13. The equation 

j:*-2j;3 + 4x' + 6«-21=0 

has two roots equal in magnitude and opposite in sign ; determine all the roots. 
Take a+ jS = 0, and employ the first and third of equations (2), Art. 23. 

Ans, *y\ -\/3, l±\/'~6. 

14. The eqiiation 

3j:* - 26«s + 50ar2 - 50* + 12 = 



^ 2 2 2 

^"'•9' 3' "3- 



has two roots whose product is 2 ; find all the roots. 



Am, 6, -, l+v^~i. 

V 



15. One of the roots of the cubic 
is double another ; show that it may be found from a quadiatio equatum. 
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'- 16. Show that all the roots of the equation 

can be obtained when they are in arithmetical progression. 

Let the roots be a, o + 5, a+ 25, . . . . o+ (#• - 1) 5. The first of equations (2) 

gives 

-jii=ii«+{l + 2 + 3+ +(«-!)}« 

n(n-l) ^ /,v 

= fm+-i^«. (1) 

Again, since the sum of the squares of any number of quantities is equal to the 
•quare of their sum, minus twice the sum of their products in pairs, we have the 

equation 

i>i«-2pa = o' + (a + «)» + (a + 2«)3+. . . 

= n«Hn(n-l)ag + ^("-^)j^^-^^ ». (2) 

o 

Subtracting the square of (1) from n times the equation (2), we find 8' in terms 
of p\ and pj. We can then find a from equation (1). Thus all the roots can be 
ezpreased in terms of the coefficients p\ and p^. 

17. Find the condition which must be satisfied by the coefficients of the equa- 
tion 

a:' —pa^ + ^« — r = 0, 

when two of its roots a, /i are connected by a relation a + iS = 0. 

Ana, pq — r = 0. 

18. Find the condition that the cubic 

should haTB its roots in geometric progression. Atu. p^r—q^=0. 

^ 19. Find the condition that the same cubic should have its roots in harmonic 
progfeesion (see Ex. 12). Am, 27r> - %pqr + 2^' = 0. 

20. Find the condition that the equation 

j;* ■'tps^ + ja?*+ rx + »= 

should have two roots connected by the relation a + /i = ; and determine in that 
case two qoadxade equations which shall have for roots (1) a, iS ; and (2) 7, 8. 

Ans. pqr-f^i-r^^O, (l)iKc* + r = 0, (2) a:» + i?j?+ — = 0. 

21. Find the condition that the biquadratic of £z. 20 should haye its roots con- 
nected by the relation /i + 7 = »+8. Ans. pl^ — ipq-^Sr = 0. 

22. Find tho condition that the roots a, /i, 7, 8 of 

a^ +px* + jjf* + ra; + «= 

should be connected bythe ration ajS = 78. Ans, p^8 - r' = 0. 

23. Show that the condition obtained in Ex. 22 is satisfied when the roots of 
the biquadratic are in geometric progression. 



\ 
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25. Depression of an Equation when a relatfoa 
exists between two of Its Roots. — The examples given 
in the preceding Article illustrate the use of the equations oon- 
neoting the roots and coefficients in determining the roots in 
particular cases when known relations exist among them. We 
shall now show in general, that if a relation of the form /3 = #(a) 
exist beticeen two of the roots of an equation f[x) = 0, the equation 
may he depressed two dimensions. 

Let i^{x) be substituted for x in the identity 

f{x) ^ aoof^ + rtirr""* + ...-*- e7n, 
then /(^(a?)) =ao(^(ir))*» + ffi (^W)""* + + a„.i^(r) + <7^. 

We represent, for convenience, the second member of this 
identity by F[x). Substituting a for x^ we have 

JF'(«)=/(^(«))^/O)-0; 

hence a satisfies the equation F{x) = 0, and it also satisfies the 
equation /(a?) = ; hence the polynomials /(a?) and F[x) have a 
common measure x-a] thus a can be determined, and irom it 
^(a) or j3, and the given equation can be depressed two dimen- 
sions. 

Examples. 

1. The equation 

«»-5j;=-4«+20 = 

has two roots whose difference = 3 : find them. 

Hero j3-o-=3, j3 = 3 + a; substitute « + 3 for ar in the giyen polynomial /(jr) ; 
it becomes a^ + 4 j^ - 7x - 10 ; the common measure of this and/(ir) is r ~ 2 ; from 
which a= 2, j3 = 5 ; the third root is - 2. 

2. The equation 

a;*-6a:3+lU«-13j; + 6 = 

has two roots connected by the relation 2j3 4 3a = 7 : find all the roots. 

An8, 1, 2, liv^r2. 

It may be observed here, that when two polynomials /(a?) 
and F[x) have common factors, these factors may be obtained 
by the ordinary process of finding the common measure. Thus, 
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: we know that two given eqxiations have common roots, we 
in obtain thoBp roots by equating to zero the greatest common 
leasore of the given poljrnomials. 



Examples. 



Ji. The equatioiLB 



2«3 + 6ar2- 6af- 9 = 0, 

aye two commoii roots : find them. Ans, -l, —3. 

/ 2. The equatums 

sfi+pz^ -^qx -^r =0, 

ar^+^yV + ^jp + r'sO 

iTe two common roots : find the quadratic whose roots are these two, and find also 
le third root of each. 

P~P P-P r-r' * r-r' 

26. Tbe Cobe Roots of fJnlty. — Equations of the 
onns 

onflisting of the highest and absolute terms only, are called 
mamial equations. The roots of the former are called the n n^^ 
QoU of unity. A general discussion of these forms will be given 
n a subsequent Chapter. We confine ourselves at present to 
be simple case of the binomial cubic, for which certain useful 
ffoperties of the roots can be easily established. It has been 
lieady shown (see Ex. 5, Art. 16), that the roots of the cubic 

If either of the imaginary roots be represented by cu, the 
iQier is easily seen to be w\ by actually squaring ; or we may 
iBe the same thing as follows : — If cu be a root of the cubic, oi' 
lust also be a root ; for, since w' = 1, we get, by squaring, 
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(i»* = 1, or (oi^)' « 1, thus showing that cu' satisfies the odbic 
ic* - 1 = 0. We have then the identity 

a^ - 1 s (a? - 1) (a; - w) (ir - w% 

Changing x into - Xy we get the following identity also : — 

iF* + 1 = (a? + 1 ) (a? + w) (a? + w'), 

whioh famishes the roots of 

a?' + 1 = 0. 

Whenever in any product of quantities involving the imagi- 
nary cube roots of unity any power higher than the second 
presents itself, it can be replaced by cd, or <■>', or by unity ; for 
example, 

w* = a>' . w = III, III* = w' . w' = w', w* = w' . w' = 1, &C. 

The first or second of equations (2), Art. 23, gives the fol- 
lowing property of the imaginary cube roots :— 

1 + W + Cil* = 0. 

By the aid of this equation any expression involving real 
quantities and the imaginary cube roots can be written in either 
of the forms P+ cnQ, P+ cu'Q. 

Examples. 

/ 1. Show that the product 

(wm + vlhi) («i*m + mn) 
is rational. Ant, m^—mM+M^- 

2. ProTe the following identities : — 

♦n' + «' s (w + n) (nam + «'«) (ui^m + am), 
i«3 -n^^^m-n) (torn - «•*#!) {tthn — »«). 
y 3. Show that the product 

is rational. 

4. ProTe the identity 

(o + /i + 7)(a + «ii3 + «'7)(o+««i3 + »7) = o» + i3» + 7>-3a^. 

6. Prove the identity 

(o+«j3 + (»>7)3+(a + «i«i3 + »7)8a(2a-i3-7)(2i3-7-c)(27-o-i8). 
Apply Ex. 2. 
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6. Prove t2ie identity 

Apply Ex. 2, and substitate for 00 - 00^ its value \/— 3. 
^ff^' Prove the identity * ./ 

where 

a's«« + 2i87, i8's/5» + 27a, ys73 + 2ai8. 

8. Fonn the equation whose roots aro 

-4iM. «* - Swim? — (m* + fi') = 0. 
^ 9. Fonn the equation whose roots are 

/ + M + M> /+«m + «'fi, / + «^+fl»M. 

-4fw. «'-3to*+3(P-m»)a;-(/'+m' + «'-3^fn«) = 0. 

It is important to observe that ooiresponding to the n n^^ 
roots of unity there are n «'* roots of any quantity. The roots 
of the equation 

are the n nf^ roots of a. 

The three oube roots, for example, of a are 

V a, CUV a, i^w dy 

wherev^ represents the real oube root aooording to the ordinary 
arithmetical interpretation. Each of these values satisfies the 
cubic equation a:' - a = 0. It is to be observed that the three 
oube roots may be obtained by multiplying any one of the three 
above witten by 1, «, «'. 

In addition, therefore, to the real cube root there are two 
imaginary cube roots obtained by multiplying the real cube 
root by the imaginary cube roots of imity. Thus, besides the 
ordinary cube root 3, the number 27 has the two imaginary 
cube roots 

as the student can easily verify by actual cubing. 

10. Fonn a rational equation which shall have 

3 



for a root; where 0^ = 1. 

Compare Ex. 8. Am, r^ + 3Pd; - 2Q ~ 0. 



f 
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/'' 11. Fonn an equation with rational coefficients which shall haTe 

for a root, where fii' = 1, and ^'= 1. 
Cubing both sides of the equation 

and substituting x for its value on the right-hand side, we get 

Cubing again, we have 

(«»-P-(2)»=27PO*'. 

Since %\ and 02 may each have any one of the values 1, «} a**, the nine rood d 
this equation are 

•'-v/p+^yo; Vf^w'Vq* ^/p+itya 

We see also that, since B\ and (^ have disappeared from the final eqnrtioD, it ii 
indifferent which of these nine roots is assumed equal to « in the first inataiJoe. Hie 
resulting equation is that which would have been obtained by multiplying togetbff 

the nine factors of the form x -^F— 1/ Q obtained from the nine xoots ibon 
written. 

12. Form separately the three cubic equations whose roots are the groi^iiB 
three (written in vertical columns in Ex. 1 1) of the roots of the equation ol the jn* 
ceding example. 

We can write these down from Ex. 8, taking first m and n equal to ^F^^/Q; 
then equal to « v^Pr«\/5; ^^ finally equal to f^l/F^ »'v^- 

^fi». a;3- 3 v/PQ « - P- Q = 0, 
jj3-3««yPQ*-P-Q=0, I 
r* -3« V^PQ«-P- Q=0. 

27. Symmetiic Fimctloiis of the Itoote. — Symmetno 
f unotions of the roots of an equation are those funotionB in 
whioh all the roots are alike inyolved, so that the expression is 
unaltered in value when any two of the roots are interchanged. 
For example, the functions of the roots (the sum, the sum of .the 
products in pairs, &c.) with whioh we were conoemed in Ait. 28 
are of this nature ; for, as the student will readily peroeiye, if 
in any of these expressions the root ai, let us say, be written in 
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every place where as occurs, and a^ in every place where ai 
occurs, the value of the expression will be unchanged. 

The functions discussed in Art. 23 are the simplest sym- 
metric functions of the roots, each root entering in the first 
degree only in any term of any one of them. 

We can, without knowing the values of the roots separately 
in terms of the coefficients, obtain by means of the equations (2) 
of Art. 23 the values in terms of the coefficients of an infinite 
variety of symmetric functions of the roots. It will be shown 
in a subsequent Chapter, when the discussion of this subject is 
resumed, that any rational symmetric function whatever of 
the roots can be so expressed. The examples appended to this 
Article, most of which have reference to the simple cases of 
the cubic and biquadratic, are sufficient for the present to illus- 
trate the usual elementary methods of obtaining such expres- 
sions in terms of the coefficients. 

^ It is usual to represent a symmetric function by the Greek 
letter 2 attached to one term of it, from which the entire ex- 
pression may be written down. Thus, if a, /3, 7 be the roots of 
a cubic, 2a' j3' represents the symmetric function 

a'^' + a'7* + /3'7', 

where all possible products in pairs are taken, and each term 
separately squared. Again, in the same case, 2a^/3 represents 

a'/3 + a'7 + i3^7 + jS'a + 7'a + 7*13, 

where all possible permutations of the roots two by two are 
taken, and the first root in each term then squared. 

As an illustration in the case of a biquadratic we take 2a' /3', 
whose expanded form is as follows :— 

a'jS' + a'7' + a'8' + i3'7' + /3'S' + 7' 8'. 

By the aid of the various symmetric functions which occur 
among the following examples the student will acquire a facility 
in writing out in all similar oases the entire expression when 
the typical term is given. 
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Examples. 

1. Find the value of 2ar/i of the roots of the cubic equation 

. «3+/?j:« + ^a; + r=0. 
Multiplying together the equations 

a + /i + 7 = -l?, 
i37 + 7a + a3 = q, 

we obtain 2a' j3 + 3 0^87 =» -pq ; 

hence 7,a?fi = Zr -pq. 

2. Find for the same cubic the value of 

o« + i8» + 7^. Ant. 2a« = p5 _ 

3. Find for the same cubic the value of 

a» + /9» + 73. 

Multiplying the values of 2a and 2a^, we obtain 

a* + jS' + 73 + 2a«/i = -/»*+ 2pj; 
hence, by Ex. 1, 

2a» = -!?'+ Zpq- 3r. 

4. Find for the same cubic the value of 

We easily obtain 

)8V + y^fi^ + a')8- + 2aj37(a + /i + 7) = -72, 
from which 2a-/8' = ^2 _ 2jpr. 

5. Find for the same cubic the value of 

(i8 + 7)(7 + «)(« + W- 
This is equal to 

2ojB7 + 2a-/i. Am. r^p 

6. Find the value of the symmetric function 

a2/37 + a2)B« + f^^fl + fS^af + /B^aJ + iB«7« 
+ r^ajB + 7«a« + 7»iW + J'ajB + ^ar^ + «2i37 

of the roots of the biquadratic equation 

«* ■\'P^ + ^x* + ra? + » = 0. 

Multiplying together 

a + )8 + 7 + « = -i?, 

aj87 + a38 + ar^l + /375 = - r, 

we obtain 2 a'/37 + 4 0^78 = |?r ; 

hence :id^^y-pr-\i. 
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7. Find for the same biquadratio the yalue of the symmetric function 
Squaring 2a, we easily obtain 

8. Find for the same biquadratic the yalue of the symmetric function 

Squaring the equation 

2oj5 = «7, 
we obtain 

Jo'jS* + 22a«i37 + ^afiyZ = q^ ; 
hence, by Ex. 6, 

9. Find for the same biquadratic the value of tafifi. 

To fonn this symmetric function, we take the two permutations afi and /3a of 
the letters a, fi ; these give two terms tfifi and fi^a of 2. We have similarly two 
terms from erery other pair of the letters a, iS, 7, 8 ; so that the symmetric func- 
tioii consists of 12 terms in all. 

Multiply together the two equations 

7,00 = g, %a?=p^-2q; 
and obeerye that 

2a>2a/3 e So^iS + 2a>/37. 

[It is convenient to remark here, that results of the kind expressed by this last 
equation can be verified by the consideration that the number of terms in both 
members of the equation must be the same. Thus, in the present instance, since 
So* contains 4 terms, and 2a/3 6 terms, their product must contain 24 ; and these 
are in tact the 12 terms which form 2a?/3, together with the 12 which form 2a^i37.] 

Using the results of previous examples, we have, therefore, 

2a»i3 =i>»^ - 2^» -i>r + 4«. 

10. Find for the same biquadratic the yalue of 

•«*+i8* + 7* + »*- 
Sqnaiing Sa', and employing results already obtained, 

2«« =^ - 4p»^ + 2j* + 4i>r - 4». 

"^^ 1 1 . Find the value, in terms of the coefficients, of the simi of the squares of the 
roota of the equation 

Squaring 2ai, we easily find 

iyi'«2ai' + 22aia3; 



2ai'=iii"-2j92. 

12. Find the value, in terms of the coefficients, of the sum of the reciprocals of 
tho roots of the equation in the prccediDg example. 
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From the second laat, and lost of the equations of Art 23, we have 

02 03 .... On + ttl OS .... an +.... + ai a2 ... . Cbi-i = (— 1)"~ Pn-Xy 

01 asos . . . . On = (— \)*Pn ; 

flividing the former by the latter, we have 

111 1 -Pn.\ 
- + - + -+ +— = , 

01 02 03 tka Pn 

or 

<J ^ — • 

ai /7n 

In a similar manner the sum of the products in pairs, in threes, &c. of the 
reciprocals of the roots can be found by dividing the 3rd laat, or 4th last, &c. coef- 
ficient by the last. 

13. Find for the cubic equation 

Co*' + 3ji x^ + 3a2 j: + as = 

the value, in terms of the coefficients, of the following symmetric fonctioii of the 

roots o, fif y : — 

W-7)H(7-«)H(«-i3)». 

N. B. — It will often be found convenient to write, as in the present example, an 
equation with binomial coefficients^ that is, numerical coefficients the same as those 
which occur in the expansion by the binomial theorem, in addition to the literal 
coefficients oo, ^i, &c. Here the equation being of the third degree, the sacceesive 
numerical coefficients ore those which occur in the expansion to the third power, 
viz. 1, 3, 3, 1. 

"We easily obtain 

«oM(i8-7)H(7-a)* + (o-/5)2}=18(«i»-tfo«2)--. - -. ^ 

14. Express in terms of the coefficients of the cubic in the preceding example the 
successive coefficients of the quadratic 

M here a, iS, 7 arc the roots of the cubic. 

Here, in addition to the symmetric function of the preceding example, we have 
te calculate also the two following : — 

a(/3-7)'' + i8(7-a)» + 7(a-/i)», 
a'(i8-7r- + i8=(7-a)2 + 7a(«-/3)2. 

Ana. (rto 02 - ffi') af*^+ (ao 03 - ai 02) x + (^1 at - a^ = 0. 

15. Find for the cubu* of example 13 the value ih terms of the coefficients of 

(2a-)B-7)(2/3-7-«)(27-«-/3). 

Za\ 

Since 2a- )B-7B3a-(o + )B + 7) = 3o + — , 
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the required value is easily obtained by substituting for j; in the identity 

ao 

flo** + Sfli** + 3*2*+ as s ao(« - o) {x - /5) («- 7). 

Ana, V(2o-i3-7)(2i3-7~o)(27-o-/3) = -27(ao2a3-3ao«i«a + 2ai'). - ? 'l\.^ 

16. Find, in terms of the coefficients of the biquadratic equation 

«o«* + 4«ia:' + 6<i2«* + Aa^x -i- 04 = 0, 
the valoe of the following symmetric function of the roots : — 

03 - 7)'(a - «)» + (7 - a)M/J - «)» + (a - )8)« (7 - «)». 

Here the equation is written with numerical coefficients corresponding to the 
expansion of the binomial to the 4th power. The symmetric function in question 
18 eaaily seen to be identical with 

22a«i3» - 22a«iS7 + 12aj37«. 
Employing the results of examples 6 and 8, we find 
«oMO-7)M«-«)* + (7-«)'(/5-«)'+(a-/5)»(7-«n=24(floa4-4aia8 + 3«2«). - ' 

17. Taking the six products in pairs of the four roots of the equation of Ex. 16, 
and adding each product, e,g, a/3, to that which contains the remaining tw»sxoots, 
78, we have the three sums in pairs 

i37+a9, 7«+/35> ai8 + 75; 

it 18 required to find the yalues in terms of the coefficients of ^ the two following 
symmetric functions of the roots : — 

(7c+i8«) (a/3 + 7«) + (ojB + 78) (J87 + a«) + O87 + o«) (7a + i3«), 

(37 + aS) (70 + i3«) (aiS + 78). 

The former of these is the sum of the products in pairs, and the latter the con- 
tinued product^ of the three expressions aboye giyen. As these three functions of 
the roots are important in the theory of the biquadratic, we [shall represent them 
unilormly by tho letters X, /it, f. We have, therefore, to find expressions in terms 
«>f the coefficimtB for /ur + yX + X/a, and X/iy. 

The former is T/a?^, and is easily expressed as follows (cf. Ex. 6) : — 

oo'H^ = 4 (4ai 03 — 0004)* 
The latter is, when multiplied out, equal to 



*M(«'+/f»»+>»+»») +«'i8'y'»' (7,+ j,+^+^) . 



and we obtain alter easy calculations the following : — 

Of^X/u^ s 8 (200 a)^ - 3tfo oaai + 2ai'a4). 

b2 
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18. Find, in terms of the coefficients of the biquadratic of Ex. 16, the Talue of 
the following symmetric function of the roots : — 

{(7-a)(/3-8)-(a-a)(7-8)}{(a-«(7-«)-(i8-7)(a-»)} 

{0S-7)(a-a)-(7-a)(i8-a)). 

This is also an important symmetric function in the theory of the Mquadzatic. 
To preyent any ambig:uity in writing this, or corresponding functions in which the 
differences of the roots of the biquadratic enter, we explain the notation which will 
be uniformly employed in this work. 

Taking in circular order the three roots a, iS, 7, we have the three differences 
3 — 7) 7 — a> a-/9; and subtracting 8 from each root in turn, we have the three 
other differences a - 8, /9 - 8, 7 — 8. We combine these in pairs as follows : — 

(i8-7)(a-8), (^-«)(3_8), (a-i8)(7-8). 

The symmetric function in question is the product of the differences of thete 
three taken as usual in circular order. 

Employing the valuer of A, /i, in the preceding example, we haye ' 

-/i + y = (i8-7)(a-8), -r + As(7-«)(i8-8), - A + /As(a-/I)(7-^. 
We have, therefore, to find the value of 

(2A-/i-v)(2M-v-A)(2r-A-/A), 

"5 (3a - 2ai3) (3/i - 2ai3);(3r - 2oj3), 

in terms of the coefficients of the biquadratic. 

Multiplying this out, substituting the value of SoiS, and attending to the results 
of Ex. 17, we obtain the required expression as follows : — 

oo^ (2A-- /A - v) (2/i - y- a) (2y - A - /i) = - 432 {0002^4+201 aa^s— ooas' - ar Oi—otS} .. .If 3 

The function of the coefficients here arrived at, as well as those before obtained 
in Examples 13, 15, and 16, will be found to be of great importance in the theoiy 
of the cubic and biquadratic equations. 

19. Find, in terms of the coefficients of the biquadratic of Ex. 16, the tbIuo of 
the symmetric function 

(a-i8)2+(a-7)H(a-8)« + (i8-7)* + (/3-«)H(7-«)«. 

This may be represented briefly by 2(a-/3)*. 

Ant. «o'2(o-/3)« = 48(aia-a#«i). 

20. Prove the following relation between the roots and coefficients of the biqua- 
dratic of Ex. 16 :— 

«o'(i9 + 7-«-8)(7 + a-/3-8)(a+/3-7-8) = 32(ao2a3-8«ofli«i + 2«i»). - 1 
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28. Theorems relating to Syminetrie Functions. — 

The following two theorems, with which we close for the present 
the discussion of this subject, will be found useful in many in- 
stances in yerifjing the results of the calculation of symmetric 
functions. 

(1). The mm of the exponents of all the roots in any term of any 
symmetric function of the roots is equal to the sum of the suffixes in 
each term of the corresponding value in terms of the coefficients. 
The sum here spoken of, which is of course the same for every 
term of the symmetric function, and which may be called the 
degree in all the roots of that function, will be subsequently 
defined (see Ch. XII.) as the toeight of the symmetric function. 
The truth of the theorem will be observed in the particidar cases 
of th^ examples 13, 15, 16, 17, &c. of the last Article ; and that 
it must be true in general appears from the equations (2) of 
Art. 23, for the suffix of each coefficient in those equations is 
equal to the degree in the roots of the corresponding function of 
the roots ; hence in any product of any powers of the coefficients 
the sum of the suffixes must be equal to the degree in all the 
roots of the corresponding function of the roots. 

(2). WTien an equation is written with binomial coefficients^ the 
expression in terms of the coeffi<:ients for any symmetric function 
of the roots J which is a function of their differences only^ is such that 
the algebraic sum of the numerical factors of all the terms in it is 
equal to zero. The truth of this proposition appears by suppos- 
ing all the coefficients ao, a^ Oj, &c. to become equal to unity in 
the general equation written with binomial coefficients, viz., 

aoof^ + naiaf~^ + — — ^ aiX"-^ -h . . . . + rr„ = 0. 

The equation then becomes (a? + 1)" = 0, /. e. all the roots be- 
come equal ; hence any function of the differences of the roots 
must in that case vanish, and therefore also the function of the 
coefficients which is equal to it; but this consists of the alge- 
braic simi of the numerical factors when in it aU the coefficients 
aof fli, fl„ &c. are made equal to unity. InJExs. 13, 15, 16, 18, 
20 of Art. 27 we have instances of this theorem. 



— l,^ ^-\ y — -* C: ^ 'w> # 
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Ana, 5i.3. 



fiXAMPLES. 
I. Find in terms of p, q^ r the value of tho symmetric function 

^7 70 cii3 

where a, i8, 7 arc the roots of the cuhic equation 

i^ +pj^ + y« + r = 0. 

2. Find for the same equation the value of 

(i9 + 7-a)=' + (7 + a-i8)3+(a + /3-7)'. 

Ant, 24r-p». 

:i. Calculate the value of Xa^fi^ of the roots of the same equation. 

Hero 2a0Xa^0^ = 2t^0^ + a0y2a*0 ; hence &c. 

Ant. ^• — 3j»yr+3r*. 

4. Find for the same equation the value of the symmetric function 

(33 _ ^)» + (y _ ^)2 + (^ _ ^3)2. 

2a* is easily ohtained hy squaring 5a' (see Ex. 3, Art 27). 

Ant. 2jfi - I2p*q + I2p^r + ISp^q^ - 18j^- 6^. 

6. Find for the same equation the value of 

/3+7 7 + ^ o + i8 ' 

Ant, ^^IZ^PLzlf^ 
r-pq 

6. Find for tho same equation the value of 

a^ + j97 , fi'-^ya ^ y^ + a fi 
fi + y 7+0 a + /3* 

r-pq 

7. Find for the same equation the value of 

2j 97 -• g^ ^ 27a -j8- ^ 2ai8-7 ^ 
^ + 7-0 7 + a-i3 o + i3-7" 



;?*-2;>=y + 14jPr~89» 

-^''*' : li — 3 ^• 

ipq-jsr—^r 
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(a — fl\ " 
I for the same cubic 

equation. 

3p«92-4j&»r-4^3-2/>^-9r2 



Ant. 



ir-P9) 



9. Caleolate in tenna of p, q, r, § the yalae of 2 ~ for the equation 

IT 

Here 2ai82-=2| + 2^; and 2a2i=4 + 2|. 

^i-* - 2^*» — pr8 + 4** 

10. Find the yalue of 2 -^ of the roots of the equation 



Ant. 



n % 



11. Find for the biquadratic of Ex. 9 the value of 

(iSy -a8) (7a- i88) (03-78)- 
Compare Ex. 22, Art. 24. Ana, r* - p^, 

12. Find the ralue of 2(Aroa + ai)^(/3-7)^ in terms of the coefficients of the 

cubie equation 

flo** + Zaxz^ + Za2X + aj = 0. 

ai' + 08* 

-^ 13. Find the yalue 'of the symmetric function 2 of the roots of the 

oi 02 

#Q1!UlitlOII 

Ue giTen function may be written in the form 

ai}-+-+ + — 1-1 

(ai 02 On) 

+ 025 — + — + • • • • + — f — 1 



\ Ol 03 On 



i 



+ o«j- + -+ + -}-l, 

(01 aa On) 

or 2ci 2 w ; hence «c. Ans. «. 

Ol Pn 

14. Clear of radicals the equation 
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and express the coefficients of tho resulting equation in Hn terms of the coefficienti 

of the cubic of Ex. 1. 

Ana, 3^--2(;;2-2^)^-p* + 4i)*y-8/>r=0. 

V 15. If a, /9, 7, 8 be the roots of the biquadratic of Ex. 9, prore 

(a«+l)(ii' + l)(7* + l)(8»+l) = (l-y + #)»+(p-r)«. 

Substitute in turn each of the roots of the equation x' + 1 = in the identity of 
Art. 16, and multiply. 

16. Prove the following relation between the roots and coefficients of the general 
equation of the m** degree : — 

{ai- + 1) (as^ 4 1 ) . . . . (o*= + 1) = (1 -i>2 +1^4 -...)"+ (i>i -i^ + • • •)*• 
>j 17. Find the numerical value of 

(a« + 2)(i3H2)(r* + 2)(8* + 2), 
where a, i8, 7, 8 are the roots of the equation 

j4_7j3 + 8i^-5jr + 10=0. 

Substitute in turn for x each root of the equation ^ + 2 = 0, and multiply. 

AnM, 166. 

18. If a, 3. 7, 8 be the roots of the equation 

tiKiX^ -r 4ff li-^ + C a^x' + 4^33; + tf4 = 0, 
prove 

V(/3 + 7) (7-t a) (a+i8) (0+8) (3 + 8) (7 + 8) = 16 {6aia2a3-floff3*-fli*<^}. 

The symmetric function in question is equal to (/i + v) (y + A) (\ + Ai)> <^ 2a ^^ 
— KfjiVy where \y fi, v have tho values of Ex. 17, Art. 27. 

19. Calculate the value of the symmetric function 2(a-^)^ of the roots of the 

biquadratic equation of Ex. 9. 

Am, 3i)*-16p'^ + 20j*+4pr-16f. 

20. Show that when the biquadratic is written with binomial coefficients, as in 
Ex. 18, the value of tho symmetric function of the preceding example may be ex- 
piessod in the following form : — 

flo*2(a-i8)^= lG{i8(ffoa;4-ar)»-tfoM«ofl4-4aia3 + 3aa«)}. 

21. Tiie distances on a right line of two pairs of points from a fixed origin are 
the roots (a, jB) and (a, 0) of the two quadratic equations 

rtj-- + 2^2: + f = 0, ax^ ^IVx^rc' = ; 

prove that when one pair of tho points are tho harmonic conjugates of the other pair, 
the following relation exists : — 

a ' + «'<?- 2 W = 0. 

22. The distances of three p i its ^^ 7?, C on a right line from a fixed origin 
on the line are the roots of the eciuation 

ff.tH3'>.cH3cj:+rf=0; 
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find the condition that one of the points^, B, C should bisect the distance between 
the other two. 

Compare Ex. 16, Art. 27. Am, a^d- 3ai<?+ 2^ = 0. 

23. Retaimng the notation of the preceding question, find the condition that the 
four points 0, A, B, (7 should form a harmonic division. 

Ant. ad^-Zbed^2e^ = Q. 

This can be derived irom the result of Ex. 22 bj changing the roots into their 
reciprocals, or it can be easily calculated independently. 

24. If the roots (a, /9, 7, 8) of the equation 

are so related that a— 8, fi — 9, 7-8 are in harmonic progression, prove the relation 
among the coefficients 

Compare Ex. 18, Art. 27. 

25. Form the equation whose roots are 

fiy + toy a + tirafi fiy + ur ya ■¥ toafi 

o + «i3 + «'^7 ' o + w»i3 + «7 * 

where o*^ = 1, and a, iS, 7 are the roots of the cubic 

Ant. («<J -4«) «« + («//-*(?) a; +(W-c2)=0. 

Compare £xs. 13 and 14, Art. 27. 

26. Express 

(2i37-7a-ai3)(27a-fliB-/37)(2fliB-^7-7a) 

as the sum of two cubes. 

Ant. (/37 + w7o + a»2ai3)' + (/37 + «'7o+«oj3)^ 
Compare Ex. 5, Art 26. 

27. Express 

in terms of .r' + y* + z* and xys, where »' = 1. 

Ant. 3(«' + y5 + «') + 18a?ys. 

28. If 

(*» + y5 + 2?-3xy5)(jc'' + y'» + «'»-3:c'y'«')^^'+l^+-^-3:iCrZ, 

find X, F, Z in terms of d?, y, « ; z'y y', z\ 
Apply Example 4, Art. 26. 

Ahs. X = zx^-{-i/y' + zz\ Y-xy* \ y^ -^-zx^ Z=x:if ■\-yx' -\-zy\ 

29. Resolve 

(o + ^ + yp oj37 - (iS7 + 7a + o/S)' 

into three factors, each of the second degree in a, /S, 7. 

Ant. (a' - fiy) (iS^ - ya) {y^ - afi] . 
Compare Ex. 18, Art. 24. 
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30. Resolve into simple factors each of the following expressions : — 
(1). (i3-7)M/3 + 7-2a) + (7-a)-(7 + «-2i8) + (a-i3)Ma + /3-27). 
(2). (i3-7)(3 + 7-2a)H(7-a)(7 + a-2i8)2+(o-i8)(a+i3-27)«. 

An9. (1). (2o-i8-7)(2i8-7-o)(27-a-3). 
(2). -9(3-7)(7-a)(«-/3). 

31. Find the condition that the cubic equation 

r^ —px^ + jar — r = 

should have a pair of roots of the form a±a ^/— 1 ; and show^ how to determine 
the roots in that case. 

If the real root is b^ we easily find, bj forming the sum of the squares of the 
roots, p^ — 2q = b'. The required condition is 

32. Solve the equation 

a:»-7ic' + 20ar-24 = 0, 

whose roots are of the form indicated in Ex. 31. 

Ans. Boots 3, and 2+2 v^-HT 

33. Find the conditions that the biquadratic equation 

x^-pa^ + qj?' — rx + » = 

should have roots of the form a ±a ^/- \y h ±b y/- 1. Here there must be two 

conditions among the coefficients, as theio arc only two independent quantities 

involved in the roots. 

Aim, pi^-2q = 0; f»-2^# = 0. 

34. Solve the biquadratic 

aj* + 4a:»+ 8a:2 - 120a; + 900 = 0, 

whose roots are of the form in Ex. 33. 

Ant, 3 + 3 /^, -6 + 6v/^. 

35. If a + iS y/- 1 be a root of the equation 

a:' + yx + r = 0, 
prove that 2a will be a root of the eqiution 

a?' + y* - r = 0. 

36. Find the condition that the cubic equation 

3^ +p:^ + qx-\- r = 

should have two roots a, fi connected by the relation a/3 + 1 = 0. 

Ans, l+j+pr + f* = 0. 
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37. Find the condition that the hiquadratic 

«* + p*^ + gx* + ra; + # = 

should have two roots connected hj the relation ojS + 1 = 0. 
The condition arranged according to powers of m is 

1 +7 +pr + r2 + (;?« +pr- 2y - 1) #+ (g - 1) ««+*» = 0. 

38. Find the value of 2 (a\ - 02)' 0304 .... on of the roots of the equation 

This is readily reducible to Ex. 13. 

Am, (- 1)" {piPh-i - ff^Pn I . 

39. If the roots of the equation 

, fi(»-l) , 
1 ■ z 

be in arithmetical progression, show that they can be obtained from the expression 



00 ^'o ^ 



L /3(aia-aoa2) 



n + 1 



by giving to r all the values 1, 3, 5, .... n - 1, when n is even ; and all the values 

0, 2, 4, 6 .... fi — 1, when n is odd. 

40. Bepresenting the differences of three quantities a, i8, 7 by ai, iSi» 71, m 

follows: — 

ai3i8-7, i8ia7-o, 7i=o-i8; 

pxore the relations 

oi' + i8i« + 7i« = 3oii8i7i, 

ai* + i8i* + 71* = J {ai' + /3i' + 7i'}*» 
ai» + /3i» + 7i» = f {m« + /Si* + 7i«}oii8i7i. 
These results can be derived by taking ai, /9i, 71 to bo roots of the equation 

(where the second term is absent since the sum of the roots = 0), and calculating the 
symmetric functions 2ai', 2ai*, lai^ in terms of q and r. The process can be ex- 
tended to form 2ai*, 2ai^, &c. The sums of the successive powers are, therefore, 
all capable of being expressed in terms of the product aijSi 71 and the sum of squares 
«i' + $1^ + 71' ; the former being equal to r, and the latter to - 2 {fii 71 + 71 01 + ai fii), 
cfr — 2q. These sums can be calculated readily as follows : — By means oia^^r — qx, 
and the equations derived from this by squaring, cubing, &c., and multiplying by 
xfst x^i any power of r, say xP^ can be brought by successive reductions to the form 
A.-\-Bx-\- Cx^, where A^ B^Care fimctions of q and r. Substituting au fiu yu ^^^ 
adding, we find Sai' = 3^ - 2qC, The student can take as an exercise to prove in 
this way 2ai' = 7yV, 2oi" = 11^ (^-»^): 



CHAPTER IV. 

TRANSFORMATION OF EQUATIONS. 

29. Transformation of £qnatlons, — We can in many 
instances, without knowing the values of the roots of an equa- 
tion in terms of the coefficients, transform it by elementary sub- 
stitutions, or by the aid of the symmetric functions of the roots, 
into another equation whose roots shall have certain assigned 
relations to the roots of the proposed. A transformation of this 
nature often facilitates the discussion of the equation. We 
proceed to explain the most important elementary transforma- 
tions of equations. 

30. Roots with Sif^s changed. — To transform an equa- 
tion into another whose roots shcill be equal to the roots of the 
given equation with contrary signs, let oi, 02, 03, ... a» be the 
roots of the equation 

We have then the identity 

ct"' +p,a^-' +p2x"-^ + . . . +pn-iX + pn^{x- Oi) (a? - Oa) . . . (^P - a,) ; 

changing x into - y, we have, whether n be even or odd, 

y"" -Piy*^' -^P2y"-' - . . . ±Pn.i!/ +pn ^[y-^ aj (y + oa) . . . (y + a»). 

The polynomial in y equated to zero is, therefore, an equation 
whose roots are - oi, - a2, . . . - on ; and to effect the required 
transformation we have only to change the signs of every alternate 
term of the given equation beginning with the second. 

Examples. 
1 . Find the cquatioD whose roots are the roots of 

with their signs changed. Ana. «*-7a:* + 7«'+ Sar^-f «— 1 = 0. 
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2. Change the signs of the roots of the equation 

ap7 + 3j:* + «»-«» + 7ir + 2 = 0. 

[Supply the missing tenns with zero coefficients.] 

Ant, *7 + 3«« + «' + a;2 + 7a;-2 = 0. 

31. To Hiiltlply the Roots by a CflTen Quantity. — 

To txansform an equation whose roots are oi, as, . . . an into ano- 

ther whose roots are ma\j ma29 • • • ^^ny we change x into ^ in 

m 

the identity of the preceding Article. Midtiplying by w", we 
have 

s (y - mai) [y - mat) (y - mon). 

Hence, to multiply the roots of an equation by a given quan- 
tity m, ttv have only to multiply the successive coefficients^ beginning 
with the secondy by m, tn\ m^j . . . w*». 

The present transformation is useful for the purpose of re- 
moving the coefficient of the first term of an equation when it 
is not unity ; and generally for removing fractional coefficients 
from an equation. If there is a coefficient Gq of the first term, 
we form the equation whose roots are Oooi, Ooos, . . . a^on ; the 
transformed equation will be divisible by Oo, and after such divi- 
sion the coefficient of a^ will be imity. 

When there are fractional coefficients, we can get rid of them 
by multiplying the roots by a quantity m which is the least 
common multiple of all the denominators of the fractions. In 
many cases multiplication by a quantity less than the least 
common midtiple will be sufficient for this purpose, as will 
appear in the following examples : — 

Examples. 

1 . Change the equation 

3aj*-44P' + 4«»-2x+l=0 

into another the coefficient of whose highest term will be unity. 

We multiply the roots by 3. Ana. a;* - 4«» + \2x^ - 18* + 27 = 0. 

2. Bemove the fractional coefficients from the equation 

«'-^iP' + |*-l=0. 
Multiply the roots by 6. Am, ar'-3«a + 24x- 216 = 0. 
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3. RemoTO the fractional coefficients from the equation 

2 18 ^108 

By noting the factors which occur in the denominators of these factions, we 
observe that a number much smaller than the least common multijkle will suffice to 
remove the fractions. If the required multiplier is m, we write the tranafonned 
equation thus : — 

it is evident that if m be taken = 6, each coefficient will become integral ; lienoe we 
have only to multiply the roots by 6. 

Ant, «»-l&t»-14ar + 2 = 0. 

4. Bemove the fractional coefficients from the equation 

, 3 . 13 77 ^ 

10 25 1000 

The student must be careful in examples of this kind to supply tlie mi«ng 
terms with zero coefficients. The required multiplier is 10. 

Ant, d:* + 30«> + 620« + 770 = 0. 

5. Bemove the fractional coefficients from tho equation 

jr — ar+ — or =0. 

6 12 900 

-4fM. «*- 26*' + 376«»- 11700 - 0. 

32. Reciprocal R<N»t8 and Reciprocal E%iiatloBS. — 

To transform an equation into one whose roots are the reoiprooali 

1 
of the roots of the proposed equation, we change x into - in the 

y 

identity of Art. 30. This substitution gives, after certain easy 
reductions, 

'^ P^ P2 ^ Pn^i Pnf l\f 1\ ( 1\ 

t T'' y** y y**\ «iA w \ ai./ 

or 

Pn Pn, Pn Pn \ aiJ\ QtJ \ OnJ 

hence, if in the given equation we replace x by -, and multiply 

if 

by f/^j the residting polynomial in y equated to zero will have 
for roots the reciprocals of a^ 02, ... . on. 
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There is a oertam class of equations whioh remain unaltered 
^when X is changed into its reciprocal. These are called reciprocal 
equations. The conditions which must obtain among the coef- 
ficients of an equation in order that it should be one of this class 
are, by what has been just proved, plainly the following : — 

Pn^i Pn^2 p Pi 1 

— -=/?i, — -=l>2, ao., — =i>n-i, --=/>»• 

Pn Pn Pn Pn 

The last of these conditions gives pn = 1, or jt?n = ± 1. Red- 
pTOcal equations are divided into two classes, according asjOn is 
equal to + 1, or to - 1. 

(1). In the first case we have the relations 

Pn^l -Pu Pn^ =/>2, ' ' ' P\ =Pn-l ; 

■which give rise to the^r«^ class of reciprocal equations^ in which 
the coefficients ofihe corresponding terms taken from the beginning 
nnd end are equal in magnitude and have the same signs. 
(2). In the second case, when|?« = - 1, we have 

^ving rise to the second class of reciprocal equations^ in which cor- 
responding terms counting from the beginning and end are equal in 
magniiiule but different in sign. It is to be observed that in this 
case when the degree of the equation is even, say n -• 2m, one of 
the conditions becomes pm - -pmy or jc?m • ; so that in reciprocal 
equations of the second class, whose degree is even, the middle 
term is absent. 

If a be a root of a reciprocal equation, - must also be a root, 

for it is a root of the transformed equation, and the transformed 
equation is identical with the proposed ; hence the roots of a 

reciprocal equation occur in pairs, o, - ; j3, ^ ; &o. When the 

o p 

degree is odd there must be a root which is its own reciprocal p 
and it is in fact obvious from the form of the equation that - 1, 
or + 1 is then a root, cux^ording as the equation is of the first or 
second of the above classes. In either case we can divide off by 
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the known factor {x + 1 or x- 1), and what is left is a reoipiooal 
equation of even degree and of the first class. In equations of 
the second dass of even degree a:* - 1 is a factor, since the equa- 
tion may be written in the form 

a?" - 1 + pixiaf-'' - 1) + . . . = 0. 

By dividing by a:' - 1, this also is reducible to a recipiocal 
equation of the first class of even degree. Hence all reciprocal 
equations may be reduced to those of the first class whose degree it 
eveuy and this may consequently be regarded as the standard form 
of reciprocal equations. 

Examples. 
1 . Find the equation whose roots arc the reciprocalB of the roots of 

Ans. 2y*-6y»-7y'+3y-l=0. 
^ 2. Beduce to a reciprocal equation of even degree and of first class 

> ^,^^ 22 , 22- 6 , ^ 

6 3 3 6 

^ 6 , 19 , 6 
Am, x^ + -a^-—.2^^-g^i=Q, 

6 3 6 

33. To Increase or Diminish the Aoots by a CflTen 
Quantity. — To effect this transformation we change the vari- 
able in the polynomial f{x) by the substitution ar = y + A ; the 
resulting equation in y will have roots each less or greater by h 
than the given equation in x, according as A is positive or nega- 
tive. The resulting equation is (see Art. 6) 

/(A) +/(A)y+-^y'+Q^y>+ . . . . = 0. 

There is a mode of formation of this equation which for 
practical purposes is much more convenient than the direct cal- 
culation of the derived functions, and the substitution in them 
of the given quantity h. This we proceed to explain. Let the 
proposed equation be 
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and sappose the transformed poljnomial in ^ to be 

-iojT + ^ijT"* + ^ijT** + . . . + A^xy + An ; 
since y^x^h^ this is equivalent to 

which must be identical with the given polynomial. We conclude 
that if the given polynomial be divided by ^ - A, the remainder 
is ^«9 and the quotient 

if this again be divided by a; - A, the remainder is ^n-19 and the 
quotient 

Proceeding in this way, we are able by a repetition of arith- 
metical operations, of the kind explained in Art. 8, to calculate 
in succession the several coefficients A^ An^iy &o., of the trans- 
formed equation ; the last, A09 being equal to a^. It will appear 
in a subsequent Chapter that the best practical method of solv- 
ing numerical equations is only an extension of the process 
employed in the following examples. 

Examples. 
1. Find the eqiiatum whose roots are the roots of 

ap*-6«« + 7«'-17x+ll=0, 
^^ch. diminished by 4. 

The calculation is beet exhibited as follows : — ^ 



- 5 


7 


-17 


11 


4 


- 4 


12 


-20 


— 1 


3 


- 6 


- 9 




12 


60 






15 


55 






28 








48 













11 



V 
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Here the fint diyinoii of the giTen pdlynomial hy « — 4 sme the zaniia* 
- 9 (= A^y and the quotient «* — «* + S' — 6 (cf . Art. 8). Diyiding this agam 
X- ^y we get the remainder 66 (s ui«), and the quotient s* + 8jp + 16. Dividi 
again, we get the remainder 48 (« A%)y and quotient s -f 7 ; and diTiding thii we | 
^1=11, and ^0 " 1 ; hanoe the required trancfozmed equation ia 

y«-flly* + 48yS + 66y-9»0. 

2 Find the equation whoae roots are the roots of 

«» + 4jr»-«»+ll = 0, 






4 


- 1 





11 


3 


9 
18 


39 


114 


842 


8 


38 


114 


MS 


3 


18 


98 
181 


393 




6 


81 


507 




8 


27 


174 






9 


68 


SOI 




3 


86 








12 


94 




3 











16 



The traniformed equation is, therefore, 

y« + 16y* + 94^5 + 806y» + 607y+ 363=0. 

3. Find the equation whose roots are the roots of 

4««-2«» + 7«-3 = 0, 
each increased by 2. 

The multiplier in this operation is, of course, — 2. 

Ant. 4/-40y* + 168y»J-308^ + 803y-129 = 0. 

4. Increase by 7 the roots of the equation 

3«* + 7a:»-16«» + «-2 = 0. 

Am. 3y* - 77y»+ 720^ -2876y + 4068 = 0. 
6. Diminish by 23 the roots of the equation 

6x»-13«»-12j: + 7«0. 

The operation may be conyeniently performed by fint <iiiwfai«hing tha roots 
20, and then diminishing tha roots of the transfonned equation again by 3. T 
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caleulation may be exhibited in two stages, as follows, the broken lines marking the 
eoneliudon of .each stage : — 



- 13 

100 




- 12 
1740 




7 
34660 


87 
100 


1728 
3740 




S4567 

19122 


187 
100 


6468 

906 




68689 


287 

16 




6374 
961 




302 
16 




732A 




317 
15 





882 



Ant. 6yS + 382yS + 7326y+63689B0. 



34. RemoTal of Tei^ns. — One of the ohief uses of the 
transformation of the preoeding Artiole is to remove a certain 
specified term from an equation. Such a step often facilitates 
its solution. Writing the transformed equation in descending 
powers of y, we have 

Ooy + (naoA+ai)y»"* + ^ip^floA' + (n- 1) aih + (h\f/'^+ . . . = 0. 

If A be such as to satisfy the equation nooh + ai = 0^ the trans- 
formed equation will want the second term. If h be either of 
the values which satisfy the equation 

w(n-l) ,, , ^v , 
: ^ flo " + (n - 1) ai A + Oj = 0, 

the transformed equation will want the third term ; the removal 
of the fourth term will require the solution of a cubic for h ; and 
so on. To remove the last term we must solve the equation 
/(h) = Oy which is the original equation itself. 



f2 
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Examples. 

1. Tramfbrn tbe equatkn 

m:o oe^ vhick ihaR rait tbe Mcood tmn. 

Diminish the root* br 2. Am. y« - 8y — 15 = 0. 

2. Tnnsform the equation 

into ooe vhich shall want the second tenn. 

Increase the roots br 2. Am. jr* - 24y* + 66y - 65 > 0. 

3. Transform the equation 

x4-4^_18jr«-5jF + 2 = 

into one which shall want the third term. 
The quadratic for A is 

6A*-12A-18-0, giTin?A = 3, A = -l. 

Thus there are two wars of effectine the transfonnation. 
Diminishing the roots br 3, we obtain 

(1) y* + 8y»- Illy -196 = 0. 

Increasing the roots by 1, we obtain 

(2) y»-8y»+17y-8=0. 

3o. Binomial CoeAcieMts. — In many algebraical pro- 
cesses it is found convenient to write the polynomial ^(a;) in the 
following form : — 

^ _« 1 «(»-l) ^^^ ii(fi-l) , 

in which each term is affected, in addition to the literal ooef- 
ficient, with the numerical coefficient of the corresponding term 
in the expansion of {x + 1)* by the binomial theorem. The 
student will find examples of equations written in this way on 
referring to Article 27, Examples 13 and 16. The form is one 
to which any given polynomial can be at once reduced. 
We now adopt the following notation : — 

thus using U with the suffix n to represent the polynomial of 
the n** degree written with binomial coefficients. 
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We havOy therefore, changing n into n - 1, &c., 



ITi =00. 

One advantage of the binomial form is, that the derived 
functions can be immediately written down. The first derived 
function of Un is, plainly, 

or nJJ^i^ so that the first derived function of a polynomial re- 
presented in this way can be formed by applying to the suffix 
of 17 the rule giv^n in Art. 6 with respect to the exponent of the 
variable. Thus, for example, the first derived of Ui is formed 
by multiplying the function by 4, and diminishing the suffix by 
unity ; it is, therefore, 4 Uzy as the student can easily verify. 

We proceed now to prove that the substitution of y + A for 
X transforms the polynomial Uny or 

into 

-4«ir + nAxf/^^ + ^\"" ^aj^""' + . . . + nAn^^y + An, 
wherd 

^u, '^i, -42, • • • jo-n^ij ^n 

are the functions which result by substituting A for 2; in 

Uoy t/i, t/j, . • . Un-\y Un > 

i.e. A^-thy Ai = aoh + aif ^2 = floA' + 2fliA + a2, &o. 

Representing the derived functions of /(A) by suffixes, as 
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explained in Art. 6, we may write the result of the transfor- 
mation, viz./(y + ^), in the following form: — 

f{h) is the result of substituting A for a; in IT'ii ; it is, therefore, 
An ; its first derived /i (A) is, by the above rule, nA^^x ; the first 
derived of this again is n (n - 1) A^-t ; and so on. MaMng these 
substitutions, we have the result above stated, which enables us 
to write down without any calculation the transformed equation. 



Examples* 

1. nd the result of subitituting y + A for x in the polynomial 

003?* + 3«i ** + Za%x + ff J. 
Am, ooy* + 3 (ooA + flOy* + 3 (aoA*+ 2tfi A + a,) y + ooA' + 3ai A* + 3«s A+ «). 

The student will find it a useful exercise to yerify this result by the method of 
calculation explained in Art. 33, which may often be employed with adyairtage in 
the case of algebraical as well as numerical examples. 

2. Bemoye the second term from the equation 

We must diminish the roots by a quantity A obtained from the equation 

aoA + <ii = 0, i. e., A = • 

Substituting this value of A in ^2, and Az^ the resulting equation in y is 

, 3(ao«2-«i') <io*«s— 3aotfifla"+2ai' ^ 

y.H.____y+ _ 0. 

3. Find the condition that the second and third terms of the equation rii=0 
should be capable of being removed by the same substitution. 

Here A\ and A2 must vanish for the same value of A ; and ftliminatiTig A be- 
tween them we find the required condition. 

Ant, 00^ — «i' — 0. 

4* Solve the equation 

a?» + 6a;»+12ar-19 = 

by removing its second term. 

The third term is removed by the same substitution, which gives 

y»-27«0. 
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The leqidxed looti an oVtaiiMd bj lubtnoting 2 from Mch root of the latter 
eqiifttum. 

5. Find the condition that the aeoond and fourth terma of the equation Un = 
ahould be capable of being remored by the same transformation. 

Here the coefBoients Ai and At must Taniah for the aame yalue of h ; eliminat- 
ing A between the equationa 

aoA + ai = 0, 0oA*+3aiA> + 3aiA + at = O, 

wo obtain the required condition 

eo*ai — SooAi ^t + 2ai* = 0. 

K.B. — ^When thia condition holda among the ooefficienta of a biquadratio equa- 
tion ita aolution ia reducible to that of a quadratic ; for when the second term ia 
ramored the resulting equation is a quadratic for y* ; and from the yalues of y thoae 
of s can be obtained. 

6. Sdye the equation 

«*+16jr« + 72«» + 64«- 129 = 

bj xemoring its aecond term. 
The equation in y ia 

y4_24ya-l=:0. 

7 Solye in the aame manner the equation 

g^ + 20j^ + 143«s + iZOx + 462 = 0. 

Ant. The roota are - 7» -3, -6±\/3. 

8. Find the condition that the aame tranaformation ahould remore the aeoond 
and fifth terma of the equation Un ■> 0. 

Ant. ao'<U-4a<^aias+6ao0i'4H-3ai^s=O. 

36. The C^ble« — On aooount of their peouliar interest, we 
shall oonsider in this and the next following Articles the equa- 
tions of the third and fourth degrees, in connexion with the 
transformation of the preceding Artide. When t/ + h is sub- 
substituted for 9 in the equation 

OoiT* + QaiO^ + 3a2X + a, = 0, (1) 

we obtain 

Ooy* + SAij/^ + QAty + -4, = 0, 

where Aiy Ai^ At have the values of Art. 35. 

If in the transformed equation the second term is absent, 

^1-0, orA = --. 
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Substituting this value for hmA^ and At^ we find, as in Ex. 2, 
Art. 35, 

hence the transformed cubio, wanting the second term, is 

3 1 

y* + — [ao<h - fli')y + — {ao^(h-^ai(h + 2ai') = 0. 

The functions of the coefficients here involved are of such 
importance in the theory of algebraic equations, that it is ousto- 
marj to represent them by single letters. We accordingly adopt 
the notation 

and write the transformed equation in the form 

If the roots of this equation be multiplied by Oo it becomes 

s' + 35i + G=0: (3) 

a form which will be found convenient in the subsequent dis- 
cussion of the cubic. The variable, z, herein contained is equal 
to a^y or a^x + fli. The original cubic multiplied by a^ is in fact 

identical with 

[oox + ai)' + 3^ {oaX + a,) + (rj= 0, 

as the student can easily verify. 

If the roots of the original equation be a, j3, 7, those of the 
transformed equation (2) will be 

"■^^' ^'^n' 'y"*"J' 

do Oo Oo 

or, since 

a + ^ + y = -— , 

they may be written as follows : — 

i{2a-fi-y), i(2/3-7-«), i(2y-«-/3). 
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We can write down immediately by the aid of the trans- 
formed equation the yaluee of the symmetric functions 

S(2a-^-7)(2^-7-a), (2a-/3-7)(2/3-7-a)(2y-a-^) 

of the roots of the original cubic. The latter will be found to 
agree with the value already found in Ex. 15, Art. 27. 

We may here make with regard to the general equation an 
important observation : that any symmetric function of the roots 
o> /3, 7, S, &c., which is a function of their differences only, can 
be expressed by the functions of the coefficients which occur in 
the transformed equation wanting the second term. This is 
obvious, since the difference of any two roots o', j3' of the 
transformed equation is equal to the difference of the two corre- 
sponding roots a, /3 of the original equation ; and any symmetric 
function of the roots a\ /3', y\ S', &c., can be expressed in terms 
of the coefficients of the transformed equation. For example, in 
the case of the cubic, all symmetric functions of the roots which 
contain the differences only can be expressed as functions of 
Oo, Hj and O. Illustrations of this principle will be found 
among the examples of Art. 27. 

37. The Blqaadratle« — The transformed equation, want- 
ing the second term, is in this case 

where A^ and A^ have the same values as in the preceding 
Article; and where Ai is given by the equation 

The transformed equation is, therefore, 
6 4 1 

flo flf© ^0 

We might if we pleased represent the absolute term of this 
equation by a symbol like H and 6?, and have thus three func- 
tions of the coefficients, in terms of which all symmetric func- 
tions of the differences of the roots of the biquadratic could be ex- 
pressed. It is more convenient, however, to regard this term as 



74 Transformation of Equations. 

composed of H and another function of the coefficients deter- ^ 
mined in the following manner : — We have plainly the identity 

^This involves ato, -BT, and another function of the coeffidents, 

viz., 

<7oflr4-4flifl8 + 3fl2', 

which is of great importance in the theory of the biquadratic 
This function is represented by the letter /, giving 

The transformed equation may now be written 

^\^^'^^^^-w — ^- ^^^ 

We can multiply the roots of this equation, as in the case of 
the cubic of Art. 36, by Oo ; and obtain 

X* + 6Hz^ + 4G?s + a,' I- ZW - 0. (2) 

This form will be found convenient in the treatment of the 
algebraical solution of the biquadratic. The variable is the 
same as in the case of the cubic, viz., a^x + ai. The original bi- 
quadratic is in fact identical with 

(AqX + fli)* + 6H{aoX + aiY + 4(7 {a^x + ol) + a„' /- 3JEP = 0, 

after the factor ao* is removed from this latter equation. 

Any symmetric function of the roots of the original biqua- 
dratic which contains their diJBFerences only can therefore be 
expressed by Ao, J, Gy and /. 

If the roots of the original equation be a, j3, y, S, those of 
the transformed (1) will be, as is easily seen, 

a(3„-0-Y-8), i(3/3-7-8-a), i(3.7-8-«-|3), i(38-«-/3-y). 

ft 

The sum of these = ; the sum of their products in pairs 
= — J ; the sum of their products in threes = — ^ ; and_ for their 

do dn 



\'? 
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oontmued produot we have ihe equation 
ao*(3a-^-7-8)(3/3-7-8-a)(37-8-a-i3)(38-a-i3-7) 

= 256(flo'/-3J5r»). 

There is another function of the coeffioients to which we 
wish now to call attention, as it will be found to be of great im- 
portance in the subsequent discussion of the biquadratic. It is 
the function arrived at in Ex. 18, Art. 27, viz., 

This is denoted by the letter J. The example in question 
shows that it is a function of the differences of the roots. It 
must, therefore, be capable of being expressed in terms of ^o, 
Hj Oy and /. We have, in fact, the identity 

floV=flo»^/-Gf»-4jBr', 

which the student can easily verify. 

Or this relation can be derived as follows: — Whenever a 
function of the coefficients Oo, ai, ^a, &c. is the expression of a 
function of the differences of the roots, it must be unaltered by 
the transformation which removes the second term of the equa- 
tion, hence its value is unaltered when we change ai into zero, 
Oa into ^29 (h into Az^ &c. Thus 

00^204 + 2010203 - OftOi* - Oi'o4 - Oj* a 00-^2-44 - QqAz* - A%^ ; 

substituting for At, A%j Ai their values in terms of jET, &, /, we 
easily obtain the above identity, which will usually be written 
in the form 

ff» + 4ff'eOo'(J5r/-«oe7). 

38. Honiograpliie Transformation. — The transforma- 
tion considered in Art. 33 is a particular case of the following, 
in which x is connected with the new variable y by the equation 

If X = l, ii^-h, X' = 0, /i^=l, wehavey = ir-A, as in Art. 33. 
Solving for x in terms of y, we have 



X- 
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This value can be substituted for x in the given equation, 
and the resulting equation of the n'^ degree in y obtained. 

Let a, /3, 7, Ij &o., be the roots of the original equation, 
and a', j3', 7', S', &o., .the corresponding roots of the transfoinied 
equation. From the equations 

, Xa + /ii f^, Xfi + n o 
Aa + fi AP + /IC 

we easily derive the relation 

, (A/ - X'u) (g - ff) . 

" '^-(A'« + m')(A'0+m')' 
with corresponding relations for the differences of any other 
pair of roots. If we take any four roots, and the four corre- 
sponding roots, we obtain the equation 

(g- - fi') (/ - y) (, - 3) (y - g) 

{a'-y')(Ji'-^)^ {a-y)(Ji-Sy 

Thus, if the roots of the proposed equation represent the 
distances of a number of points on a right line from a fixed origin 
on the line, the roots of the transformed equation will represent 
the distances of a corresponding system of points, so related to 
the former that the anharmonic ratio of any four of one system 
is the same as that of their four conjugates in the other system. 
It is in consequence of this property that the transformation is 
called homographic. 

It is important to observe that the transformation here con- 
sidered, in which the variables x and y are connected by a relation 

of the form 

Axy + Bx+ Cy + D-Oy 

is the most general transformation in which to one value of either 
variable corresponds one, and only one, value of the other. 

39. Transformation by Symmetric Functions* — Sup- 
pose it is required to transform an equation into another whose 
roots shall be given rational functions of the roots of the pro- 
posed. Let the given function be (a, /3, 7 . . .), where may 
involve all the roots, or any number of them. We form all pos- 
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able combinations (a/Sy), (a/SS), &o., of the roots of this type, 
and write down the transformed. equation as follows : — 

[y - 0(a/37 . . . ) ) {y - * («/38 ...))•.. = 0. 

When this product is expanded, the successive coefficients of 
y will be symmetric functions of the roots o, jS, 7, &c.y of the 
given equation ; and may therefore be expressed in^terms of the 
coefficients of that equation. 

Examples. 

1. Theiootiof 

are a, fi, y; find the equation whose roots are a', /S*, 7*. 
Soppoae the tnmaformed equation to be 

then 

and we have to form the symmetric functions ^^, ^^P^t a^P^y', of the given equa- 
tion. We easily obtain 

the tzmnafonned equation is, therefore, 

y»-(l^-2^)ya+(ja-2pr)y-r«=0. 

2. Find in the same case the equation whose roots are a', /S', y^. 

Ant. y»+(p»-3w + 3r)y» + (j»-3p^+3r«)y+r» = 0. 

3. If a, |9, 7, 8 be the roots of 

find the equation whose roots are a\ iS*, 7^, S'. 
Let the transformed equation be 

then 

Compare Exs. 8, 17, Art 27. 

^iM. y*-(p«-2j)y»+(}»-2pr+2#)y»-(r«-2^*)y+*2 = 0. 

4. If a, |9, 7, 8 be the roots of 

ao** + 4ai«'+6«a«' + 4a3af+a*sa0 ; 

find the equation whose roots are X, ;t, r ; viz., 

py + a9t ya + p9, eifi + yZ. 
See Ks. 17, Art. 27. 

fia 4 8 

Afu, y» ^ y* + — i (*«i «3 - flo«4) y — :5 (20003* - Sooojoi + 2ai'ai) = 0. 
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6. Show that the transformed equation, when the roots of the resulting cubic of 
Ex. 4 are multiplied by \a^ and the second term of the equation then remored, is 

f»-/« + 2/=0. 



40. Formation of the Equation whose Roots are aay 
Powers of the Roots of the Proposed. — ^The method of 
effeoting this transformation by sjmmetrio funotions, as ex- 
plained in the preceding Article, is often laborious. A much 
simpler process, involving multiplication only, can be employed. 
It depends on a knowledge of the solution of the binomial equa- 
tion ^-1 = 0. This form of equation will be discussed in tiie 
next Chapter. The general process will be sufficiently obvious 
to the student from the application to the equations of the 2nd 
and 3rd degrees which will be found among the following ex- 
amples : — 

EXAKPLBS. 

1. Form the equation whose roots are the squares of the roots of 

To effect this transformation, we have the identity 

«"+l>i«*-*+l>2«»-*+ . . . ■\-Pi^\x-\-pn^(x-ai)(x-a\) . . . («-€!«) ; 
changing x into - x, we derive, as in Art. 30, 

x^-piX**-^ + PiX^'*- . . . ±pn.ixTpn^(x-^ai)(x-\-at) . . . («+^€i«); 
multiplying, we have 
(x^-\-p2X'^-\-PiX'*-*\¥ . . .)'-(pi«*-^+i?s«^+. . .)'^(«®-«i')(«'-«a*). . - («^-«i.'); 

it is evident that the first member of this identity contains, when expanded, only 
even powers of x ; we may then replace sfi by y, and obtain finally 

r + (2j»2-i?i«)y^' + (pa2-2i?iiJ, + 2p4)|r-2 + . . . = (y-oi»)(y-a»«) . . .(y-a««). 

The first member of this equated to zero is the required transformed equmtioiL 
N.B. — This transformation will often enable us to determine a limit to the num* 
ber of real roots of the proposed equation. For, the square of a real root must be 
positive ; and therefore the original equation cannot have more real roots than the 
transformed has positive roots. 

2. Find the equation whose roots are the squares of the roots of 

aj'-*« + 8x-6 = 0. 

Atu. y> + 15y>+52y-36 = 0. 

The latter equation, by Descartes' rule of signs, cannot have more than one 
positive root; hence the former must have a pair of imaginary roots. 
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3. Find tlie equation whose roots are the squares of the roots of the equation 

«»+«» + ar» + 2x + 8 = 0. 

Aiu. y»+2y* + 6y'+8/-2y-9=0. 

It follows from Descartes* rule of signs that the original equation must hare 
foor imaginary roots. 

4. Verify by the method of Ex. 1 the Examples 1 and 3 of Art. 39. 

5. Form the equation whose roots are the cubes of the roots of 

It will be observed that in Ex. 1 the process consists in multiplying together 
f{x), the given polynomial, and/(- x) : the yariables involved in these being those 
which are obtained by multiplying x by the two roots of the equation d^ — 1 = 0. In 
the present case we must multiply together /(:r), /(«x),/(«*j;) : the variables in- 
Ttdved being obtained by multiplying x by the roots of the equation :b* — 1 « 0. The 
txansfonnation may be conveniently represented as follows : — 

Write the polynomial /(:r) in the form 

(^+l>«-s«'+ . . .)+*(P»-i +/»»-**'+ • • •) + ^(P«^+l'»*-5«' + • • •)» 
which we represent, for brevity, by 

where P, Q, and J{ are all functions of ^r'. / 

We have then 

P+«Q + ««JJs(j?-ai)(ar-a2) (j?-a«). (1) 

Changing* in this identity, x into mx and m'j; successively, we obtain 

P+ 9$xQ + «««* J2 s («x - oi) (<iMC - 03) . . . («« - a»), (2) 

• P+ w'jf Q + mJ^R E («'ar - oi) (uH - aa) . . . {««x - o«), (3) 

nnce P, (2, and Rj being functions of ^, are unaltered. 

Multiplying together both members of (1), (2), (3), and attending to the results 
of Art. 26, we obtain 

P>+«»(? + ««i2*-3jp'Pa5s(3:»-ai»)(a:3-a,») . . . {«»-o«»). 

The first member of this identity contains x in powers which are multiples of 3 
only. We can, therefore, substitute y for x* and obtain the required transformed 
aquation. 

6. Find^the equation whose roots are the cubes of the roots of 

«*-j» + 2jc*+ac+l = 0. 

Ant, y* + 14y' + 60y' + 6y + 1 = 0. 

7. Verify by the method of Ex. 6 the result of Ex. 2 of Art. 39. 

8. Form the equation whose roots are the cubes of the roots of 

«x» + 3d*» + 3ar + rf = 0. 
An$. «»y» + 3(a»rf+9i»~9tfA^)y»+3(«^+9c»-9W)y+rf» = 0. 
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41. Transformation In C^eneral. — In the general prob- 
lem of transformation we have to form a new equation in y, 
whose roots are connected by a given relation (ar, y) = with 
the roots of the proposed equation f{z) = 0. The transformed 
equation will then be obtained by substitnting in the given 
equation the value of x in terms of y derived from the given 
relation (r, y) = ; or, in other words, by eliminating x be- 
tween the two equations /(ar) = 0, and ^ (a?, y) « 0. For example, 
suppose it were required to form the equation whose roots aie 
the sums of every two of the roots (a, j3, 7) of the cubio 

a? -p^ -k- qx-r-0. 
We have here 

y = /3 + 7 = a + j3 + 7-a=jD-a. 

The equation (a*, y) = is in this case y=p-x; for when x 
takes the value a, y takes one of the proposed values ; and when 
X takes the values /3 and 7, y takes the other proposed yalnes. 
The transformed equation is therefore obtained by substitnting 
j[> - y f or ar in the given equation. 

Examples. 

1. If a, /3, 7 be the roots of the cubic 

J* -/7a?' + j« — r = 0, 
form the equation whose roots are 

« 11 f 

o p 7 

Here 

_ , 1 0/37 + 1 1 + r 

a. a a 

and the given relation \&xy^\-^r\ the transformed equation is then obtained by 

1 +r 
substituting for x in/(a;) = 0. 

Am, ry«-j(l + r)y»+j9(l + r)2y-(l+r)» = 0. 

2. Form, for the same cubic, the equation whose roots are 

a/3 + 07, a/3 + ^87, /37 + 07. 

Substitute for x. Ant. y^ - 2qy^ + {pr + q^)y + r^- pqr = 0. 

5f y 
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3. Form, for the same cubic, the equation whose roots are 

g $ y 

$ + y-a 7 + a-/3* a + fi-y* 

Substitute ; — jr- for «. 
l+2y 

Afu, (jf^-ipq-^ 8r)y + (p»-4pj + 12r)y»+ (6r-j>^) y+r^O. 

4. If a, /3, 7 be the roots of the cubic 

««»+ 3^ + 8«r + «f = ; 

prove that the equation in y whose roots are 

fiy-a^ ya-p^ afi-y' 

P'\-y-2a 7 + a-2/3' a+/3-27 

ia obtained by the homographic transformation 

«ry + *(« + y) + ff = 0. 

42. Equatton of IKqnared Dlflnerences of a Cubic. — 

We shall now apply the transformation explained in the preced- 
ing Article to an important problem, viz. the formation of the 
equation whose roots are the squares of the differences of every 
two of the roots of a given cubic. We shall do this in the first 

instance for the cubic 

«• + ga? + r « 0, (1) 

in which the second term is absent, and to which the general 
equation is readily reducible. Let the roots be a, jS, y* We 
have to form the equation in t/ whose roots are] 

(fi-yy, (y-«)S io-PY' 

We may here observe that the method of Art. 39 can be 
applied in general to the solution of this problem, viz. the for- 
mation of the equation whose roots are the squares of the 
differences of every two of the roots of a given equation ; for 
when the product 

is formed, the coefficients of the successive powers of y will be 
symmetric functions of ai, aa, as, 04, &c., and may, therefore, be 
expressed in terms of the coefficients of the given equation In 
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the present inBtanoe, however, the method of Art. 41 leads moie 
readily to the required transformed equation. This equation 
may be called for brevity the '^ equation of squared differences" 
of the proposed equation. Assuming y equal to any one of the 
roots of the transformed equation, e. g. (j3 - 7)', we have 

CI 

also 

a' + /3' + 7» = -25r, a/37 = -r. 

The equation ^ {x^ y) = of Art. 41, becomes, therefore, 

2r 

X 

or 

ar»+(y + 2^)a?-2r = 0; 

subtracting from this the proposed equation, we get 

(y + g)a:-3r = 0, ora?=— -; 

hence the transformed equation in y is 

y^ + 6^ y' + 9y V + 4^3 + 27r* = 0. (2) 

If it be proposed to form the equation whose roots are the 
squares of the differences of the roots (o, j3, 7) of the cubic 

a^nt^ + 3aiaj* + ^(hx + ^3 = 0, (3) ; 

we first remove the second term ; the resulting equation is 

^^^^^^' = °' 

and the required equation is the same as the equation of squared 
differences of this latter, since the difference of any two roots 
is unaltered by removing the second term. We can therefore 
write down the required equation by putting 






^ = —,1 ^=- 
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in the aboTO. The result is 

flo 00*00 

which has for roots 

03-7)% (y-«)\ («-^)*. 

The equation (4) can be written in a form free from fractions 
bj multiplying the roots by Oo'. It becomes then 

2^ + ISHjc" + 81 JT'a? + 27 ((?« + 45'^ = 0, (5) 

whose roots are ^ ' '^ 

«.*(^-r)% «.'(7-«)N «.*(«- /3)'. 

We can write down from this an important function of the 
roots of the cubic (3), viz. the product of the squares of the diffe* 
rencesy in terms of the coefficients : — 

«o*0-7)'(y-«)'(«-3)* = -27(GP + 4J'). (6) 

It is evident from the identity of Art. 37 that CP + 4-3^ 
contains Gq as a factor. We haye in fact 

G" +4EP 3 a^[ao^a^ - GoofliOjOj + 4ooOa' + 4oi'o8 - 3oi'o2'}. 

The expression in brackets is called the discriminant of the 
cubic, and is represented by A ; giving the identities 

Examples. 

1. Fonn the equation of squared differences of the cubic 

«»-7jf+6 = 0. 

Ant. «»--42«»+441jf- 400 = 0. 

2. Form the equation of squared differences of 

a:» + 6j^ + 7«+2 = 0. 

First remove the second term. 

Ans. 4J*-30a:» + 226i;-68e0. 

3. Form the equation of squared differences of 

«» + 6«» + 9jf+4=0. 

Ans. «»-18jf» + 8U = 0. 

4. What conclusion with respect to the roots of the given cubic can be drawn 
from the fonn of the resultiiig equation in the last Example ? 

e2 
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43. Criterion of the Watnre of the Roots of a C«bie. 

— We can from the form of the equation ,of differences obtained 
in Art. 42 derive criteria, in terms of the coefficients, of the na- 
ture of the roots of the algebraical cubic. For, if the equation 
(5) of Art. 42 has a negative root, the cubic ((3) Art 42) must 
have a pair of imaginary roots, in order that the square of their 
difference should be negative ; and if (5) has no negative root, 
the cubic (3) has all its roots real, since a pair of imaginary roots 
of (3) would give rise to a negative root of (5). 

In what follows it is assumed that the coefficients of the 
equation are real quantities. Four cases may be distinguished : — 

(1). Whm GP + 4JJ"' is negative^ the roots of the cubic are all^ 
real, — For, to make this negative H must be negative (and 4-ff * i 
> (t*) ; the signs of the equation (5) are then alternately positive 
and negative, and, therefore (Art. 20),' (6) has no negative root; 
and consequently the given cubic has all'^its roots real. 

(2). When O* + 4-EP is positive, the cubic has two imaginary 
roots, — ^For the equation (5) must then have a negative root. 

(3). When (?* + 4jBr' = 0, the cubic has two equal roots. — For 
the equation (5) has then one root equal to zero. In this case 
A » 0, it being assumed that a^ does not vanish. We may say, 
therefore, that the vanishing of the discriminant (see Art. 42) w^ 
presses the condition for equal roots, 

(4). When (? = 0, and 5 = 0, the cubic has its three roots equal. 
— ^For the roots of (5) are then all equal to zero. These equa- 
tions may also be expressed, as can be easily seen, in the form 

Oo ai at 
ai a^ fls 

which relations among the coefficients are therefore the conditions 
that the cubic should be a perfect cube. 

44. Equation of DlflTerences in Creneral. — The general 

problem of the formation, by the aid of symmetric functions, of 
the equation whose roots are the differences, or the squares of the 
differences, of the roots of a given equation, may be treated as 
follows : — Let the proposed equation be 

/(a?) a (a? - ai){z - a2)(a? - os) (a?- an) « 0. 



Equation of Differences in General. 85 

Substitutiiig a: + Or for ar, and giving r the valueB 1, 2, 3, 

• • . n, in suooessiony we bare the equations 

/(a?+aa)a2?(a?+a2-ai)(a? + aa-a,) (ar + aj-eu), y q\ 

/(a? + a«)»a?(a?+a*-ai)(a? + a«-aa) (a? + a,.- a»_i). J 

Also, employing the expansion of Art. 6, and observing that 
/{or) = 0, we find the equation 

Denoting the seoond side of this equation bj ^ {x^ or), and 
multiplying both sides of the identities (l)^ we obtain 

♦ («> ai) ii{Xy at) 0(ar, a«) s {aj»- (ai-a,)*) {«»-(ai-a,)') • • • 

To form the equation of differences, therefore, we oan mul- 
tiply together the n factors ip (ar, oi), (a;, os), &c., and substitute 
for the symmetric functions of the roots which occur in the pro- 
duct their values in terms of the coefficients. Or we may, as 
already explained in Art. 42, form directly the product of the 
in{n - 1) factors on the right-hand side of the above identity, 
and express the symmetric functions involved in terms of the 
coefficients. The roots of the resulting equation of the n (n - 1)^ 
degree in x are equal in pairs with opposite signs. Since the 
variable in this equation occurs in even powers only, we may 
substitute x for a^y and thus obtain the equation of the 
in(n - 1)'* degree whose roots are the squared differences. 

For equations beyond the third degree the formation of the 
equation of differences becomes laborious. We shall give the 
result in the case of the general algebraic equation of the fourth 
degree in a subsequent Chapter. 
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1. Tlie zoots of the equation 

axe «, ^, 7 ; f oim the equation whoie roots are 

^' + 7*, 7* + «^» «* + /'•• 

Ant. y*-28y>+246y-650=0. 

2. The roots of the cubic 

axe «, ^, 7 ; form the equation whose roots are 

^fu. y» + 12y« - 17^ - 2072 = 0. 
' 3. The roots of the cubic 

:^-\-qx + r = 

are a, ^, 7 ; form the equation whose roots are 

^» + fiy + 7'» 7* + 7« + «'. «^ + oiB + il». 

An», (y + ^)» = 0. 
• • 4. The roots of the cubic 

z^ + JM5* + (^a: + r = 
being a, ^, 7 ; form the equation whose roots are 

/8» + 7»-a«, 7« + a»-/3», «« + /8» - 7«. 

+ 8p«}« - 16pgr + 8r» « 0. 
6. If a, /3, 7 be the roots of the cubic 

«• - 3 (1 + a + a') « + 1 + 3a + 3a« + 20* = ; 
proTe that (j3 - 7) (7 - a) (a - /3) is a rational function of a. 

% 6. Find the relation between O and M of the cubic 

Oca:' + 3ai«* + 3034; + 03 = 

when its roots are so related that (jB - 7)', (7 - o)*, (o - 13)« are in arithmetical 
pTOgression. ^ ^, ««^ ^ 

7. f o, j3, 7, « be the roots of 

«»«* - 2««a:» + 2aP - 1 = 0, 
iind the value of 

(/8» - 7^' («•-«')' + (7* - «T (^« -»*)'+(«'- iS^MT* " »•)•• 

Ant. 0. 
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8. Piore tliat, if 
{03-7)»(«-«)»+(7-«)«O-8)«+(«-.ffi«(7t-«)T 

9. SolTa the equ&tion 

«»-«* + 8«»-9*-16 = 0, 

which has one root of the foim 1 + a^— 1. 

Diminiah the rooti hy 1 ; suhetitate a ^ — 1 for s ; wa find that a miut Bati8f7 
«!*-8a'-4 =0, andtf^-Ga^ + SsO; henoeast2. Henoe the Inotor s' - 2« + 6. 
The other fitctors are (s + 1) and («* — 3), ae ia evident. 

10. The roota Of the cuhic 

0^7? + Sai^r* + Stfss + «3 = 

are a, /8, 7 ; form the equation whose roota are 

^ +c7, 7 + o, o + /i. 

Thia qneftion has heen already aolved in Art. 41. We giye here another solu- 
tion which, although in thia particular inatance it ii not the aimpleat, will he 
found couTenient in many examplea. Let the roota of the giyen equation he dimi- 
niahed hy A. The transformed equation is (Art. 36) 

"whose roota are a — A, /3 — A, 7 — A. We ezpreaa the condition that thia equation 
ahould have two roota equal with opposite aigna. Thia condition ii (see Ex. 17, 
Jkrt.24) 

Thii equation ii a cuhic in A whose roots are 

iO + 7), *(7 + «), *(« + /3); 
for the ahove condition is 

(i5-A)+(7-A)=0, 

«r 

2A = ^ + 7, 

wliere /8, 7 represent indiflerently any two of the roots. From the equatioii in A 
th requiired^fihio can he formed hy multiplying the roots hy 2. 

11. The roots of the hiquadratic 

ao«* + 4aijr* + Gas^r* + 403* + «« s 
are «, /3, 7, 8 ; form the seztic whose roots are 

i8 + 7> 7 + «> « + A « + •» ^ + *, 7+'« 
Employing the method of £z. 10, the required equation can he obtained from 
the condition of £z. 20, Art 24. 
The condition ii in this case 

^A\A%A% - A^Ai -ooAj^'^O. 

This ii a seztio in A whose roots are ) O + 7), &c., from which the required 
•qttttion ein he obtained as in the last example. 
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w ^12. Fonn, for the cubic of Ex. 10, the equatioii whoie looti Ke 

^ + 7-2a* 7+«-2iB* a + /9-27* 

DiminiBh the xoots by A, and ezpren the cGndition that the Teanltmg cnlae 
hould hare its zoota in geometzic progreedon (see Ex. 18, Art; 24). The eo»> 
dition ifl 

This will be found to reduce to a cubic in h ; whoie rooti are the Tshies ahore 
written, nnce 

(.-»)»= (^ - h)(y - »), or * = ^~^^ . 

13. Form for the same cubic the equation whose roots are 

23y - a$- a y 2ya - fiy - 0a 2afi -ya-yp 
fi-¥y-2a'* 7 + 0- 2/8' « + /3-27' 

Diminish the roots by A, and express the condition that the tzansfonned cohie 
should hare its roots in harmonic progression (see Ex. 19, Art 24). We haye 



a-h ^-A^y-A' 

2fiy-afi-ay 

or A = — — • 

/9 + 7-2o. 

The equation in A is 

oo-^s' - ZAiA2Ai + 2-4j» = 0, 

which will be found to reduce to a cubic 
14. The roots of the biquadratic 

oo** + Aaiafi + 6a2«* + 4ajjf + 04 = 

are a, /3, 7, 8 ; find the cubic whose roots are 

/87 - 08 70-/88 afi- 78 



/8 + 7-0-8' 7 + 0-/3-8' + /3-7-8* 

Diminish the roots by h, and employ the condition of Ex. 22, Art. 24. The 
condition is in this case 

Ai'^Ai - «o-48» = 0, 

which reduces to a cubic in A whose roots are the values aboye written. 

16. Find the equation whose roots are the ratios of the roots of the cubic 

:^ ■\- qz + r = 0. 

The general problem can be solved by elimination. Let/(i;) = be the given 

equation, and p = - = the ratio of two roots ; then since /(/3) <= 0, we have 

a 

/(pa) = 0, also /(a) = ; and the required equation in p is obtained by Aliiww»>f;«g 
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« between these two latter equatioiu. For the cubic in the present example the 

xesnlt is 

f»(p^ + p + 1)» + ^p» 0» + 1)» = 0. 

16. If a, /3, 7 be the roots of 

«• -f psfi + ^ + r a 0, 
form the equation whose roots are 

Am. j:'-2Cp»-2^)««+(jj*-4j»>^+6}»-2pr)a?-(/»»j»-2p'r+4i>^-V-r») = 0, 

17. Form for the same cubic the equation whose roots are 

3.7 7.« a B 
7 /B* o 7' /9 a 

18. If «, /3, 7 be the roots of the cubic 

«» + ^jf + r = 0, 
f onn the equation whose roots are 

la + m^y Ifi + myo, ly + iikv3. 

-4n#. y* - wtqy* + (/"^ + 3/mr) y + /»r-/»mj»-2/m«^-m'r* = 0. 

19. If a, 0, 7 be the roots of the cubic 

oo^ + ^isfi + 3as« + 03 *= 0, 
find the equation whose roots are 

(«-«(a-7), 0B-7)(3-a), (7-a)(7-«. 

20. Form, for the cubio of Ex. 19, the equation whose roots are 

0-7)«(2«-/9-7)«, (y-«)«(2/8-.7-a)«, (a-fi)H2y-a'-fi)\ 

The required equation can be obtained by forming the equation of squared diffo* 
rences of the cubic (4) of Art. 42, since 

(7-«)»-(a-3)»=0S-7)(2a-3-7). 

21. Form, for the cubic of Ex. 16, the equation whose roots are 

«03-.7)«, /8(7-«)», 7(«-«». 
Jjei the transfonned equation be d;^ + Fj^ + Qx-\- £ = 0, 

Am, F^pq-dr, Q = ^ - 9p^ + 27f* +i>*r, 
J2 = - r (4^» + 27r« + 4/i»r - j9»^ - 18j»^). 

22. Form, for the same cubic, the equation whose roots are 

a« + 2/J7, /9* + 27a, 7» + 2a3. 
Am. F^-p^, Q = g(2|>»-3^), --B=4i»»r-18p^ + 2^ + 27f*. 



CHAPTER V. 

SOLUTION OF RECIPROCAL AND BIN0ML4L EQUATIONS. 

45. Reciprocal Eqnatloiis. — It has been shown in Ait. 32 
that all reciprocal equations can be reduced to a standard form, 
in which the degree is even, and the coefficients counting from 
the beginning and end equal with the same sign. We now 
proceed to prove that a reciprocal equation of the standard form 
can always be depressed to another of half the dimensions. 
Consider the equation 

floir*** + Ox x^"^^ + . . . + a«af* + . . . + aia? + a© " 0. 

Dividing by 2^, and uniting terms equally distant from the 
extremes, we have 

1 1 • 

Assume a? + - = 25, and let aj^ + — be denoted for brevity by 

X XT 

Vp. We have plainly the relation 

Giving j9 in succession the values 1, 2, 3, &0.9 we have 

F;=Fi«-Fo-s»-2, 

and so on. Substituting these values in the above equation, we 
get an equation of the mf^ degree in z ; and from the Yalues of 
s those of X can be obtained by solving a quadratic. 
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1. Find the roots of the equatum 

«» + «* + «' + *» + «+l«0. 
PiTiding hj x-k-l (see Art 82), we have 

«* + *»+l«0. 
This equation may be depressed to the form . 

s» - 1 o 0, giying i - ± 1 ; 

1 , 1 , 

« + -=!, jf + - = -l, 

s s 

the roots of these equations are 

2 • 2 • 

S. Find the roots of the equation 

jjio«a«» + 6««-6«*+8a!»-l-0. 

Dividing by 2^ - 1, which may be done briefly as follows (see Art. 8), 

1-8 6-6 3-1 

1-2 8-2 1 



-2 8-2 1 0, 

w% bare the reciprocal equation 

4P»-2a?« + a«*-2«» + l =0, (1) 

(.^+i)-2(^+i)+8 = 0. 

Substitixting for Fa, c* - is* + 2; and for Fs, t> - 2, we have the equation 

s*-e^ + 9 = 0, or (t»-3)« = 0, 
vlience s* » 8, and s = ± \/3f 

gHing s^-s-v/S, « + - = -'v/3; 

s X 

md the roots of these equations are 

2 ' 2 ' 

These roots are double roots of the equation (1). 

3. SolTe the equation 

*» - 1 = 0. 
DiTiding by jt - 1 we hare 

«* + «' + a!^ + *+l = 0; 

Ivtun which we obtain 

s> + s-laO. 
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SoLyiiig this equatum, we bare the quadiatios 

from which we obtain 

, = J {- 1+ a-v/6 ± (10 + W v^)* /III}, 
where ^ = 1. 

This expresnon giyes the four yalues of «. 

4. Find the quadratic fiMstorB of 

«« + l = 

Tranif orming thia, we hare 

t* - Sf s 0, 

whence i a o, and i <= Iv/S. 

The quadratic factors of the giyen equation are, therefore, 

a^+l = 0, ««±v^*+l-0. 
6. Sdlye the equations 

(1). (1 +«)*-«(!+ «*), (2). (1 +«)» = « (1 + «»). 
6. Beduce to an equation of the fourth degree in i 

1 + «* 1 -«* 

.^ffM. (1 - a)s« + (7 + 3a)t> - (4 + •) « 0. 

46. Blnomtal EquaHons. Creneral Properttcs.- 

In this and the following Articles will be proved the leadii 
general properties of Binomial Equations. 

Prop. I. — If a be an imaginary root q/" «" - 1 = 0, then 
abo will be a root^ m being any integer. 

Sinoe a is a root, 

a* = 1, and therefore (a")** = 1, or (a**)* «= 1 ; 

that is, a"* is a root of «" - 1 = 0. 

The same is true of the equation ^ + 1 « 0, exoept that 
this ease m must be an odd integer. 

47. Prop. II. — If m and n be prime to each ofhery 1 
equations a^-l = 0, «*-l = have no common root exa 
unity. 
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To prove this we make use of the following property of, 
ambers : — Ifm and n be integers prime to each other^ integers a 
id b can be found such that mb - na = ±\. For, in faot, when 

• is turned into a continued fraction, — is the approximation pre- 

3dinfi: the final restoration of — . 
° n 

Now, if possible, let a be any common root of the giywai 
quations ; then 

a"* = 1, and a" = 1 ; 
bo a*"* = 1, and a*^ = 1 ; 

rhenoe a^*^"'"') - 1, or a*^ = 1, or a = 1 ; 

hat is, 1 is the only r6ot common to the given equations. 

48. Prop. III. — If h be the greatest common measure of two 
ntegers m and n, the roots common to the equations a^ - 1 = 0, 
wrf «• - 1 = 0, are roots of the equation «* - 1 = 0. 

To prove this, let 

m = km\ n = kn\ 

Now, since m^ and n' are prime to each other, integers b and 
: may be found such that m'b - n'a = ± 1 ; hence 

mJ - fia = ± i. 

If , therefore, a be a common rootof iif*-l=0, andaJ*-l = 0, 

a(»^-'^) = l, ora* = l; 

?hich proves that a is a root of the equation a?* - 1 = 0. 

49. Prop. IV. — WTien n is a prime number^ and a any 
maginary root of of^ - 1 = 0^ all the roots are included in the series 

yCi, a,«..ci • 

For, by Prop. I., these quantities are all roots of the equa- 
ion. And they are all dijSerent ; for, if possible, let any two 
>f them be equal, aP » a^ 

j^rhence a («> = 1 ; 

but, by Prop. II., this equation is impossible, since n is neces- 
sarily prime to (p ~ q)f which is a number less than n. 
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50. Peop. V. — When n is a comporiie number formed qfthe 
factors Pf qy r, &o., the roots of the equations aj''-l«0, o^^-l-O, 
a^ - 1 = 0, &o., all satisfy the eqtMtion aj^ - 1 = 0. 

For, consider a root a of the equation a^ - 1 = ; then a' » 1 ; 
from which we derive 

(oP)«^--=l; ora»-l = 0; 

which proves the proposition. 

51. Peop. VI. — When nis a composite number formed of the 
prime factors p^ q^ r, &o., the roots of the equation «* - 1 « ars 
the n terms of the product 

where a is a root ofmP - 1 = 0, /3 oftfi - 1 = 0, 7 of^ - 1 « 0, Aa 
We prove this for the case of three factors J9, q^ r. A similar 
proof applies in general. Any term, e.g. a*" /3* 7*, of the produot 
is evidently a root of the equation «" - 1 = 0, since a^ = 1, /3** « 1, 
7*^ = 1, and, therefore, (a*/3*7*)'* = 1. And no two terms of the 
product can be equal; for, if possible let a^/3^7^ be equal to 
another term a^ (i^ 7^' ; then a ^"^ = fi^ 7*^'. The first mem- 
ber of this equation is a root of 2:'' - 1 = 0, and the second 
member is a root of o:^'' - 1 = 0. Now these two equations cannot 
have a common root since p and qr are prime to eabh other 
(Prop. II.) ; hence a*'/3*7*' cannot be equal to af^fi^y^. 

52. Prop. VII. — The roots of the equation of - 1 = 0, when 
n =^p^^r^f andp, q^ r are the prime factors ofn^ are the nprodueti 
of the form a/37, ^here a is a root ofaP^ = 1, /3 a root of^ - 1| 
andy ofaf^ = 1. 

This is an extension of Prop. YI. to the case where the prima 
factors occur more than once in n. The proof is exactly similar. 
Any such product a/37 ni^ l>© a root, since a* = 1, /3* = 1, 7* = If 
n being a multiple of p^^ ^, r^ ; and a proof similar to that oi 
Art. 51 shows that no two such products can be equal, sinoo 
^", q^y r^ are prime to one another. We have, for oonveniencei 
stated this proposition for three factors only of n. A similar 
proof can be applied to the general case. 

From this and the preceding propositions we are now aUa 
to derive the following general conclusion : — 
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The determination of the n'* roots of unity is reduced to the case 
where n is a prime number, or a power of a prime number. 

53. The Special Roots of the Equation of" - 1 = 0. — 

Eyery equation af^-l = has oertain roots which do not belong 
to any equation of similar form and lower degree. Such roots 
we call special roots* of that equation, or special n*^ roots of unity. 
If It be a prime number, all the imaginary roots are roots of this 
kind. If n = ^**, where ^ is a prime number, any n** root of a 
lower degree than n must belong to the equation af^ - 1 « 0, 
sinoe every divisor of jo* is a divisor of p^^ (except n itself) ; 

henoe there are p^ [ 1 — ] roots which belong to no lower degree. 

If, again, n-p*^ <f^ where p and q are prime to each other, there 

p^ f l--],and^[ 1 ) special roots of a^** - 1 =0, and 

4^-1-0, respectively. Now, if a and /3 be any two special 
roots of these equations, a/3 is a special root of a:^ - 1 = ; for if 
not, suppose {a&y^ = 1, where m is less than n ; we have then 
^ s /3-«» ; but a** is a root of a?P** - 1 = 0, and /S"** is a root of 
«* - 1 = 0, and these equations cannot have a common root 
other than 1, as their degrees are prime to each other ; conse- 
quently 171 cannot be less than ft, and aj3 is a special root of 
jf - 1 - 0. Also, as there are 

^(.-l).(.-l),o,.(,-!)(:-l) 

Bach products, there are the same number of special n'^ roots. 
This proof may be extended without difficulty to any form of w. 

All the roots of oif* -1-0 are given by the series 1, o, a*, . . a*^^ ; 
where a is any special n'* root. For it is plain that a, a', &c., are 
all roots. And no two are equal ; for, if a** = a^, a^'*"^) = 1 ; and 
therefore a is not a special n'^ root, since p " qv& less than n. 

When one special n^^ root a is given^ we may obtain all the other 
tpeeial n'* roots of unity. 

* The tenn *' special root " is here used in preference to the usual term '' pri- 
oitiTe root," since the latter has a different signification in the theory of nomhers* 
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Since a is a speoial root, all the roots 1, a, a% . . . o^ aie 
different n^^ roots, as we have just proved; and if we select & 
root al^ of this series, where p is prime to n, the roots 

are all different, sinoe the exponents of a when divided by n give 
different remainders in every ease ; that is, the series of nnmben 
0, 1, 2, 3, ... n - 1 in some order ; whence this series of roots ii 
the same as the former, except that the terms occur in a differant 
order. To each number /?, prime to n and less than it (1 in- 
cluded), corresponds a special n'* root of unity ; for a*' cannot 
be equal to 1 wlien m is less than n, for if it were we shonU 
have two roots in the series equal to 1, and the series oonld not 
give all the roots in that case ; therefore aP is not a root of any 
binomial equation of a degree inferior to n : that is, a^ isaspedal 
w"^ root of unity. What is here proved agrees with the result 
above established, since the number of integers less than n and 

prime to it is, by a known property of numbers, nil — jfl — j 

when n = p** q^, which is also, as above proved, the number of 
special roots of a* - 1 = 0. 

Examples. 

1. To determine the special roots of j:* — 1 = 0. 

Here, 6 = 2x3. Conflequently the roots of the eqnatioiu s^ — 1 ss 0, fod 
«* — 1 = are roots of jr« - 1 = 0. JJow, diriding «• — 1 hy «• — 1 we haye «• + 1 ; 

2'- 1 

and dividing x' + 1 hy — -, or « + 1, we have *• — r + 1 = 0, whidi detenniuBi 

the special roots of a:* — I = 0. 

Solving this quadratic, the roots are 

1 + ^rs 1 - /ra 

• o . «i 2 ' 

also since oai = 1 = a*, 

ai = «*, 
which may be easily verified. 

The special roots are, therefore, 

a, a*; or oi*, ai ; or o, -. 
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2. To ducius the gpecial roots of 4;^ - 1 = 0. 

12 12 

Since 2 and 3 are the prime factors of 12, and -r- = 6, — = 4, the roots of 

^-1 = 0, and a:* - 1 = 0, are roots of a?" - 1 = ; now, dividing «" - 1 by «* - 1, 
and x^ -l, and equating the quotients to zero, we have the two equations 
j^ + J^ + 1 = 0, and a:^ + 1 = 0, both of which must be satisfied by the special roots 
of jr^ — 1 = ; therefore, taking the greatest common measure of a:* + x* + 1, and 
s* + 1, and equating it to zero, the special roots are the roots of the equation 
X* - «» + 1 = 0. 

The same result would plainly haye been arriyed at by diyiding x^^ - 1 by the 
least common multiple of :e^ - 1 and ^—l. Now, solving the reciprocal equation 

X* - *' + 1 = 0, we have « + - = + \/3 ; whence, if a and ai be two special roots, 

s ~ 

1\ v^3±-v/^ / 1\ -\/3f>/n" 



i.A,^^li^. („,l). 



are the four special roots of «^' - 1 = 0. 

We proceed now to express the four special roots in tenns of any one of them a. 

Since o + - + 01 + — = 0, or (o + oi) ( 1 + — 1 = 0, 

we take aa 1 =— 1 (as consistent with the values we have assigned to a and a\) ; and 
since a and a\ are roots of a;* + 1 = 0, o* = - 1, and o* = = ai. The roots 

11 ^^ 

a, ai, — , - may therefore be expressed by the series a, a*, a', a^^ since «*' = 1. 
a\ a 

Further, replacing a by a*, a', o**, we have, including the series just determined, 

the four following series, by omitting multiples of 12 in the exponents of a : — 



". 


a». 


«'. 


«". 


«», 


«. 


«", 


«'. 


-', 


«», 


«. 


«', 


a". 


«', 


«', 


0; 



where the same roots are reproduced in every row and column, their order only 
being changed. We have therefore proved that this property is not peculiar to any 
one root of the four special roots ; and it wUl be noticed, in accordance with what 
is above proved in general, that 1, 5, 7, and 11 are all the numbers prime to 12, 
and less than it. We may obtain all the roots of x^^ — 1 = by the powers of any 
ooe of the ibur special roots a, a^ a^, a^^ as follows : — 

a, a\ a\ a*, o*, a«, a', 08, a®, a^o, a", 1, 

a*, a»», a\ a«, cr, a«, a", a*, a», a\ a\ 1, 

a\ a\ a», a*, a", a«, a, a«, a\ a^\ a», 1, 

a", a*", a», a^ a', a«, a», a*, a', a«, a, 1, 

H 
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3. ProTe that the special roots of x^ — 1 « are nxyts of the equation 

4. Show that the eight roots of the equation in the preceding example may be 
obtained by multiplying the two roots ofx' + x+l=Oby the four roots of 

54. Solatlon of Binomial EqvatloBS by C^ireoUur 
FanctloBs. — We take the most general binomial equation 

aj* = a + Jy/^, 
where a and b are constants. 

Let a = EooBuy b = E eina; 

then ar" = iZ (oos a + \/-l^ sin a) ; 

now, if r (oos + \/^ sin 0) 

be a root of this equation, we have, by De Moivre's Theorem, 

r" (cos nO + ^/^ sin «C) = jR (cos a + y/- 1 sin a) ; 

and, therefore, 

r^oosnO = E oosa, 

r" sin n0 = i2 sin a. 

Squaring these two equalities, and adding, 

r"* = -B*, giving t^ = B; 

where we take R and r both positive, since in expressions of the 
kind here considered the factor containing the angle may always 
be taken to involve the sign. 
We have then 

cos n6 = cos a, sin n0 = sin a ; 

and, consequently, 

nO = a ■¥ 2A:7r, 

* being any integer ; whence the assumed w** root is of the 
general type 

"/Lf a + 2^7r y—^ , a + 2*7r' 

VJtc COS + a/- 1 sm 

\ n n 

Giving to A: in this expression any n consecutive values in the 
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series of numbers between - oo and + oo , we get all the n'* roots ; 
and no more than n, sinoe the n values reour in periods. 

We may write the expression for the n*^ root under the 
form 

{v^-B(oos-+ \/^ '^-jl V^® — "^ \/^ ^ — 

If we now suppose i^sly and a = 0, the equation ixf^ = a-\-by/-l 
becomes a?" = 1 + \/^ ; the general type, therefore, of an n'* 
root of 1 + -v/-!, or unity, is 

COS + v^- 1 sm . 

n n 

If we give k any definite value, for instance zero, 

^/R[ cos - + -\/-l Bin - 

is one n'* root of a + 6 -v/^. 

The preceding formula shows, therefore, that all the n*^ rootn 
of any imaginary quantity may be obtained by multiplying any one 
of them by the n'* roote of unity. 

Taking in conjunction the binomial equations 

af^ = a-\- b \/-l, and af^ - a - b V'^, 
we see that the factors of the trinomial 

ir»"-222oosa.iiJ» + iP 



( a + 2A-7r /—z . a + 2kir 

{cos ± ^/- 1 sm 

( n n 



where k has the values 0, 1, 2, 3 ... i< - 1. 



h2 
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1. Solye the equation 4;^ > 1 v 0. 

Diyiding by x — 1, thii is reduced to the standard fonn of reciprocal equation. 

Awniming s = x + -, we obtain the cubic 

«' + f'-2«-l*0, 

from whose solution that of the required equation I9 obtained. 

2. ResoWe (z •\- ly - x^ - I into &ctors. 

Am. 7j?(«+1)(j5^ + «+1)». 

3. Find the quintic on whose solution that of the binoimiftl equation x^^ — I =0 

depends. 

Ans. f» + «*-4i*-3«*+3«+l=0. 

4. When a binomial equation is reduced to the standard form of reciprocal 
equation (by division by « - 1, x + 1, or x' — 1), show that the reduced equation 
has all its roots imaginary. (Cf. Examples 15, 16, p. 33.) 

5. When this reduced reciprocal equation is transformed by the substitution 

z = x-\-- ; show that the equation in z has all its roots real, and situated between 
J* 

- 2 and 2. 

For the roots of the equation in 2 are of the form cos a + V^— 1 sin a (see 

Art. 54] ; hence x + - is of the form 2 cos a, and the yalue of this is real and bc- 

X 

twecn - 2 and 2. 

6. Show that the following equation is reciprocal, and solve it : — 

4(a:« - a: + 1)»- 27x»(« - !)»= 0. 

Ant. Boots : 2, 2, ^ ^, - 1, - l. 

7. Exhibit all the roots of the equation «• - 1 = 0. 

The solution of this is reduced to the solution of the three cubics 

where a>, ur are the imaginary cube roots of unity. The nine roots may be i«pre- 
sented as follows : — 

1, ctf}, ooi, ooy a; J, a>j, o#% vH, wS. 

Excluding 1, », (u^ ; the other six roots are special roots of the given equation ; 
and are tho roots of the sextic 

a'' + a3 + 1 = 0. 

8. Reducing the equation of the %^ degree in Ex. 3, Art. 53, by the substitution 
i = a: + - , we obtain 
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prove that the roots of this eqiiatum are 

2^16' ^^16' ^"^16' ^"^76- 

" 9. Bednce the eqiiation 

4«« - 86«» + 367«» - 340*+ 64 = 

to a reciprocal equation, and sdye it. 

X 2 
Aainme 2 = -+- uIim. Boots: i, 1, 4, 16. 

2 X 

10. Sdye the equation 

«* + mpafi + m^qx^ + m^px + m* = 0. 

Dividing the roots by m, this reduces to a reciprocal equation. 

11. If a be an imaginary root of the equation jt" - 1 = 0, where n is a prime 
number; prove the relation 

(1 - a)(l - a») (1 - crO . . . (1 - a-») = n. 

12. Show that a cubic equation can be reduced immediately to the reciprocal 
form when the relation of Ex. 18, Art. 24, exists amongst its coefficients. 

13. Show that a biquadratic can be reduced immediately to the reciprocal form 
wrhen the relation of Ex. 22, Art. 24, exists amongst its coefficients. 

14. Form the cubic whose roots are 

o + «^, a» + o*, o* + o*, 

where a is an imaginary root of 4;^ — 1 = 0. 

Afu. ir' + a;'-24P-l = 0. 

15. Form the cubic whose roots are 

a + a« + a» + a», a' + o»+a" + a*^ o* + a« + <^ + a', 

-where a is an imaginary root of jt^' — 1 = 0. 

-4ii#. «' + «»-4«+l=0. 

16. If ai, as, OQ . . . a* be the roots of the equation 

««"+jn«^* +!>»«*-'+. . -+Pn^i»-k-pn = 0, 
show how to form the equation whose roots are 

1 1 1 

ai + — , 08 + — I . • . a« + — . 
ai an On 

We have here the identity 
and changing x into - (see Art 32), 

X 
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Multipl3^g together these identitiefl, and diTiding by j^, the factors on the 

right-hand dde take the form x-\- — (a + ~j! ^^'^ aswiTning 4; + - *= £, the left- 

X \ a/ , X 

hand side can be expressed as a polynomial of the n^ degree in s by means of the 

relations of Art 45. 

17. Find the yalue of the symmetric function 'Xt?f^(y — 8)' of the roots of the 

equation 

Oo** + itfi** + eaj*' + ^azx + a* = 0. 

This can be derived from the result of Ex. 19, p. 52, by changing the roots into 
their reciprocals, forming 2( — -j of the transf onned equation, and multiplying 



«i» 



by c?0*y^9*y which ia equal to — r. 



Ant. ao'aa«/3«(7-8)» = 48(«j»-«»«4). 



From the values of the symmetric functions given in Chapter III. sereral others 
can be obtained by the process here indicated. 

18. Find the value of the symmetric function 2(ai — as)' 03*04' • .. a*' of the 
roots of the equation 

, n(ii — 1) ^ 

ao«" + ««i«*^^ + -~ — rt~ •a*'^ + . . . + non-ixi- On = 0. 

We easily obtain ao'2(ai ~ oa)' = n'^{n-' I) (ai* — ooot) ', and changing the roots 
into their reciprocals we have 

ao'2 (oi - oi)' 03*04' .. . o»' = n^{n'' 1) (fln.i' -On^On). 

19. Show that the five roots of the equation 

x^ + Spjp* + bjfx + ^ = 

are Va^l/^, eyZ+e^^b, e«yi + ««{/*, 

where '^ab =■— p, a + b = — q^ and is an imaginary fifth root of unity. 

N.B. — A quintic reducible to this form can consequently be immediately solved. 

20. Form the biquadratic equation whose roots are 

o + 2o*, o' + 2o', o' + 2o', d* + 2o, 

where o is an imaginary root of x' — 1 = 0. 

Ant, «* + 3«» - «* - 3* + 11 = 0. 



CHAPTER VI. 

ALGEBRAIC SOLUTION OF THE CUBIC AND BIQUADRATIC. 

55. On the Algebraic Solatloii of Eqaatlons. — Before 
prooeeding with the solution of oubio and biquadratic equations 
we make some introductory remarks, with a view of putting 
clearly before the student the general principles on which the 
algebraic solution of these equations depends. With this object 
we give in the present Article three methods of solution of the 
quadratic, and state as we proceed how these methods may be 
extended to cubic and biquadratic equations, leaving to subse- 
quent Articles the complete development of the principles 
involved. 

(1). First method of solution : bi/ resolving into factors. 

Let it be required to resolve the quadratic a^ + Pa; + Q into 
its simple factors. For this purpose we put it under the form 

a^ + PiT + Q + O-e, 

and determine so that 

ir* + Pa; + Q + 

may be a perfect square, f . e. we make 

e + Q--, ore=— J— ; 
whence, putting for its value, we have 



Thus we have reduced the quadratic to the form u' - 1?' ; and 
its simple factors are t« + r, and t« - r. 



I 
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Subsequently we shall reduoe {he oabio to the form 

{Ix + my - {tx + m')*, or k' - 1?*, 

and obtain its solution from the simple equations 

tt-r = 0, w-wp = 0, u- «'f? = 0. 

It will be shown also that the biquadratic may be reduced to 
either of the forms 

(&' + nw? + nf - (fic* + m'x + n')% 

(ic* + j!>j; + g) («* +p'ir + /), 

by solving a cubic equation ; and, oonsequentlyy the solution of 
the biquadratic completed by solving two quadratics, viz., in the 
first case, lai^-\-fnx-\-n = ±(fa?-\-fn'x-\-n') ; and in the second case, 
ir'+j!>ar + g«0, and rr*+p'a? + g' = 0. 

(2) . Second method of solution : by assuming for a root a general 
form involving radicals. 

Since the expression p + y^ has two, and only two, Talues 
when the square root involved is taken with the double sign, this 
is a natural form to take for the root of a quadratic. Assuming, 
therefore, x = p •¥ y^, and rationalizing, we have 

ic* - 2px +J!>' - g=: 0. 
Now, if this equation be identical with ir* + Pa? + Q = 0, we have 

2p = -P, i>'-^=Q, 



/- -P±yP»-4Q 

givmg x^p-v^q^ , 

which is the solution of the quadratic equation. 

In the case of the cubic equation we shall find that 

Vp + ^-7=, and Vp Yq {Vp + Vq) 
Vp 

are both proper forms to represent a root ; these formulas having 

each three, and only three, values when the cube roots involved 

are taken in all generality. 

In the case of the biquadratic equation we shall find that 
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«re forms which represent a root ; these formulas each giving 
four, and only four, values of x when the square roots receive 
their double signs. 

(3). Third method of solution : by symmetric functions of the 
roots. 

Consider the quadratic equation a^ + P2;+Q=0, of which the 
roots are a, /3. We have the relations 

If we attempt to determine a and /3 by these equations, we 
fall back on the original equation (see Art. 24) ; but if we 
could obtain a second equation between the roots and coefficients, 
of the form la + m/3 -f(Pj Q), we could easily find a and /3 by 
means of this equation and the equation a + /3 = - P. 

Now in the case of the quadratic there is no difficulty in 
finding the required equation; for, obviously. 



(a-/3)' = P*-4Q; and, therefore, a - /3 = yP" - 4Q. 

In the case of the cubic equation 2^ + P^ + ftp + -B = 0, we 
require two simple equations of the form 

la + m(i^ny=f{P, Q, E), 

in addition to the equation a + /3 + y = -P, to determine the 
roots a, /3, 7. It will subsequently be proved that the functions 

(a + ai)3 + cii'y)', (a + w*/3 + wyY 

may be expressed in terms of the coefficients by solving a quad- 
ratic equation ; and when their values are known the roots of 
the cubic may be easily found. 

In the case of the biquadratic equation 

a;* + Pa?* + Q»» + JRa; + 5« 

we require three simple equations of the form 

fa + m/3 + ny + r8 =/(P, Q, E, 8)y 

in addition to the equation 

a + /3 + 7 + 8 = -P, 
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to determine the roots a, /3, 7, S. It will be proYed in Art 66, 
that the three fonctionB 

(/3 + y-«-S)% (y + a-/3-S)% (a + ^-7-Sr 

may be expressed in terms of the ooeffidents by solving a cubic 
equation ; and when their valaes are known the roots of the 
biquadratic equation may be immediately obtained. 

In applying the principles here explained to the solution 
of the cubic and biquadratic the order of the present Article is 
not followed. The student will have no difficulty in perceiying 
under which of the methods here described any such solution 
should be included. 

56. The Algebraic Solatlon of the Cable EqualloB.— 
lict the general cubic equation 

ax' + abx' + Scx-^d^O 

be put under the form 

s' + 3ffz + G^ = 0, 

where « = <wr + 6, H^ac-h\ <? = aV-3flrfc + 26» (Art 36). 
To solve this equation, assume* 

hence, cubing, 

2'=;? + g + 3^y^(^ + y^); 
therefore 

2' - Z\/p vk . « - Cp + ^) = 0. 

Now, comparing coefficients, we have 

v/pv^ = -^, i? + g = -ff; 
from which equations we obtain 



;? = i(-(y + y(? + 4ir»), ^ = i(-(?-y(y« + 4ff'); 



* This solution is usually called Cardan* t tolution of the cubic. See Note A it 
the end of the Yolume. 
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- _ 77* 

aud,^substitutiiig ioi'^q its value y-^, we have 

3/- —S 

vp 
as the algebraio solution of the equation 

Jt should be noticed that if ^ be replaoed by q this value of 
2 is unchanged, as the terms are then simply interchanged ; also, 

sinoe V^ has the three values v/p, w\/p, w*\/p, obtained by 
multiplying any one of its values by the three cube roots of 
unity, we obtain three, and only three, values for 2, namely, 

\/p + —^y ciiv/p + w»— p, cu'v/p + w— =; 
vp vp vp 

ihe order of these values only changing according to the cube 
root of p selected. 

Now, if 2 be replaced by its value ax + b wq have, finally, 

aa? + b=\/v + 



Vp 

(where p has the value previously determined in terms of the 
coefficients) as the complete algebraic solution of the cubic equation 

aa^ + Sftic* + Sex + rf = 0, 

the square root and cube root involved being taken in their entire 
generality. 

57. Applleatloii to IVmneiical Equatloiifl. — ^The solu- 
tion of the cubic which has been obtained, imlike the solution of 
the quadratic, is of little practical value when the coefficients of 
the equation are given numbers ; although as an algebraic solu- 
tion it is complete. 

For, when the roots of the cubic are all real, (?' + 4£P = -jK^, 
an essentially negative number (see Art. 43) ; and, substituting 
for p and q their values 
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in the formula \/p + y/qj we have the following ezpresaion for 
a root of the oubio : — 

Now there is no general arithmetioal prooees for eztraoting 
the cube root of suoh complex numbers, and consequently this 
formula is useless for purposes of arithmetical calculation. 

But when the cubic has a pair of imaginary roots, an ap- 
proximate numerical value may be obtained from the formula 

\ 2 1 ' \ 2 > 

since CP + ^H^ is positive in this case. As a practical method, 
however, of obtaining the real root of a numerical oubic, this 
process is of little value. 

In the first case ; namely, where the roots are all real, we 
can make use of Trigonometry to obtain the numerical values of 
the roots in the following manner : — 

Assuming 2R cos ^ = - &, and 2R sin ^ = f , 
we have p = ite*^', q = Re'*'^^ ; 

also tan^ = -^, and ii = i ((? + JBP)* = (-ir)*; 
and finally, since « = cos -^j- ± y^- 1 sin — = « s" " , 

O u 

the three roots of the cubic equation 

s» + 3Sk + G^ = 0, 

viz. vp + \/^, 01 V^ + w' l/q^ itt^vp + w V J', 

become 

2(-^)ico8|, -2(-5^)4cos^; 
from which formulas we obtain the numerical values of the roots 
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of the cubio by aid of a table of sines and oosines. This process 
is not oonvenient in piaotioe ; and in general, for purposes of 
aiithmetioal caloulation of real roots, the methods of solution of 
numerical equations to be hereafter explained (Ghap. X.) should 
be employed. 

58. Expresaloii of the Cabic as the DUDBreiice of two 
Cubes. — Liet the given cubio 

or* + Zb3? + Zcz + rf a ^ (ar) 

be put under the form 

T^ + ZHz + O, 
where 2 e oj; + i. 

Now assume 

s' + 35'2 + (?s-^{ili(2 + v)'-v(s + llV), (1) 

where /i and v are quantities to be determined : the second side 
of this identity becomes, when reduced, 

Comparing coefficients, 

fAv^-ffy fiv {fi •¥ v) - — O ; 
therefore 

G av^A 

where a* A » 6P + 4^% as in Art 42 ; 

also (s + /!i)(» + v)s«» + -=.a--ff. (2) 

Whence, putting for z its value, op + 6, we have from (1) 

O + flA4\» 






flw?+6+ 



2jr 



which is the required expression for ^{x) as the difference of 
two cubes. 

By the aid of the identity just proved the cubio can be re- 
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solved into its simple faotors, and the solution of the equation 
completed. We proceed to obtain expressions for the roots of 
the equation <p(x) = in terms of fi and y. Solving as a bino- 
mial cubic the equation 

(/x - v) a' ^ (a:) = /x (« + v)' - V (« + /i)' = 0, 

we find the three following values for z^ax + b : — 



If nowVfi and -J/v be replaced by any pair of cube roots 
selected one from each of the two series 

it will be easily seen that we shall get the same three values of z, 
the order only of these values changing according to the cube 
roots selected. It follows that the expression 

has three, and only three, values when the cube roots therein are 
taken in all generality. This form therefore is, in additi6n to 
that obtained in the last Article, a form proper to represent a 
root of a cubic equation (see (2), Art. 55). 

The function (2) given above when transformed and reduced 
becomes, as may be easily seen, 

^[{ac'h'') a^ + {ad-'hc)x^(bd-'(?)]. 
JuL 

This quadratic, therefore, contains as factors the two binomials 
r/j; + J + /ix, flur + 6 + V, which occur in the above expression of ^ \x) 
as the differences of two cubes. 
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59. Solatlon of the Cubic by Symmetric FanctioiiB 
the RfNite. — Since the three values of the expression 

-i-{a + /3 + 7 + 0(o + wj3 + oi'y) + C' (a + ai'/3 + wy) ) , 

when takes the values 1, cu, oi', are a, /3, 7, it is plain that if 
the funotions 

6 (a + ai/3 + oi'y), 6* (a + w'/3 + C117) 

"were expressed in terms of the coefficients of the cubic, we could, 
by substituting their values in the formula given above, arrive 
at an algebraical solution of the cubic equation. Now this cannot 
be done directly by solving a quadratic equation ; for, although 
the product of the two functions above written is a rational 
symmetric fimction of a, /3, 7, their sum is not so. It will be 
found, however, that the sum of the cubes of the two functions 
in question is a symmetric function of the roots, and can, there- 
fore, be expressed by the coefficients, as we proceed to show. 
For convenience we adopt the notation 

i s a + w/3 + w'7, JIf s a + w'/3 + wy. 

We have then 

-where 

u*=a^+P'+7'+ 60)87, 5=3(a»/3+i3'7+7H (7-3(a)3»+/37» + 7a»); 

from which we obtain 

i' + if» = 2Sa'-3Sa»i3 + 120)87 = -27^. 

(Of. Ex. 6, p. 44 ; Ex, 16, p. 60.) 
Again, 

-whence (o + w/S + cii'7)*, (a + w*/3 + ur^Y 

are the roots of the quadratic equation 



Denoting the roots of this equation, viz. 

2a* 



i-Q±^GP^^H'\ 
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by tx and ^z, the original formula expressed in terms of the ooef- 
ficients of the oubio gives for the three roots the ezpressionB 



a = — 



hlWi^Vt)^ 



/3= — + ■AotVti + ti'VtX 



* 1/ . 

It will be seen that the values of a, /3, 7 here arrived at are 
of the same form as those ah^adj obtained in Art. 56. 
It is important to observe that the functions 

(a + ciij3 +(t>'7)\ (a + Ci>*j3 + CD7)' 

are remarkable as being the simplest functions of three variables 
which have but two values when the variables are interchanged 
in every way. It is owing to this property that the solution 
of a cubic equation can be reduced to that of a quadratic equa- 
tion. Several functions of a, j3, 7 of this nature exist, and it 
will be proved in a subsequent Chapter that any two such func- 
tions are connected by a rational linear relation in terms of the 
coefficients. 

Having now completed the discussion of the difEerent modes 
of algebraical solution of the cubic, we give some examples in- 
volving the principles contained in the preceding Artioles. 



Examples. 

1 . Eesolyc into simple factors the expression 

(^ - y)Hx - af + (7 - af (x - fif + (a - fif {x - 7)'. 
Let 17= (^-7) (a? -a), r=(7- a)(i;-i8), W^{a-&){x-y). 

Am. f (C7+«r+«*;r)(i7'+«2r+«»^. 

2. Prove that the several equations of the system. 

(i3 - 7)3 (ar - a)3 = (7 - a)3 (« - /3)3 = (a - i8)» (a; - 7)» 
have two factors common. 
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Making use of the notation in the last Example, we hare 

whence 

17« - r» = (17-- F) (Cr« + 17^+ r«) =* (IT- D (cr« + F» + m), 

sinee U-¥V+JFsO; 

therefore 03- 7)*(« - «)'+ (r - a)*(*- «'+ (a - «*(« - 7)' 
is the common quadratic factor required. 

3. Resolve into factors the expressions 

(1). {$ - 7)» {X - «)» + (7 - «)» (« - «» + (« - /3)> (a: - 7)5, 

(2). 03-r)»(^-a)*+(r-a)»(«-i8)»+(a-i8)M«-7)», 

(3). (/3-7)7(*-«)7 + (^-.«)T(a:-i8)T + («-i8r(*-7r- 

These Victors can be written down at once from the results established in Ex. 40, 
p. 59. Using the notation of Ex. 1, and replacing ai, jSi, 71, in the example referred 
to, by U, F, Wf we obtain the following : — 

Ans. (1) ZUrW; (2) i(lP+ F'+ jn)imF'; (3) }(Cr«+ r»+ JH)^ UVW. 

4. Express 

(*-a)(x-.«(«-7) 

as the difference of two cubes. 

Assume 

(x-«)(a:-i8)(r-7)=rri»-ri»; 
whence 

TTi - ri = X(j:-a), 

• I7i-»*ri = /i(ar-i8), 

a»'l7i — a»Fi = •'(ar - 7). 
Adding, we have " 

X + /i + ir = 0, Xa + /ii9 + »^ = 0; 
and, therefore, 

X = p0-7), /i=p(7-a), r=p(a-^); 

but Xfiw = 1 ; whence 

Subetttuting these values of X, /a, r ; and using the notation of Ex. 1, 

Ui-Vi^pU, uUi-t^Vi^pV, u^Ui-<»ri = pJF; 
whence 

and ITi and Fi are completely determined. 

6. Prove that X and Jf are functions of the differences of the roots. 

We have Z = a + wiS + «*7 = a - A + «(i8 - A) + •'(7 - A) 

for all values of A, since 1 + w + •i' = ; and giving to A the values a, fi, y, in suc- 
cessioQ, we obtain three forms for X in terms of the differences iS-7, 7—0, a — /9. 
Similarly for Jf . 

I 



i 



I 



f 

9 
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6. To ezproM the product of the squares of the differences of the roots in tc 
of the coefficients. 

We have 

X + lf=2a-/3-7, X + ii»'lf=(2i8-'y-a)», L-¥wM=(2y-a- fi)tri 
and, again, 

Z-lf=(/3-7)(«-«-), •''X - «Jf= (7 -a)(« -*»'), «X-»'if=(a-/5)(«.-. 
from which we obtain, as in Art. 26, 

L^-^M^ = (2a - i8- 7) (2/3 - 7 - a)(27 - a- /B), 

I? - Jf3 = - 3v^r3(/3 - 7)(7 - a){a - $) ; 
and since 

(/;» - jn)^ = (z» + ir)2 - 4zs in, 

we haTC, Bubstituting the values of X' + if' and Xif obtained in Art. 59, 

^*{» - 7)' {y - a)» (a - /3)» = - 27(60 + iiT'). 
(Of. Art. 42.) 

7. Prove the following identities : — 

L^ + M^ = H(2a- i8 - 7)»+ (2/3 -7 - a)» + (27 - a - /5)>), 
L^ - 3P = \/^ {(/3 - 7)«+ (7 - a)»+ (a - i8)3}. 
These are easily obtained by cubing and adding the values of 

L-^-Iff &c. ; L — Mf &c., 

in the preceding pxaniplo. 

8. To obtain expressions for X', Jf^, &c., in terms of a, fi, 7. 
The following forms for X^ and Jf^ aro obtained by subtracting 

(o* + i8« + r)(l +« + «2)=0 from (o + «i8 + ««7)^ and {a + ia^$-\- toy)*:— 

- X^ =(/B-7)»+«2(7-a)* + «(a-/3)% 

- ilf2= (/B - 7)»+ « (7 - ay+w^{a - $)\ 

In a similar manner, we lind from these expressions 

- X* =(/3-7;'(2a-/3-7;' + «(7-«)=(2iB-7-a)H«2(a-/3)2(27-«-/8)- 
-lf*=(/3-7)'(2a-/B-7)«+««(7-a)«(2i8-7-a)H«(o-/3)2(27-«~/8y 
Also, without difficulty, mc have the following forms for ZiT, and X' JH: — 
2Zir = (3 - yy + [y- a)2 f (a - /B)^ 
Z2.!r-=(«-/3)Ma-7)- + (/3-7)'(/3-a)H(7-a)-^(7-/3)3. 
y. There are six functions of the type of Z or Jf, viz., 

a + w/3 + «*7, wa + w^fi + 7, cw^o + /3 + cry, 
a + «'^/3 + a»7, a»a + /B+w-7, •'o + «i8+7, 

to foim the equation whose roots are those six quantities. 
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These functions may be expressed as follows : — 

Z, wZ, fl»'Z, 
M, uM, »3jlf; 
heneo they are the roots of the equation 

(^ -Z)(^ - «Z)(^ - •'X)(^ - iO(^ - «Jf)(^ - «2Jlf) = 0, 
or ^« - (Z5 + Jlf3) (^ + Z^iP = 0. 

Sabetituting for Z and M from the equations 

ZJIf=-^, Z5+Jr»=-27 3, 

wc haye this equation expressed in terms of the coefficients as follows : — 

G H^ 

^«+3»-^3-3«— = 0. 

10. To form, in terms of Z and if, the equation whose roots are the squares of 
the differences of the roots of the general cubic equation. 

Let 

^ = (a-i8)2; 

hence, by former results, 

v/-3^ = «Z - vi^M, 

Rationalising this, we obtain 

. (Z» - JP)2 
^(^-Zlf)« + ^ 27 =^' 

which is the required equation* 

In a similar manner, by the aid of the results of Ex. 8, the equation of 
nquared differences of this equation, or the equation whose roots are 

(/^-•y)»(2a-/3-'y)«, (7 - a)' (2i8 - -y " «)», (a-/3)M27-a-iB)«, 

14 obtained by substituting - Z' and — if for M and Z, respectively, in the lust 
fHjuation ; and this process may bo repeated any number of times. Finally, all 
these equations may be easily expressed in terms of the coefficients of the cubic Tty 
nioani« of the relations 

ZJf=-9~, und Z=' + J/3=-27^. 



Fur instance, the first equation is 

^(^ + 9-j +27— ^5— = 0. 
<Cf. Art. 42.) 

i2 
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11. If a, /3, 7 and a , if, y be the roots of the cabio equations 

oj* + 3Afl^ •\-Zex + if = 0, 

to fonn the equation which has for roots the siz yaluas of the funetioii 

The easiest mode of procedure is first to fonn the oOKresponding equBtioa for the 
cables deprived of their second terms, yiz., 

«»+ ZHz + (? = 0, «» + 3J5r'« + ^ = 0, 

and thence deduce the equation in the general case ; for in the case of the cubics so 
transformed the corresponding function 

4K) s (ao + 4)(«'a'+ 40 + (aiS + b)((i0-^h') + («7 + *) («'•/+ *0 
a aa> - 34*'. 

Substituting for the roots of the transformed equations their Talues expreaeed by- 
radicals, we hayo 

^ = (v? + v^) {V? + y?) + {-V'p + -' y ?) (. ^9 + -» V7) 

which reduces to 

Cubing this, we find 

<^o*- 27^pqf/^ ^ - 27 (p^ + p'q) = 0. 
Now, substituting for j? and q, p* and ^, their yalues given by the equations 

we have the six values of ^ given by the two cubic equations 

00-* - '27 IIW <po - '^,' {OG' ± aa* v/aA^ = 0, 
wliere 

Finally, substituting for ^ its value an<^ - Zhh\ and multiplying these cubics 
together, we have tlio required equation. It may be noticed that if one of the cubics 
1 e 2^ - 1 = 0, ^ = a + wjS -f C0^7, &c., which case has been already oonaidend in 
Ex. 0. Mr. M. Boberts, Jhihlin JExam, Ftipen, 1865. 
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12. Fonn tlie equation whoee roots are the seTeral yalues of p, wliere 

Since 

a-.(l+rii8 + p7 = 0; 

subetitutiDg for a, /9, 7, their yaluee ia terms of /?, q, and patting 

X=l-(l+ri»+p«r», /i=l-(l+p)w2 + p«, 



haye 

X's/p + MV^ = 0- 

Cubing, and substitating for p^ q their yaluee, 

^(X» + M*) + a\/A (X» - /*') = 0. 
Squaring, 

a2AXV' = ir'(x' + /*')*, 
and by preyious reeults 

A/t = 8(l + p + ^), x« + Ai' = -27p(l + rt; 

«ub0titul2ng these yaluee, we hare the required equation 

«»A(1 + p + p?)"- 27^(p + p«)'= 0. 

13. Find the relation between the coefficients of the cubics 

M* + 36x> + Sat + if = 0, 

when the roots are connected by the equation 

«(/''- 7') + i9(7'- «') + 7(a' - iSO = 0. 
Multiplying by « - i»', this equation becomes 

Cubing, and introducing the coefficients, we find 

the required relation. 

14. Determine the condition in terms of the roots and coefficients that the 
coliiics of Ex. 13 should become identical by the linear transformation 

af=px-\- q. 
In this case 

t^^pa + q, fi^ = p$-¥q, 7'=i>7 + V- 

Eliminating |» and q, we haye 

fiy'-fi^y-^ ya - y'a + a/5' - a'0 = 0, 

which is the function of the roots considered in the last example. This relation, 
moreorer, is unchanged if for a, /9, 7 ; a , fi^, y\ we substitute 

2a + m, /jS + m, /> + w, 
frt'+m', r/T+m', ry'+w'; 



i 

I; 
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whence we may consider the cubics in the last example under the simple forms 

obtained by the linear tranaformations z = a:r + 6, s'= e^^ + ^ ; for if the conditu 
holds for the roots of the former equations, it must hold for the roots of the lattf 
i| Now putting :f = kz, these equations become identical if 

whence, eliminating A-, 



% is the required condition, the same as that obtained in Ex. 13. It may be obeer 

that the reducing quadratics of the cubics necessarily become i d enti c al by the sa 
■ transformation, viz., 

j 60. Homographic Relation between two Roots ol 

j Cable. — Before proceeding to the discusfiion of the biqnadra 

j we prove the following important proposition relatiTe to i 

cubic : — 

Hie roots of the cubic are connected in pairs by a homograp 
relation in terms of the coefficients. 

Eeferring to Exs. 13, 14, Art. 27, we have the relations 

Using the notation 

(ToOo - ai^ = ffy <io^s-fli«2 3 2J5ri, aiOi-Ot^Ht'^ 

multiplying the above equations by a/3, - (a + /3), 1, respective 
and adding ; since 

a^-a(a + /3) + aj3 = 0, /3* - jS (a + /3) + a/3 = 0, 
we have 

but ^J 

««* (|3 - 7)' (7 - ay {a - /3)' = - 27A - 108 {SHt - ffi') 
(see Art. 42) ; whence 



J-|(^)= Hafi + £,(« + 0) + Ht, 



+ - 
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and, therefore, 

which is the required homographio relation. It is to be ob- 
served that the coefficients in this equation involve one irrational 
quantity, the second sign of which will give the relation be- 
tween a different pair of the roots. 

61. First Sotatlon bj Radicals of the Biquadratic. 
Ealer*8 Assnmptloii. — Let the biquadratic equation 

or* + 46jr' + Qc3? + ^dx + ^ = 

be put under the form (Art. 37) 

«* + 6J5ra« + 46^2 + a^I- 3J5r*= 0, 
where s = or + 6, 

H^ac-b^ / s 06 - 4W + 3c», G^ a'd - 3abc + 2b\ 

To solve this equation (a biquadratic wanting the second 
term) Euler assumes as the general expression for a root 

% = \/p + y/q + \/r- 
Squaring, 

s^-p-q-r = 2{yqyr + y/ryp + ypyq). 
Squaring again, and reducing, we obtain the equation 

z* - 2{p+ q+r)z*-8zy/p y/q 'yr^{p + q-¥rY-i[qr'^fp+pq)=0. 
Gomparing this equation with the former, we have 

;> + g + r=-3-Er, ^r + rp+j9^ = 3-ff*--j-, y/py/q 
and consequently j9, 9, r are the roots of the equation 

£i^ vp U-'^ f + SHe + (3H*-''^t-^ = 0; (1) 

or, since 

- G» ^ 4iP - a'HI + aV, (Art. 37), 

where 

Jm ace -¥ 2bcd - ad* - eb^ - c*. 



» ^- 
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this equation may be written in the form 

i{t + JST)' - a'I{t + H) + fl»J= 0; 

and finally, putting t + H^ a*0, we obtain the equation 

^ ' * 4a'e'-/ae + c7=0. (2) 

This is called the reducing cubic of the biquadratio equation ; and 
will in what follows be referred to by that name. When it is 
neoessaiy to make a distinction between the oubios (1) and (2), 
we shall refer to the former as Euler's cubic. 

Also, since t = {)*-ac + a^0; if0i, 02, 03 be the roots of the 
reducing cubic, wi^ave' " 

p = b*- ac + a'0i, g s J* - ac + a*0„ r s 6* - oc + a'0,; 

and, therefore, 

3 = y/b^-ac + a^di + \/b*'-ac + a^Oi + \/J'-flc+a*03. 

If this formula be taken to represent a root of the biquadra- 
tic in z, it must be observed that the radicals involved have not 
complete generality ; for if they had, eight values of s in place 
of four would be given by the formula. The proper limitation 
is imposed by the relation 

\/p a/^ \/^ = - 2' 

which (lost sight of in squaring to obtain the value of pgr) 
requires such signs to be attached to each of the quantities 

-v/p, ^/q9 \/^> ^^^ their product may maintain the sign deter- 
mined by the above equation ; thus, 

are all the possible combinations of v/p> v/^> \/^ fulfilling 
this condition, provided that y^jo, y^* \/r retain the same signs 
throughout, whatever those signs may be. We may, however, 
remove all ambiguity as regards sign, and express in a single 
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algebraio formula the four values of Zj by eliminating one of the 

quantities ^/py \/^> \/^ ^^ the assumed value of z by means 
of the relation given above, and leaving the other two quanti- 
ties unrestiioted in sign. The expression for % beoomes therefore 



a formula free from all ambiguity, since it gives four, and only 
four, values of z when a/p and y^^ receive their double signs : 
the sign given to each of these in the two first terms deter- 
mining that which must be attached to it in the denominator of 
the third term. And finally, restoring to pj g, and z their values 
given before, we have 



ax +b = a/V -ac-^ o'fli + a/V^ -ac^a^Oz 

Q 



2v/6' - ac + a^Bi yb^-ac-^a'Ot 

as the complete algebraic solution of the biquadratic equation; 
01 and 03 being roots of the equation 

To assist the student in justifying Euler's apparently arbi- 
trary assumption as to the form of solution of the biquadratic, 
we remark that, the second term of the equation in 2 being 
absent, the sum of the four roots is zero, or Si + Za + Ss + «* = ; 
and oonsequentiy the functions {zi + s^]', &c., of which there are 
in general six (the combinations of four quantities two and two), 
are in this case reduced to three ; so that we may assume 

{zt + S3)' = («i + 24)' = 4p, 
(«8 + Si)»= (s3 + «4)'=4g, 

(«i + «3)'= (S3 + S4)'=4r; 
from which we have Si, S}, Ss, 21, included in the formula 

y/p + \/q + y/r. 
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We now prooeed to express the roots of Euler's oubio (1), 
and also those of the reducing oubio (2), in terms of the roots 
^9 13) 7) S of the given biquadratic in x. Attending to the re- 
marks above made with reference to the signs of the radicals, we 
may write the four values of 2 = or + 6 as follows : — 

oa -^ b ''^ *yp - »yq - -v/r, 

a0 + 6 = - v/p + \/^- \/^ ,«x 

ay + 6 = - v^j3 - v/g + \/r, 

aS + 6 = -v/p + y^ + *y^ 5 

from which may be immediately derived the following expres- 
sions for J9, ^, r the roots of Euler's cubic : — 



a^ 



^ = 16 (^'"^■""^^'' 



a* 



g = l^(7 + a-^-Sr, (4) 



16 



^• = ^(a + i3-y-Sr. 



Subtracting in pairs the equations (3), and making use of 
the relations above written between J9, q^ r and d, 9i, fl„ we 
easily establish the following useful relations oonneoting the 
differences of the roots of the cubics (1) and (2) with the diffe- 
rences of the roots of the biquadratic :- 

4(^ - r) = 4a*(fl, - ft) = - fl'(/3 - y) (a- 8), 

4(r - ;>) - 4a'(03 - ft) - - a-[y - a) (jS - S), (5) 

4(p- g) = 4«»(ft - ft) = - a'[a - i3)(7 -8). 

Finally, from these equations, by aid of the relation 
01 + ft 4- ft = 0, we derive the values of 9i, ft, ft in terms of 
a, /3, 7, S, viz., 

12ft = (7-a)0-S)-(a-^)(7-8), 

12ft = (a-j3)(7-.S)-(i3-7)(a-S), (6) 

12ft = (0-7)(a-S)-(7-a){i3-S). 
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Examples. 

1 . Show that the two biquadratic equations 

have the same reducing cubic. 

2. Find the reducing cubic of the two biquadratic equations 

«* - efe* ± 8» v^P+m» + n»-3/mn + 3(4mfi - ;«) = 0. 

Ana. fi - Zmne - (w» + n») = 0. 

3. Prove that the eight roots of the equation 

{x*- 6ir»+ 3{Amn - /»)}»= 64(P + m^ + n^- Zlmn)x^ 
are giyen by the formula 

\/l + «t + » + V'/ + «»m -I- «*» + \// + ur^m + «fi. 

(Compare Ex. 20, p. 34.) 

4. If the expression 

V^/ + m + •• + V'/ + «»m + «*» + v / ■»- fltf'm + wn 
be a root of the equation 

«*+ 6jys» + 4(7i + a*/- 3iP = 0, 

<letermine H, ly J in terms of /, m, n. 

Ans.H^-l, /=12in», / = - 4(m' + n»). 

5. Write down the formulas expressing the root of a biquadratic in the parti- 
cular cases when / = 0, and / = 0. 

6. If the biquadratic has two equal roots, prove that the reducing cubic has two 
equal roots, and conversely. 

7. If the biquadratic has three roots equal, prove that all the roots of the 
reducing cubic vanish, and consequently / = 0, / ^ 0. 

8. If the biquadratic has two distinct pairs of equal roots, prove that two of the 
roots of £uler*8 cubic vanish, and consequently (7 = 0, a^I - 12£r' = 0. 

9. Prove the following relations between the biquadratic and Euler's cubic with 
respect to the nature of the roots : — 

(1). When the roots of the biquadratic are all real, the roots of Euler*8 cubic 
are all real and positive. 

(2). When the roots of the biquadratic are all imaginary, the roots of £ulor*8 
cubic are all real, t]ES_beix^ i:^gative and one p ositire. 

(3). When the biquadratic has two real and two imatginary roots, Euler's 
cubic has two imaginary roots and one real positive root. 

These results follow readily from equations (4) when the proper forms are sub- 
stituted for a, /9, 7, 8 in the values of p, q^ r. It is to be observed that all possible 
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cases are here compriBed, the biquadratio being sappoeed not to hare equal roots. 
It follows that the conyerse of each of these propositionB is true. Hence, if Euler^s 
cubic has all its roots real and positive, we may conclude that all the roots of the 
biquadratic are real ; if Euler's cubic has negative roots, we oooclade that all the 
roots of the biquadratic are imaginary ; and if Euler's cubic has imaginary roots, 
we conclude that the biquadratic has two real and two imaginary roots. 

10. Prove that the roots of the biquadratic and the roots of the reduoing cubic 
are connected by the following relations : — 

(1). When the roots of the biquadratic are either all real* or all imaginary, 
the roots of the reducing cubic are all real ; and, conversely, when the roots of 
the reducing cubic are all real, the roots of the biquadratic are either all real or 
all imaginary. 

(2). When the biquadratic has two real, and two imaginaiy roots, the rednc* 
ing cubic has two imaginary roots ; and, conversely, when the reducing cubic ha? 
imaginary roots, the biquadratic has two real and two imaginaiy roots. 

These results follow readily horn the preceding example, since the roots d 
the two cubics (1) and (2) are connected by a real linear relation. 

11. If J? is positive, the biquadratic must have imaginary roots. 

For in that case the roots of Euler's cubic cannot be all positive. 



J- 



12. If / is negative, the biquadratic has two real axid two imaginary roots. 
For the reducing cubic has in that case two imaginary roots (Ex. 12, p. 33). 

13. If S and / are both positive, all the roots of the biquadratic are imaginary. 

For, since / is positive, the reduoing cubic has a real negative root ; there- 
fore also Euler's cubic has a re.il negative root, since t-a^B — S, and M is posi- 
tivo ; and this is case (2) of Ex. 9. It is implied in this proof that the leading 
cocfBcient a is positive ; if a/ be substituted for /in the statement of the proposition 
no restriction as to the sign of a is necessary. 

14. Express, by the aid of the reducing cubic, /and /in terms of the differences 
of the roots a, /3, 7, 8. (See Exs. 16, 18, Art. 27.) 

15. Express the product of the squares of the differences of the roots a, /S, 7, 5 
in terms of / and /. 

By means of the equations (6) above given, and the equation (2), p. 82, we ob- 
tain the result as follows : — 

^ (/3 - 7)' (7 - a)' (a - i8)« (a - 5)» {$ - 5)' (7 - 5)» = 266 (P - 27/«). 

16. What is the quantity under ihe/inal square root (viz., that which occurs 
under the cube root in the solution of the reducing cubic) in the formula expressing 
a root ? Ana. 27/^ - /». 

17. Prove that the coefficients of the equation of squared differences of the 
biquadratic equation oqx^ + 4ai^ + 6a2«* + iazx •(- 04 = may be exprened in 
terms oo, S, /, and /. 
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Bemoring the second term from the equatum, we obtain 

^ 6J5r , 4(7 ao»/-3iP ^ 
y^ + ;UJ^ + I5y+ — 7a — = ®» 

and changing the signs of the roots, we have 

^ 6J5r , 4flf ao*/-3ir» ^ 

Oo* Oo ^ 

These transformations leave the functions (a - /3)* ftc, unaltered; but (? 
becomes - O, the other coefficients of the latter equation remaining unchanged ; 
therefore O can enter the coefficients of the equation of squared difPerencee in even 
powers onlj. And by aid of the identity of Art. 37, (P may be eliminated, intro- 
ducing ao, H, I, J. In a similar manner we may prove that every even function 
of the differences of the roots a, /S, ^^ 8 may be expressed in terms of a^ J7, /, /, 
the function G of odd degree not entering. 

62. Second Sotatlon bj Radicals of the Biqua- 
dratic. — ^Let the biquadratio equation 

a(x^ 4- 4&r^ + 6cir" + 4rfa? + e = 

be put, as before, under the form 

2* + 6J5i5* + 46^2 + aU- 3JP - 0, 

where a s or + 6. 

We now assume as the general expression for a root of this 
equation 

a formula involving three independent radicals, y/p, v^g, y/r. 
Squaring twice, and reducing, we have 

{s^ - qr " rp - pqY = 4ipqr{^z + i? + ^ + r), 
or 

Comparing this equation with the former equation in z, we 
easily find 

qr^rp^pq^'ZH, P^r='-^, p + g + r = — -; 

whence p, g, r are the roots of the equation 

2 G^^ + (12iP - a»/)^ - QHGt + G^' - 0. 
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This equation may be readily transformed into Enler's odfaio, 
or making directly the substitution 



t = 



H'-d'ff 



and putting for O^ its value in terms of J7, /, and J, we may 
reduce it to the standard form of the reducing cubic, viz., 

4a'e' - laO + J= 0. 

It is important to observe that in the present method of so- 
lution we meet with no ambiguity corresponding to that of 
Art. 61 ; for the expression here assumed as the value of z has, in 
virtue of the double signs of the radicals contained in it, only 
four mlueSj while the form assumed for z in the preceding Article 
has eight values. This appears from the identical equation 

which shows that the number of distinct values of the radical 
expression of the present Article is the same as the number of 

values of {y/p + ^q + A/r)% namely four. 

In order to express p, g, r in terms of the roots a, /3, y, S of 
the biquadratic, we have, giving to x the four values a, /3, 7, 8, 

Si = aa + 6 = y/q ^r - y/r y/p - y/p ^^ 

Sa = flj3 + 6 = - y/q y/r + -v/r y/p - ^/p v^, 

Ss = fl7 + ^ = - ^q y/r - y/r y/p + s/p y/q^ 

The student may easily satisfy himself that no combination 
of the signs of the radicals can lead to any value different from 
these four. 

From the values of Sa + s, - Si - 2*, and Z2Z3 - S1S4, we obtain 

a' (Jiy - aS) + a6(/3 + y- a - S) = ip ^q y/r. 
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fVom these and similar equations we have, employing the rela- 
tion O = - 2pqry the following modes of expressing pj q^ r ia 
terms of the roots a, /3, 7, 8 : — 

fiy-aS 80 

P ''/3 + 7-a-S"^ fl»(j3 + 7-a-8)'* 

70-/38 , 80 

^ ''7 + 0-^-8^ a»(7 + a-i3-8)'' 

afi-yS _80 

"* ''a + /3-7-8"^ a'(a + ^-7-8r 

63. Resolution of the linartle Into Ite liuadratle 

Vactors. — ^Let the quartio 

aa^ + 4bx^ + 6cx^ + 4dx + e 

}ye supposed to be expressed as the difference of two squares* in 
the f onn 

(op* + 2fe? + c + 2aey - {2Mx + N)\ 

Multiplying the given quartic by a, and comparing it with 
this expression, we have the following Equations to determine 
-If, iV; and e :— 

JT = 6' - a^? + a» e, MN^bc-ad + 2ab0, 1P= {c + 2aey - ae. 

Eliminating Jf and If from these equations, we find 

4a* fl* - {ae-Ud + Sc") aO + ace + 2bcd- a<P - ^6» - c»= 0, 

which is the reducing cubic before obtained. 

From this equation we haye three values of (01, O29 9s) > 
with three corresponding values of JP, MN^ N* ; and thus all 
the coefficients of the assumed form for the quartic are deter- 



* The redaction of the quartic to the difference of two squares was the method 
first employed for the solution of the equation of the fourth degree. This mode of 
solution is due to F$rrari^ although by some writers ascribed to Simpson (see Note A). 
The method explained in the following Article, in which the quartic is equated 
directly to the product of two quadratic factors, is due to Jhsearttt. 
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mined in three distinct ways; moreoTer, it should be noticed 
that to each value of if corresponds a ringle value of Nj sinoe 

MN^hC''ad'¥2ah9. 
The quartic 

(ac» + 2&p + c + 2ae)*-(2Jfa? + ^^« 

may plainly be resolved into the two quadratic factors 

oc* + 2 ( 6 - Jf ) a? + c + 2fle - -y, 

aa;' + 2(6 + if)a;+c + 2ae + if. 

When receives the three values 0i, 029 0S9 we obtain the three 
pairs of quadratic factors of the original quartic, and the problem 
is completely solved. 

In order to make clear the connexion between the present 
solution and the solution by radicals, let us suppose that the 
roots of the quadratic factors in the order above written are 
/3, 7 and a, S ; and that the roots of the remaining pairs of qua- 
dratic factors are similarly 7, a and /S, S ; a, /3 and 7, S. We 
have, therefore, 

a + 8 = -?(6 + lf,), j3 + S = -?(6+;if,), 7 + 8 = -?(6 + lf,), 
where 



itf;sy6'-ao + a'0i, ifjayi'-ew + a'©,, i^, s y/6» - oc + a*fl> 
Subtracting the last equations in pairs, we find 

and since 



we obtain 



o + /3 + 7 + 8 = - 4 -, 

a 

aa + ft = - if 1 + Jfj + ifj, 
a/3 + 6 = if 1 - itf, + M^, 

ay + b = ifi + if, - Miy 
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It appears, theref ore, that the roots of the biquadratio are here 
xpressed separately by formulas analogous to those of Art. 61. 
l?he values of M\ yIz. Mi\ M*, M^^ are in faot identioal with 
he roots of Euler's ouibo in the preceding Artide. There 
txists also with regard to the signs of the radicals involved in 
Ifiy Mij Mz a restriction similar to that of Art. 61 ; since, in 
drtue of the assumptions above made with respect to the roots 
»f the quadratic factors, we have the equation 

^hioh implies the following relation (see Ex. 20, p. 52) : — 

ind by means of this relation the signs of M^ Mty ifs are re- 
itrioted in the manner explained in the previous Article. 

By aid of the equation last written we can eliminate Jtfs 
Erom the expressions for the roots, and thus obtain, as in Art. 61, 
gJI the roots of the biquadratic in a single formula, viz., 

Q 



aaj + 6 = Jf 1 + Jf, - 



2MM 



in which the radicals Mi a ^/V-ac + a* ft, and Jf,Hy^i»-ac + fl'9» 
are taken in complete generality. 



1 . Fonn the eqnfttion whoee roots are A, /&, r, Tis., 

Adding the last coeffioients ol the quadratic faotors ol the quartie, we hare 






' a 



a0 +7»= 4«j+2-, 





where Bi, 03, 02 are the roots ol the ledneiiig cuhic ; hence the required equation. 

An$, (ax " 20)s - il{ax - 20) + 16 /= 0. 
(Compare Exs. 4, 6, Art 39.) 
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2. Ezprets, by means of the equationi of tlie preceding example, the roots of 
the reducing cubic in terms of the roots of the biquadratic. 

Substituting for — its ralue in terms of a, /3, 7, S, we find immediately 

12^1 = 2 X - M - ' s (7 - a) (/3 - J) - (a - /3) (7 - «), 

1 2 tf2 = 2 /i - r - X s (a - /5) (7 - ») - (/3 - 7) (« - »)» 

12^3 = 2r-X-/is (/3- 7)(« - «) - (7 - a)</3 - »). 

(Cf. (6), Art. 61.) 

3. Verify, by means of the expressions f6r 9i, ^, 63 in Ex. 1, the conclusions of 
Ex. 10, Art. 61, with respect to the manner in which the roots of the biquadratic 
and reducing cubic are related. 

4. Form the equation whose roots are the functions 

^(/37-a«)(/3+7-«-«), i(7«-/3«)(7+«-/8-«), ^(«)8-7»)(«+/3-7-«). 
From the quadratic factors of the quaitie we find 

41fi . 2JVi ^ . 
=/3+7-o-«, = /37-a«; 

also 

MiN\ ^be-ad-^ 7Ab9\ = - a'^i, 

the roots of the required cubic being represented by ^1, ^, ^. 

We obtain, therefore, the required equation by a linear transformation of the 

reducing cubic. 

An*. (a> -{-be- «rf)» - A»/(aV + 3c - «rf) - 2hl^J = 0. 

5. Form the equation whose roots are 

37-08 70 - /38 03 — 78 



3 + 7-0-8' 7 + a-/3-8' + /3-7-8* 

If ^ denote any one of these functions indifferently, and B the corresponding root 
of the reducing cubic, we have, employing former results, 

_ Mir be - ad -^ 2 ahe . 

and thus we obtain the required equation by a homographic transformation of the 
reducing cubic. This formula may be put under the more convenient form 

by means of which we obtain the required cubic ii^the following form : — • 

2G (a0 + *)' + (««/- 12fl'») (rt0 + *)« - %EO{aip + *)-(?« = 0, 
which, expanded and divided by a', becomes 

2(?^3^.(^«^^. 6^tc_9a<52 + 2aW)^» + 2(a3«+ 2J«rf- 3acrf) 4» + *«c-arf» = 0. 
(Cf. Ex. 14, p. 88.) 
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C. Form the equation whose roots are 

J(/37-««)S J(7«-W, J(«)5-7«)». 



These are the three yalnes of ^ in the foregoing Article. Representing, as 
before, one of these values by p, we find that the required equation may be obtained 
from the reducing cubic by means of the homogiaphic transformation 

P = • 

7. Form the equation whose roots are 

Py-oZ ya^fi9 a$-y9 



08 + 7)oa-(o + »)/37' (7 + o)/3«-(/3 + «)7«' (a +/3)7«- (7+8)03 

The required equation is obtained from the reducing cubic by the homographic 
transformation 

ed-be-{-2ade 

This result may be derived from Ex. 6 by changing the roots into their recipro- 
tsals, and making the corresponding changes in the coefficients. 

64. Tbe Resolution of the linartle Into liuadratlc 
Faetors* Seeond Method* — ^Let the quartio 

aa?* + 46a:' + Gac* + ^dx + e 

1)6 supposed to be resolved into the quadratic factors 

a(iij* + 2px + g)(aj* + 2p'x + /). 

We have, by oomparing these two forms, the equations 

p+/=2^, ^ + /+4W=6^, l>/ + /y = 2^, ^/=^. (1) 
If now we had any fifth equation of the form 

we could eliminate jo, p\ y, /; and thus find an equation giving 
the several values of ^. 

The fifth equation might be assumed to be jc>p' = 0, or 5^ + 7' 
= ^ ; and in each case ^ would be determined by a cubic equa- 
tion, since each of these functions, when expressed in terms of 

k2 
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the roots of the biquadratioy has three Tallies only. It is mor& 
convenient^ however, to assume 



*-:---K-^-7) 



the two functions of p, p% q^ / here involved being equal by the 
second of equations (1). We easily find, by the aid of those 
equations. 



1>^+JPY = 



:i + -r^; 



a 
and eliminating jp,y, q^ /, by means of the identioal relation 

there results the equation 

which is the reducing cubic obtained by the previous methods 
of solution. 

Having thus found pp\ or $" + /, we may complete the 
resolution of the quartic by means of the equations (1). 

The reason for the assumption above made with regard to 
the form of the fifth equation is obvious. From a oomparison 
of the assumed values of with the equations of Ex. 1, Art. 63, 
it appears that is the same as 9 in the preceding Article ; and 
therefore we foresee that the elimination of jp, p\ g, /, must lead 
to an equation in ^ identical with the reducing oubio before 
obtained. In general, if represent any function of the differ- 
ences of A, ju, Vy and consequently an even function of the differ- 
ences of a, j3, 7, S (see Ex. 18, Art. 27), the equation whose 
roots are the different values of ^ cannot involve any functions 
of the coefficients except a, JT, /, and J. 

If ^ be assiuned equal to any of the expressions in the second 
of the following examples, the equation in ^ whose roots are the 
different values of this expression is formed as in the above in- 
stance by the elimination of jp, p\ q^ /. 
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1. BesolTe into quadratic facton 

f* + 6JK* + 4Gf« + •»/ - 3Jff». 
Comparing this foim with the product 

(«» + 2|» + q) («» - 2i» + ^O , 
-we find the following equation for p : — 

and putting 

fl?^ =!)»+ iTa i (^ + / - 210, 

this equation, when diyided by a*, becomeB 

2. If a quartic be reedlYed into the two quadratic fiu^tora 

prore that ^ is detennined by a cubic equation when it has all possible values corre- 
sponding to each of the following types : — 

and by an equation ol the sixth degree when it has all values corresponding to 

Py g, p -p\ ^ -/, pq'-s^qt fit i^-^. 

Szpressing these functions in terms of the roots, the number of possible values of 
each function becomes apparent. 

65. Transformatloii of the Blqnadratle Into the 
Keelproeal Form. — ^To effect this transformation we make 
the linear substitation x^ ky -¥ pia the equation 

oc* + 4*** + 6af + 4dx + ^ = 0, 
wUch then assumes the form 

aA:*y* + 4tr,*'y» + 6Z7iAy + ^Uzky + CT, = 0, 
where 

CTj ■ flp + 6, Z7i = flp* + 2bp + c, ZTi a ap' + Sbp^ + Sep + d, &c. 

(Gf. Art. 35.) If this equation be redprooal, we have two equa- 
tions to determine k and p^ viz., 

0**- Uiy k'Ui^kUz; 
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eliminating h^ we have the following equation for p : — 

and sinoe 

f/i ~ ap + b * 

there are two yalaes of ky equal with opposite signs, oorrespond- 
ing to each value of p. 
The equation 

when reduced by the substitutions (Arts. 36^ 37) 
d'Uz^ Ui'''¥3HUi+ Gy 

becomes 

20m + (a'/- 12-5^) Z7i' - 6&i^i - 0» = 0, (1) 

which is a cubic equation determining Ui^ap + b\ and if we put 

is determined by the standard reducing cubic 

ia^e^ - /flfO + eA = 0. 

This transformation* may be employed to solve the biqua- 
dratic ; and it is important to observe that the cubic (1) which 
here presents itself differs from the cubic of Art. 62 only in 
having roots with contrary signs. 

We proceed now to express k and p in terms of a, /3, 7, S, the 
roots of the biquadratic equation. Since the equation in y, 
obtained by putting a; = A:y + /o, is reciprocal, its roots are of the 

form yi, ^2, — , — ; hence we may write 

a = %i + /o, B = ki/2 + p, 7 = A- - + p, 8 = * — 4- p ; 

t/2 Pi 

* This method of solving the biquadratic by transforming it to the reciprocal 
form was given by Mr. S. S. Greathced in the Camb. Math. Jourtt.^ vol. i. 
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and, theref ore, 

(«-p)(8-p) = 0-p)(7-p) = A', 

from whioh we find 

j3-y-a8 
P p + y-a-S' 

and _*.Jj^Mzi) (.-4(7-1) 

An important geometrical interpretation may be given to 
the quantities k and p whioh enter into this transformation. 
Let the distances OA, OB, OC, ODy of four points A, B, C, D, 
on a right line from a fixed origin on the line be determined 
by the roots a, /3, 7, S, of the equation 

or* + 4ia?* -♦• Qc^ + 4t/a? + e = 0; 

also let Oi, 0„ O3 be the centres ; and jR, jP/; jP„ -F/ ; J*,, ^,', 
the foci of the three systems of involution determined by the 
three following pairs of quadratics : — 

(a:-/3)(ar-7)=0, (a?-a)(;r-8)«0; 

{x - a)(a; - jS) = 0, (x - y){x - 8) = 0. 

We have then the equations 

OiB .OiC'=OiA. OiD = OijPiS &c., 

which, transformed and compared with the equations 

03 - p){y - p) = (a - p)(8 - f,) = *% &c., 

prove that the three values of p are OOi, 00%, OOz, the distances 
of the three centres of involution from the fixed origin 0. Also 
since OiJPi' ^l^^k has six values represented geometrically by 
the distances 

0,F,,0,F:i OtF,,0%F^; 0,F,, 0^,\ 

where OiFi + OiFi = 0, &c., as the distances are measured in 
opposite directions. 
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We oan from geometrioal oonsideratLons alone find the por- 
tions of the oentres and f ooi of involution in terms of a, /S, 79 89 
and thus confirm the results just established, as follows : — 

Since the systems [FiBFiC\ and [FiAFiD] are hannonioy 

2 1111 



J\F/ F,B FiC FiA F,D' 

and if x represent the distance of JPi or Fi from the fixed origin 
0, we have 

1111 

+ = + 



ir-/3 <r-7 x-a x-S' 
Solving this equation, we find 

^,,JlZ-gg_j, y-(y-«)(g-8)(«-g)"(7^ 

or a? = /o ± A, 

, OF, + OF/ , ^ OF, -of: ^^„ 

whence p = ^ , A; = ± = ± OiFi. 



EXAMFLB. 

Transform the cubic 

4Kr> + 3&«* + 30« + if 
to the reciprocal form. 

The assumption x = ky + p leads to the equation 

- OUi^-¥ ZH^ I7i» + J» = 0, where Uisap + b. 
The yalues of p are easily seen to be 

0>y-^ ya-0^ gg-T* 

i8 + 7 - 2o' 7 + a - 2i8' a 4- i8 - 27' 

The geometrical interpretation in this caae is, that if three points A\ JS^, C be 
taken on the axis such that A* is the harmonic conjugate of A with inspect to 
£ and C^ B* oi B with respect to C and A, and C* of C with respect to jl and B ; 
then we have the following values of p and k : — 

OA-^OA' ^ OA-OA' 
^ = 2—' * = 2— 

For the values of 0A% OB', 0C\ in terms of a, i3, 7, see Ex. 13, p. 88. 
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66. Solnlioii of the BIqiiadralic by Symmetric Fnoc- 
tlens of tbe Roots. — The posaibility of reduoing the solution 
of the biquadratic to that of a cubic bj the present method de- 
pends on the possibility of forming functions of the four roots 
«9 /3, 7, S, which admit of only three values when these roots are 
interchanged in every way. It will be seen on referring to Ex. 2, 
Art. 64, that several functions of this nature exist. These, like 
the analogous functions of Art. 59, possess an important pro- 
perty to be proved hereafter, viz., any two such sets of three are 
so related that any one function of either set is connected with 
some one function of the other set by a rational homographic 
relation in terms of the coefficients. 

For the purposes of the present solution we employ the 
functions already referred to in Art. 55, since they lead in the 
most direct manner to the expressions for the roots of the bi- 
quadratic in terms of the coefficients. We proceed accordingly 
to form the equation whose roots are the three values of 



/ajJ^jf^y+^Y 



when the roots are interchanged in every way, and 9= - 1. 
These values are 

<, . (fci^-^-, ,.(I-^^- ,.(--i3ziJ)- 

and smoe 

(/3 + y-o-8)»» 2a' + 2X-2/«-2v, 

2(a-^)»-32a'-2A-2|u-2v = -48:? 

-we find the following Talues of ^i, ^, U : — 

2\-n-v E 2n-v-\ H 2v-\-fi H 
12 o" 12 ~o" l2 o» ' 

whence ^i + fe + ^ = -3— . 

a' 
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Again, since 
S(2m-v-X)(2v-X-m)=-3(A»+m'+v'-/[iv-vX-A/u)=-|s(m-v?, 

and S(iix-y)«-24-„ f->-^-I^ 

we have 

also tiUU^-T-L. I S '^'* ' ^. 

Hence the equation whose roots are tiy ^, U becomes 
{any + 35- {aHf + (sS' - ^ («V) - ^ = ; 

or, substituting for CP its value from Art. 37, 

4 {aH + JT)' - a»/(aV + JT) + aV= 0, 

which is transformed into the standard reducing oubio bj the 
substitution a^t + H- a^O. 

To determine a, /3, 7, 8 we have the following equations : — 

-o + /3 + 7-8 = 4v/^, a-/3 + 7-8 = 4v^, a + ^-7-8 = 4y^ 

along with a + /3 + 7 + 8=-4-; 

from which we find 

a = \/ti + y^^2 + v^Sf 

/3 = - - + y ^ - a/f, -h v^, 

7 = - - + V/^I + \/^2 - \/S, 

8 = - - - -/ ^ - v% - -v/^3. 
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We have also from the ahove values of v^, \/^, v^^s the 
equation 

\/^ vU vU = 2^, 

bj means of which one radical can be expressed in terms of the 
other two, and the general formula for a root shown to be the 
same as those previously given. 

It is convenient, in oonnexion with the subject of this Article, 
to give some account of two functions of the roots of the biqua- 
dratic which possess properties analogous to those established in 
Art. 59 for corresponding functions of the roots of a cubic. 
Adopting a notation similar to that of the Article referred to, 
we may write these functions in terms of A, /u, vm the follow- 
ing form : — 

Zr - 037 + aS) + 01 {ya-^^iZ) + a>' [afi + 78), 
ir=(/37 + aS) + cu»(7a + /3S) + ai(ai3 + 78). 

By means of the equations of Ex. 1, Art. 63, these functions 
can be expressed in terms of the roots of the reducing cubic in 
the form 

They may also be expressed, by aid of the equation of the pre- 
sent Article connecting t and 9, in terms of the values of U; tty U^ 
as follows : — 

Ji = ^i + ai^2 + w'^j> i-3f = ^1 + oi'^ + oi^. 

The f auctions L and M are as important in the theory of 
the biquadratic as the functions of Art. 59 in the theory of the 
cubic. The cubes of these expressions are the simplest functions 
of four variables which have but ttco values when the variables 
are interchanged in every way ; they are the roots of the re- 
ducing quadratic of the reducing cubic above written, and 
underlie every solution of the biquadratic which has been given. 
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1. Show that L and M are funetiona of the differenoei of a, ^, 7, t. 
Increaamg a, i3, 7, 8 by A, L and M remain unaltered, ainoe 1 + « + iv* ■> 0. 

2. To find in tenns of the coefficienta the prodnet of the aqiiarea of the difi«- 
encea of the roots a, i9, 7, 8. 

From the Talues of L and M in terma of #1, 6s, #1, we find easily 

12#,= X+ Jf, X- Jf=(/8-7)(«-»)(«»-i»), 

1203 = w'X + *»Jr, m^L - mJT- (7- a) (i3 - 8) (i»> - •»), 
12#3 = oiX + •#^.ir, liX - ••«jr= (a - i8) (7 - «) (•* - m). 

Again, from these equations, multiplying the tenns on both aidea together, aai 
remembering that 0i, #2> 03 are the roots of 

4«5a»-./a# + /=0, 

we find 

X3 + if3 =-432 4, 

tr 

:X3-lf» = 3v/^(i8-7)(7-a)(a-i8)(a-a)(i8-»)(7-a); 
also, adding the squares of the same terms, we have 

2Xif = 24 4= (i8-7)Ma-a)»+ (7-«)» 08- «)" + («-«M7-«)' ; 

and, since 

(X» - M^Y = (X» + 1P)« - 4X»ir», 

substituting for these quantities their yalues derived firom former equations, we have 
finally 

«• (3 - 7)* (7 - a)» (a - 3)» (a - «)» (i3 - «)» (7 - «)* = 266 (/» "- 27 /«). 

3. Show by a comparison of the equations of the present Article and Art. 59 that 
the results of the previous Article may be extended to the biquadratic by changing 

i8-7, 7-a, o-3into-(3-7)(o-«)» -(7-o)(i8-«)f -(«-ft(7-«). 
respectively ; and, consequently, ^into — » /, and O into 16/. 

67. Eqaatlon of Sqoared DIIDereiiees of a Blqva- 
dratlc. — In a previous chapter (Art. 44) an aooount was gi^m 
of the general problem of the formation of the equation of dif- 
ferences. It was proposed by Lagrange to employ this equa- 
tion in practice for the purpose of separating the roots of a 
given numerical equation ; and with a view to suoh application 
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lie calculated the general forms of the equation of squared dif • 
Eerenoes in the cases of equations of the fourth and fifth degrees 
wanting the second term (see Traiti de la Risolution des Equa- 
turns Num^riqueSj 3rd ed., Gh. v., and Note in.). Although for 
practical purposes the methods of separation of the roots to be 
hereafter explained are to be preferred ; jet, in connexion with 
the subjects of the present Chapter, the equation of squared 
differences of the biquadratic is of sufficient interest to be given 
here. We proceed accordingly to calculate this equation for a 
biquadratic written in the most general form. It will appear, 
in accordance with what was proved in Ex. 17, Art. 61, that 
the coefficients of the resulting equation can all be expressed in 
terms of a, H^ /, and J. 

The problem is equiyalent to ezpresaing the] f oUowing product in terms of the 
^oeffidenta of the biquadratio 

{^-o-7)'}{^-(r-«n{^-(«-«'}{^-(«-«)*}{^-08-«n{^-(7-«)M. 

The most conyenient mode of procedure is to group these six factors in pairs, 
ind to express the three products (which we denote by Tli, 112, Ih) separately in terms 
)f the roots of the reducing cubic, and finally to express the product IIi 02 Hs in 
yenoB of a, Mf Z, /^ 

n,=^«- {(B-7)»+{«-«)'} ^ + (i8-7)'(«-»)'; 

md, bj aid of the resolts of Ait. 61 we earily derive the following ezpnedoiu for 
^-7)', («-«)':- 



lenoe, without difficulty, 

nis^+ (8^1 + 16^ ^+4 --4802^. 

Introducing now for brevity the notation 

Ii becomes Y + 80i^ - 49$%$^. 

Bedncing the product lIi 112 Ih by the result of Example 18, page 89, we obtain 

finally, restoring the value of Y, we have the equation of squared differences ex- 
in terms of P, Q, J?, as follows : — 

^• + 3P.^+(3i>»+2Q)^*+(i»+8PQ-26-B)^» 

. +(6P»Q-7(?-18PB)f» + 9Q(PQ-61?)i^ + 4a»-27iP = 0. 
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We give for convenienoe of reference the result aleo in terms of a, H^ I, /* :— 

+ 16(3847/'/- 7a2/«-288air/)^'+ 1162(2ir/-3fl7)/^+266(i'-27/^«i 

It should be obeenred that the ralne above obtained for IIi can be expresssd si i 

quadratic function of $i by aid of the equati<m 6i 6i = 9i' — j-zy and the sabsequnt 

fidculation might have been conducted by eliminating ^ between this quadratic sal 
the reducing cubic. 

68. Criterioo of tbe Mature of the Roote of tfec 
BIqoadratic. — Before proceeding with this inveetigation it ii 
necessary to repeat what was before stated (Art. 43], that when 
any condition with respect to the nature of the roots of an 
algebraic equation is expressed by the sign of a fdnotion of the 
coefficients, these coefficients are supposed to represent real 
numerical quantities. It is assumed also, as in the Artiole re- 
ferred to, that the leading coefficient does not vanish. 

Using as before A to represent that function of the coef- 
ficients (called the discriminant) which, when multiplied by a 
positive nimierical factor, is equal to the product of the squares 
of the differences of the roots, we have, firom the results estab- 
lished in preceding Articles, the equation 

«• (/3 - yy(y - «)»(« - /3)'(a - S)'0 - 8)»(y - S)* = 266A, 
where A = P - 27 J*. 

It will be found conyenient in what follows to arrange the 
discussion of the natiure of the roots under three heads, 
according as — (1) A vanishes, or (2) is negative^ or (3) is positive. 

(1) When/^vanisheSfthe equation has equal roots. Thisiseyident 
from the value of A above written. Four distinct oases may be 
noticed — (a) tchen tico roots only are equals in which oase / and / 
do not vanish separately ; (/3) when three roots are equal, in which 
case 7=0, and J = 0, separately (see Ex. 7, Art. 61) ; [y] tchen 



* The equaticn of squared differences was first given in this form by Mr. M. 
llobertd in the NoureUei Annalct de Mathhnatiqvet, voL xyi. 
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ius> distinct pairs of roots are equals in whioh case we have the 
conditions O = 0,a^ I-ViH^ = (Ex. 8, Art. 61). It can be 
readily proved by means of the identity of Art. 37 that these 
•conditions imply the equation A = ; hence these two equations, 
along with the equation A = 0, are equivalent to two indepen- 
dent conditions only. Finally, we may have — (8) all the roots 
€fual; in which case may be derived from Art. 61 the three 
independent conditions H=Oy / == 0, and J=0. These may 
be written in a form analogous to the corresponding conditions 
in ease (4) of Art. 43. 

(2) JFhen A is negative^ the equation has two real and two ima" 
ginary roots. — This follows from the value of A in terms of the 
roots ; for when all the roots are real A is plainly positive ; and 
when the proper imaginary forms, viz. A ± * v^ - 1, A' ± A'v^-l, 
are substituted for a, j3, 7, S, it readily appears that A is positive 
also when all the roots are imaginary. 

(3) When A is positive j the roots of the equation are either all 
real or all imaginary, — This follows also from the value of A, for 
we can show by substituting for a, /3 the forms h ±k */ -1 that 
A is negative when two roots are real and two imaginary. 
In the case, therefore, when A is positive, this function of the 
<x>effiGients is not by itself sufficient to determine completely the 
nature of the roots, for it remains still doubtful whether the 
roots are all real or all imaginary. The further conditions 
necessary to diBcriminate between these two cases may, however, 
be obtained from Euler's cubic (Art. 61) as follows : — In order 
that the roots of this cubic should be all real and positive, it is 
necessary that the signs should be alternately positive and 
negative; and when the signs are of this nature the cubic can- 
not have a real negative root. We can, therefore, derive, by the 
aid of Ex. 9, Art. 61, the following general conclusion appli- 
cable to this case : — When A is positive the roots of the biquadratic 
are all imaginary in fvery ease except when the following conditions 
are fulfilled^ viz. S negative^ and cfl - 12^ negative ; in which 
case the roots are all real. 
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1. Show that if ITbe positiTe, or if ifs (and not » 0), the cobic will hsTe 
a pair of imaginary roots. 

2. Show that if ^he negative, the cubic will haTe its loote— (1) all real asd 
unequal, (2) two equal, or (3) two imaginary, according as O^ ia — (1) leas than* 
(2) equal to, or (3) greater than ~ 4J5P. 

3. If the cubic equation 

oo** + 3ai«' + 3«8« + tfi s 
have two roota equal to a ; prove 

where «o«a-«i' = -H» «o«i - «i«i = 2Ji, «ias-«i*BA. 

4. If «c* + 3^+3« + rf+*(*-r)» 
be a perfect cube, prove 

{ae - lP)r* + (ad -- be)r + {bd " i^ mO. 

6. Find the condition that the cubic 

may be capable of being written under the form 

l(x - aO» + ifi(jj - 0i)* + n(s - 7i)», 

where ai, fiifjitae the roots of the cubic 

aix^ + Zbix^ + Zc\x +di = 0. 
Comparing the forms, we have 

a s ; + m 4- fi, 
-b — lai + mpi + nyi, 
e = /oi* + m/3i» + fryi«, 

Also ai oi' + 3*1 oi' + 3<?i oi + rfi = 0, &c. 

Whence, multiplying these equations by d\, 3tfi, 3*i, «i, reapectiTely, and adding 
wo find the required condition 

{ad\ - aid) - 3 (^ - bie) = 0. 

6. If a, 3) 7 be the roots of the cubic equation 

oqx^ + Zaisp^ + Zotx + as = ; 
rationalize the equation 

\/x - a + \/« - /3 + \^«-7 = ; 
and express the result in terms of the coefficients oo, ai, os, as. 

^w. 125 [7i« + 360J[7i«^+ l2SGCri^4BS^ = 0. 
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7. If «i, Pi, ind i«, /3s be tlie roots of the quadratio equations 

aix* + 2*1 jf + *i = 0, otx* + 2hx + 0^ = ; 

find the equation whose roots are the four values of «i 03. 
Let Sisaid-bi^ 2*2 3 0203 -^^ 

Ant, (aifl2^*-2*i*j^ + <ri<Ja)*-4J5riJ5ra^«=0. 

N.B. — This and the two following Examples may be solred by expressing ^ by 
radicals inTolying the coefficients. 

8. Employing the notation of Ex. 7, form the equation whose roots are the four 
Talues of — - — . 

Let 2Ki2 s aie2 + ojci -h 2bib2' 

Ana, (2<iiaj^» + 2{aib%-\- a2hi)^ + Ki%Y - Bi-Hi= 0. 

Li this Example the resulting biquadratic is such that G' = 0. 

9. Li the same case, if ^ = J (ai - 02)', form the equation whose roots are the 
seTeial values of ^. 

Let Msa\b%-aih\j 2J5ri3 3 ai02 +'^^ — 2*i*2* 

Ans, {(ai02^ + J12)'- 2Jf V + S1H2Y = 4 JiJTi («i«2^ + EnY. 

10. Show that when the biquadratic has a double root, the cubic whose roots 
are the values of p (Art. 65) has the tame double root ; and find what this cubic 
bcMiomes when the biquadratic has three roots equal. 

11. If ^ and / are both x>ositive, prove directly (without the aid of Euler's 
cubic) that the roots of the biquadratic are all imaginary. 

It appears from the expression for JT in terms of the roots (Ex. 19, p. 52) that 
when H is positive there must be at least one pair of imaginary roots h± k V— 1. 
Now diminishing all the roots by h, and dividing them by k (which transformations 
will not alter the character of the other pair of roots 7, 8, nor the signs of ^and /), 
the biquadratic may be put under the form 

(J53 + 4jpj? + ^) (a« + 1), 
or «* + 4pafi + 6ea^ + ipx + g, where 6c = j + 1 ; 

whence ff=e-jsl^, J=^-4p*-rV, 

/= jr + 2p*c-p^{q + 1) - c» = <J (y - 4i>« - <J»), 



and therefore 



or 






proving that 7 and 8 are imaginary if M and /are both positive (cf . Ex. 13, p. 124). 

L 
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12. If the biquadratic has two diErtinct pain of equal roots, prore directlj the 
rehitionB 

«o'/=12JP, aoV=8Jr». 

In this case the biquadratic divided by oq aasumes the f oim 

where « = «o« + ai, and — = — - — ; 

whence, comparing the forms 

and 8* + 6Jrz» + AGt + oo'/- 3J5P, 

we find 3fi'=-A2, ^ = 0, ao'J-3-ff^a**, 

from which the above relations immediately foUow. The student will eaaily estab- 
lish the identity of these relations with those of Ex. 8, Art. 61. Also it should be 
noticed that in this case only one square root is involved in the solution of the 
biquadratic (coming from the solution of the quadratic {x — a) {x ^ 0)). 

13. Find the condition that the biquadratic may be capable of being put under 
the form 

/(«* + 2px + y)2 + fn{a^ + 2px + ^) + n. 

In this case the second and fourth coefficients are removed by the same trans- 
formation, and the general solution involves only two square roots. 

Ans. G = 0. 

14. Prove that / vanishes for the biquadratic 

m{x - «)* - n (« — m)*. 

15. If the roots of a biquadratic, a, fi, y, 8 represent the distances of four 
points from an origin on a right line ; prove that when these points form a harmonic 
division on the line the roots of Euler's cubic are in arithmetic progression, and the 
roots of the cubic of Art. 62 in harmonic progression. 

16. Form the equation whose roots are the six anhannonio functions of four 
points in a right line determined by the equation 

ooiT* + Aaisfi + 602*^ + 4asic + «4 = 0. 

The six anharmonic ratios are 

1 1 1 

91 92 93 



-where ^i = — 
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(a - jg) (y - g) ^ X-M ^ ^1-^2 , 
(7 - o) (3 - «) * X - F "^ «! - ^3'' 



(7 - g) (3 - 8) y- A gs - g| . 

also the equation whose roots are 

(^-7)(«-«), (r-«)(i8-«), («-i8)(7-a) 
is one of the cubics 

a^H^ - Uaolt ± 16 y/l^ - 27/» = 0. 

The equation whose roots are the ratios, with sign changed, of the roots of either 
of these, cubics is 

4A(4»« - ^ + 1)3 - 27/'^(^ - !)• = (see Ex. 16, p. 88), 

where As/»-27/«. 

The roots of the equation in ^ are the six anhannonic ratios. This equation can 
be written in a more expressiye form, as will appear from the following propo- 
sitions : — 

(a). The six anhannonic ratios may be expressed in terms of any one of them, 

as follows : — 

1 1 ^- 1 ^ 



^' * ^M - 4»' ♦ > - 1' 
From the identical equation 

(i8 - 7) (a - a) 4- (7 - «) 08 -«) + («- iS) (7 - a) 3 
we have the relations 

4>i + — =1, 4>» + T- = ^» ^ + X. = ^» 

98 ^1 92 

'which determine all the anhannonic ratios in terms of any one of them. 

(6>). If two of the anhannonic ratios become equal, the six values of ^ are 
— M and — »', each occurring three times ; and in this case 1=0. 

For suppose 91 = 93 ; we have' then from the second of the aboye relations 

V-^i + 1 =0, 
-whence ^1 = — •», or — ai' ; 

ajid substituting either of these yalues for ^ in (a), we find all'the anharmonio ratios. 
Also, since 

w^o baye 

Im ooai — 4aia3 + Soi's 0. 

l2 
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(e). If one of the ratios ia hannonic, tlie six yaluet of ^ are ~ 1, 2, -, each 
occurring twice ; and in this case /= ; for if 

4*1 = * 1, ^3^ =-1, or2\-M-i' = 0, 



one of the factors of / (see Ex. 18, p. 62). 

{d). These results, as well as the converse propositions, may he proved hy 
writing the sextic in f under the following form r-^ 

17. Solve the equation 

/ g»-H4g-t-i y x{x - 1)* 

Ans. p', —, ( ^ I, where ^ = 1 . 

P \l -0 V^J 

18. Express 2(a — 0)*{y - 8)' as a rational function of $i, $2, Bz ; and ultimately 
in terms of the coefficients of the qiiartic. 

/ 2^\ 96 

Am. - 128 ^{$2 - ©a)' \9i + -^ J = - ^4-3"/+ 3«7). 

19. Express 

(3' - y)«(a' - 8«)« + (7> - a2)»(32 - 8^)« + (a« - P^yiy^ - 5«)« 

as a rational function of 0i, 03, 0s. 

This symmetric function is equivalent to 

(/i* -r^jU (1^- X2p+ (a2- /i2)« =266 2(^ - tfa)'/^, - ^)! 

T 

20. Form the equation whose roots are the several products in pairs of the roots 
of a biquadratic. 

The required equation is the product of three factors of the type 

(^-i87)(^-o8)=^«-X4> + -=^»-2-^ + - -4^1. 



Ana, (fl4>2 - 2<;^ + e)^ - 47^' (o^^* - 2<?^ + «) + 16/^» = 0. 

a 4* A 

21. Form the equation whose roots are the several values of -, where 

i 

^i A 7y ' &ro tiie roots of a biquadratic. 

The required equation is the product of three factors of the type 

Ans, 4 (o^' + 23^ + ey- I(a4fi^ + 2A^ + «) + /= 0. 
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22. Prove 

1 97 / 8a/- 2J5r/ \ 

'(a-iS)'*" 2 V^-27J»/' 

From tlie expreBsLoDB for a, /3, 7, 8 in terms of 01, 9%^ 08» we have 
which may be expressed in terms of a, IT, /, /, as above. 



23 Prove 



^(5r^»"^' 



if / = 0, and m of the form 3j> or Zp 4- 1,1? being a positive integer. 

24. Prove that 

CTa a«* + <?y' + «• + 2<?y« + 2«8ic + 2hxy 

can be resolved into the sum or difference of two squares if 
Jsaee+ 2bcd - aJ* - tfJ' - «> = 0. 

Here al7= («p+^+«)»+ (ac-*')y2 + 2(arf-ie)y«+(atf-c')«2, 

and {ae-'l^)^+2{ad-'be)yz-\-{ae-(^z* 

ia a perfect square if 

{ae - «»)(a«- c») = {ad- be)\ 
-or/=0. 

25. If a, i9, 7, 8 be the roots of the equation 

ooa?* + 4aia;5 + Boaa?' + iaj* 4- a^ = 0, 
solve, in terms of the coefficients ao, aj, &c., the equation 

*y x — a + \/a? - + y/x — 7 +y/x — 9 = 0. 

When >s/a + V^+\/7 + V^=0 

is rationalized, and the coefficients substituted for a, /8, 7, 8, we have 

(3aoa2 — 2ai«)' = ao'a4. 
Now, substituting Uo, Ui, U2, Uzf Ui for ao, ai, aa, as, a4, and reducing, we find 

ao* + ai=i (35^-?^). 
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26. To express the solution of the biquadratic in terms of a single root of the 
reducing cubic. 

Substituting d/ + p for 2 in the equation 

flj:* + Absfi + Car* + Adx + « = 0, 
we have 

As there are here two independent yariables at our disposal, it is allowable to 
make the assumptions 

«c'*+6[722r'«+ 1/4 = 0, U\3^'\- 17*3=0. 
Eliminating s^^ and reducing as in Art. 65, we have 

4Cra8-7l7'2 + /=0; 
whence Ut = a0, where is a root of the reducing cubic, and therefore 

Ui = ap-\-b = */a^0 - Hm 
Again, 

whence, finally, since x^af+p^ ot ax -^ h = U\ •{■ oaf, we hare 

ax + h = -v/fl«e--ff+ J- a^9-2H . 

an expression which has only four yalues. 

This expression might of course be obtained from the resulting formula of Art. 61, 
or Art. 63. The method of arriying at it in the present Example is a distinct method 
of solying the biquadratic. 

27. Proye that eypry rational algebraic function of a root 6 of a giyen cubic 
equation can in general be reduced to the f onn 

Co + CiB 
Do + LiO' 

Let the giyen function be jjJt where ^ (9) and 4^(0) are rational integral func- 
tions of of any order. By successiye substitutions from the giyen cubic each of 
these may be reduced to a quadratic. Hence the giyen function is reducible to the 
form 

Equating this to the form written above, and reducing by the giyen cubic, we ob- 
tain an identical equation, yiz., 

where Zo, Zi, Z2 are linear functions of Co, Ci, Do, Bi. We haye, therefore, the 
three equations Zo = 0, Zi = 0, Z2 = 0, to determine the ratios of Co, Ci, 2^ Di. 
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28. Prove tliat the solution of the biquadratic does not inyolye the extraction 
of a cube root when any relation among the roots a, /S, 7, 8 exists which can be ex- 
pressed by the yanishing of a rational function of a root B of the reducing cubic. 

Any rational function of B can always be depressed to the second degreOi as in 
the preceding example. Hence the determination of B will not inyolye the extrac- 
tion of a cube root ; and the formula of Ex. 26 shows that the expression for the 
root of the biquadratic will not then inyolye any cube root. 

29. Find the relation which connects the roots of the biquadratic when the 
eqiiation 

V-/p + /=0 

is satisfied by each of the following yalues of p : — 



(l)f, (2)., (3)0, (4) ^-^^ (^)^T^' <^)>/^' (^)S <^) 



^n*. (1) /3+7-a-a=0, (2) /3 + 7 = 0, (3) (7- o) 03-«)- (a-i8)(7-«) =0, 
(4), (8) /87-a«=0, (6) (y-a) (/3-«)-«(a-/3)(7-«)=0, (6), (7) /3-7 = 0. 

30. Proye the identity 

V (/'- 27/») s (ao«/- 3E^) (flo'Z- 12ir»)« + 270«((?»+ 2ao^J). 

This may be proved as follows : — Putting ai = in the values of / and /, and ex- 
panding, it readily appears that the part of A independent of ai may be thrown into 
the form 

tfo04 («oa4 — dos')' + 270^0^^ (2aQ 03 04 — ffo <>8' — 2a^), 

Now, replacing 02, 03, 04 by A%j A3, Ai, and substituting for the latter quanti- 
ties the values of Art. 37, we obtain the result. — Mr. M. Bobbbts. 

31. When a biquadratic has two equal roots, prove that Euler's cubic has two 
equal roots whose common value is 

3aJ-2HI 
21 ' 

and hence show that the remaining two roots of the biquadratic in this case are real, 
equal, or imaginary, according as 2BI— 3aJ is negative, zero, or positive. 

32. Prove that when a biquadratic has — (1) two distinct 'paicB of equal roots the 
last two terms of the equation of squared differences (Art 67) vanish, giving the 
conditions A = 0, 2J7/ — ZaJ = ; and when it has — (2) three roots equal, the last 
three terms of this equation vanish, giving the conditions / = 0, / = ; and show 
the equivalence of the conditions in the former case with those already obtained in 
Ex. 8, Art. 61, and Ex. 12, p. 146. Prove also that the equation of squared dif- 
ferences reduces in the former case to ^{a^^ + \2Hy, and in the 'flatter case to 
^(«'^+ 16J?)». 
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PROPERTIES OF THE DERIVED FUNCTIONS. 

69. Cfraj^hlc Representetl^B mt the BerlTed 

tloB.— Let APB be the 

curye representiiig the po- 
lynomial f{x)f and P the 
point on it oorresponding 
to any value of the varia- 
ble ir=Oif. We proceed to 
determine the mode of re- 
presenting the value of /"(a?) 
at the point P. Take a se- 
cond point Q on the curve, 
oorresponding to a value of 



F' 

B 




Pig. 6. 



X which exceeds Oif by a small quantiiy h. Thus 



also 



PM=/{x)y QN^f[x^k). 



or 



The expansion of Art. 6 gives 

fix + h) =f(x) +/{x) A +-f ^^ A» + . . 



/{x + h) -,m f'i^) 

1 =/ {X) + ■^:—^ A + 



1.2 



(1) 



But 



•^J^l4zZ(f) = «| = ^^ = tan OPS = tan PfiJ^. 
h MN PS 



Now, when h is indefinitely diminished, the point Q approaches 
and ultimately coincides with, P ; the chord PQ becomes th( 
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angent PT to the curve at P ; the angle PRN beoomes PTM. 
yfio all terms of the right-hand member of equation (1) except 
he first diminish indefinitely, and ultimately vanish when A » 0. 
The equation (1) becomes therefore 

tanPrJf=/(aj); 

Tom which we conclude that the value cmumed by the derived 
Amotion f{x) on the substitution of any value ofxis represented by 
he tangent of the angle made with the axis OX by the tangent at 
he corresponding point to the curve representing the Junction /{x). 

70. Maxima and JHlniiiia ITalaes of a Polynomial, 
nieorem. — Any value of x which renders f{x) a maximum or 
ninimum is a root of the derived equation f{x) = 0. 

Let a be a value of x which renders f[x) a minimum. We 
)roceed to prove \hB,tf{x) = 0. Let h represent a small inore- 
nent or decrement of x. We have, since /(a) is a Tninimum, 

/(a) </(a + h\ al80/(a) </(a - h) ; 

ience/(a + h) -f{a)y and/(a - h) -f{a) are both positive, ♦. e. 
he following two expressions are positive : — 

/'(«)A + y^A* + 

STow, when h is very small, we know (Art. 5) that the signs 
)f these expressions are the same as the signs of their first terms ; 
lence, in order that both should be positive, /'(a) must vtmish ; 
md, moreover, /"(a) must be positive. An exactly similar proof 
hows that when /(a) is a maximum f\a) = 0, and/' [a) is nega- 
ive. Thus, in order to find the maximum and minimum values 
>f a polynomial/(a:), we must solve the equation/'(a?) = 0, and sub- 
titute the roots mf{x). Each root will furnish a maximum or 
ninimum value, the criterion to decide between these being the 
ign oi/\x) when the root is substituted in it — whenf'(x) is 
egativ€j the value is a tnaximum; and whenj^\x) is positive^ the 
alue is a minimum. 
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The theorem of this Ar- 
ticle follows at once from 
the construction of Art. 69 ; 
for it is plain that when the 
value of f[or) is a maximum, 
as at P, P' (Fig. 6), or a mi- 
nimum, as at py p\ the tan- 
gent to the curve wUl be 
parallel to the axis OX, 
and, consequently, 




Fig. 6. 



tanPrif=/(ar) = 0. 

Fig. 6 represents a polynomial of the 5th degree. Correspond- 
ing to the four roots of /'(a?) = (supposed all real in this case), 
viz. OMy Only 0M\ Oni\ there are two maxima values, JTP, 
WFy and two minima values, mp^ m'p\ of the function. 



Examples. 

1. Find the max. or min. value of 

f{x) s 2x2 + ar - 6. 
/(j;)=4a:+l, /"(.r) = 4. 

x = — - makes f*{x) = r, a minimum 

(See % 2, p. 15.) 

2. Find the max. and min. values of 

f{x) = 2ar3 - 3x8 - 36:r + 14. 

/'W = 6(2:2-^-6), /'(x) = 6(2a: 
ar = — 2 makes f(x) = 68, a maximum 
x= 3 makes f{x) = — 67, a minimum. 

3. Find the max. and min. values of 

f{x) ^Zx^- 162:3 + 6r» - 48a; + 7. 

Hero f(x) = Q has only one real root, ar = 4 ; and it gives a minimum value, 
f{x) = - 345. 

4. Find the max. and min. values of 

f(x)^ 10x3-17r* + a; + 6. 

The roots of f*(x) are, approximately, -0302, 1*1031. The fonner gives a 
maximum value, the latter a minimum. (Sec fig. 3, p. 16.) 



k. 



am. ^J\r*^ 
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71. Rollers Theorem. — Bettceeti two consecutive real roots 
a and b of the equation /{x) = there lies at least one real root of 
the equation f{x) = 0. 

For as x increases from a to 6, f{x)^ varying continuously 
from f{a) to/(6), must begin by increasing and then diminish, 
or must begin by diminishing and then increase. It must, 
therefore, pass through at least one maximum or minimum 
Talue during the passage from f{a) to /(6). This value (/(a), 
suppose) corresponds to some value a of ;r between a and 6, 
which by the Theorem of Art. 70 is a root of the equation 

r{x) = 0. 

The figure in the preceding Article illustrates this theorem. 
We observe that between the two points of section A and B 
there are three maximum or minimum values, and between the 
two points B and C there is one such value. It appears also 
from the figure that the number of such values between two 
consecutive points of section of the axis is always odd. 

Corollary. — Ttco consecutive roots of the derived equation may 
not comprise between them any root of the original equationy and 
never can comprise more than one. 

The first part of this proposition merely asserts that between 
two adjacent zero values of a polynomial there may be several 
maxima and minima values ; and the second part follows at once 
from the above theorem ; for if two consecutive roots olf[x) = 
comprised between them more than one root of f[x) = 0, we 
should then have two consecutive roots of this latter equation 
comprising between them no root of f[x) = 0, which is contra- 
dictory to the theorem. 

72. Constltatioii of the DerlYed Functions. — ^Let the 
roots of the equation f[x) = be ai, 02, as, . . . a«. We have 

f{x) ^ {x- oi) {x - a^{x - aa) ... (a: - On). 

In this identical equation substitute y ^ xior x\ 
f(y-^x) = (y + a?-ai)(y + ir-a2) ... (y + ar-On) 

= y + qilT^ + ^ilT^^ • • • + Qn-\y + ^n, 
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where 
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q\ =a? — oi + ic — oj + ic — aj+...+ir — a^^ 

q% = (a? - ai)(a?-ai) + («-ai)(a? - a») + ... + (« - Oi»-i)(«-a»)i 



^n-i = (a? - a2)(ir-a8) . . . (ir-a») + (iP-ai)(ir-aj). . . [x - a») + ... 

+ (a: - ai)(iP- oi) . . . {x-a^^^ 
qn ={x- ai){x - aj)(a? - aj) ... fa? - a«). 
We have, again, 

Equating the two expiesfflons for/(^ + a;), we obtain 

f{x) = (a? - ai)(a? - a,) ... (a? - a„), 

/'(a?) = (a: - a2)(ar - C13) ... (a;- on) + ...., as aboYe writtexii 

Y-^= the similar value of }»-» in terms of a? and the roots, 



The value oif{x) may be conveniently written as follows :— 



x—a\ x—at 



X-On 



73. lEiiltlple Rooto. Theorem. — A multiple root of the 
order m of the eqtuition f[x) = is a multiple root of the order m-l 
of the first derived equation f{x) = 0. 

This follows immediately firom the expression given {oTf{x) 
in the preceding Article ; for if the factor (a? -oi)"* occurs in/[a;), 
i. 6?. if Qi = Qo = ... = am ; we have 



/(^) = '^AfO ^ /(^) 



X - ai X- a^+i 



+ . . . + 



X-On 



Each term in this will still have {x - ai)*" as a factor, except 
the first, which will have (a? - ai)*""^ as a factor ; hence {x - ai)"^^ 
is a factor in/'(.r). 
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Cor. 1. — Any root which occurs m times in the equation f[x) = 
xu rs in degrees of multiplicity diminishing by unity in the first m - 1 
erived equations. 

Since /''(ar) is derived from /'(a?) in the same manner B&f{x) 
I from/(iF), it is evident by the theorem just proved that/" [x) 
dll contain [x - ai)"*~' as a factor. The next derived fonction, 
'^(«), will contain {x - oi)"^ ; and so on. 

CoR. 2. — Iff{x) and its first m - 1 derived functions all vanish 
yr a value a ofx^ then (x - a)"* is a factor in f{x). 

Thisy which is the converse of the preceding corollary, is 
lost readily established directly as follows : — Bepresenting the 
erived functions by /i (a;), /2(«), .... /»-i(a?) (see Art. 6), and 
ibstituting a + a; - a for a;, we find that /(a;) may be expanded 
1 the form 

/•(«) +/.(a)(ar-a)+-^ («r - a)' + . . . + Y^"^ (*-")"" 

+ .-4^^ (;r-a)- + . . . +r4^ ("-«)"' 
1 .2... m^ ^ 1 .2.. . w ^ ^ 

rom which the proposition is manifest. 

74. Determlnatloii of Multiple Rooto. — ^It is easily 
Qf erred from the preceding Article that if f{x) and /'(a?) have 
common factor {x - a)"*"*, {x - a)^ will be a factor in /(a;) ; for, 
ly Cor. 1, the m-2 next succeeding derived functions vanish 
s well as /(a?) and /'(ar) when x = a; hence, by Cor. 2, a is a 
oot otf{x) of multiplicity m. In the same way it appears that 
f /(a*) eaidf(x) have other common factors 

{x - py-^ {x - y)^\ {x - Sr\ &c., 

he equation f{x) = will have p roots equal to /3, ^ roots equal 
o 7, r roots equal to 8, &c. 

In order, therefore, to find whether any proposed equation 
Las equal roots, and to determine such roots when they exist, 
^e must find the greatest common measure oif{x) and f(x). 
[jet this be ^(a;). The determination of the equal roots will 
lepend on the solution of the equation ^ {x) » 0. 
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EXAWPLKS. 

1 . Find the multiple roots of the equatioii 

j:» + 4? - 16x + 20 = 0. 

The G. C. M. of /(x) and/'(x) is easily found to be dP - 2 ; henoe (s-ffiii 
factor in/(z). The other factor \a x-\- b. 

Wheneyor, after determining the multiple factors of /(x), we wish to obtain tb 
remaining factors, it will be found convenient to apply by repeated operatioDS tk 
method of division of Art. 8. Here, for example, we divide twice by x - 2, tlit 
calculation being represented as follows : — 

1 1-16 20 



2 


6 


-20 


3 


-10 





2 


10 





Thus 1 and 5 being the two coefficients left, the third factor is « + 5. This 
operation verifies the previous result, the remainders after each division vaniahios 
as they ought. 

2. Find the multiple roots, and the remaining factor, of the equation 

x« - 10x« + 16x - 6 = 0. 

The G. C. M. of/(x) BSiAf(x) is found to be x»- 2a? + 1. Hence (x-Vf'^^ 
factor in/(x). Dividing three times in succession by x — 1, we obtain 

/(x) = (x-l)»(x» + 3x + 6). 

3. Find the multiple roots of the equation 

X* - 2x3 - iia^a + 12x + 36 = 0. 

The G. C. M. of /(x) and/'(x) is x* - x - 6. The factors of this are « + 2 an<l 

X — 3. Hence 

/(x) = (X + 2)M^ - 3)». 

4. Find all the factors of the polynomial 

f{x) = x« - 6x* + 6x« + 9x3 - 14x« - 4x + 8. 

Ana, f(x) s (x - 1) (X + l)^ (x - 2)». 

The ordinary process of finding the greatest oommon mea* 
sure of a polynomial and its first derived function may beoomo 
very laborious as the degree of the function increases. It i^ 
wrong, theref ore, to speak, as is customary in works on the 
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Theory of Equations, of the determination in this way of the 
multiple roots of numerical equations as a simple process, and 
one preliminary to further investigations relative to the roots. 
It is chiefly in connexion with Sturm's theorem that the opera- 
tion is of any practical value. The further consideration of 
multiple roots is deferred to Chap. IX., where this theorem will 
be discussed. It will be shown also in Chap. X., that the mul- 
tiple roots of equations of degrees inferior to the sixth can, in 
any particular instance, be determined from simple consider- 
ations not involving the process of finding the greatest common 
measure. 

75. This and the succeeding Article will be occupied with 
tiieorems which will be foimd of great importance in the sub- 
fiequent discussion of methods of separating the roots of equa- 
tions. 

Theorem. — In passing condniwusly Jrom a value a-h o/x 
a little less than a real root a of the equation f{x) =0 to a value 
a + ha little greater^ the polynomials f{x) and/{x) have unlike 
signs immediately be/ore the passage through the root^ and like signs 
immediately after. 

Substituting a - h m f{x) and /[x\ and expanding, we 
have 

/(« - h) =/{a) -f{a) h + -^ A'- 

/(«-A) = . /(«) -/'(«) A + 



Now, since /(a) = 0, the signs of these expressions, depending 
on those of their first terms, are unlike. When the sign of h is 
changed, the signs of the expressions become the same. The 
theorem is therefore proved. 

Corollary. — The theorem remains true when a is a multiple 
root of any order of the equatiouf{x) = 0. 

Let the root be repeated r times. The following functions 
(using suffixes in place of the accents) all vanish : — 

A«)> /i(«)> /a(a)> /r-iW- 
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In the series ioTf[a - h) and/'(a - h) the first termB iriiioh 
do not yanifih are, respeotiyely, 

1.2...r^ '^^^ 1.2...r-l^ ^l 



kr-i 



These have plainly unlike signs; but when the sign of A is 
ohanged they will have like signs. Hence the proposition is 
established. 

76. Extending the reasoning of the last Article to eyeiy 
conseoutiye pair of the series 

f[^)y /iW> /aW* • • -/r-iW, 

we may state the proposition generally as follows : — 

Theorem. — When any equation f{x) = has an r-^nuUipk 

root ay a value a little inferior to a gives to this series of r /unctions 

signs alternately positive and negative^ or negative and positive ; 

and a value a little superior to it gives to all these functions the same 

sign ; and this sign iSy moreover ^ the same sign as the sign offr{a)j 

the first derived function which does not vanish when a is substituted 

for X. 

In order to give a precise idea of the use of this theorem, 

let ns suppose that f[a) is the first fimction which does not 

vanish when a is substituted, and let its sign be negative; 

the conclusion which may be drawn from the theorem is, that 

for a value a - A of a; the signs of the series of functions^ fuftr 

AAA are 

+-+-+-; 

and for a value a-k-holx they are 



for before the passage through the root the sign of /« must be 
different from that of /s ; the sign oif must be different from 
that of /i, and so on ; and after the passage the signs must be all 
the same. It is of course assumed here that A is so small that 
no root of f^ (;r) = is included within the interval th3X)ugh 
which X travels. 
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EXAMPLBS. 

1. Find the multiple roots of the equation 

f{x) s «« + 12j^+ 32*'- 24ic + 4 = 0. 

Am, fix) B (a:* + 6x - 2)*. 

2. Show that the hinomial equation 

cannot haye equal roots. 

3. Show that the equation 

«»-»H?x+(i»- l)r = 

will have a pair of equal roots if ^ = f^\ 

4. Prove that the equation 

jt* + Bpafl + 6p*a? + y = 

bjM a pair of equal roots when ^ + ip^ = ; and that if it have one pair of equal 
lOoCa it must have a second pair. 

5. Applj the method of Art. 74, to determine the condition that the cubic 

should haye a pair of equal roots. 

The last remainder in the process of finding the greatest common measure must 
Tsniah. Ant. 6^ + iH^ = 0. 

6. Applj the same method to show that both O and H yanish when the cubic 
lias three equal roots. 

7. If a, /3, 7, 8 be the roots of the biquadratic /(«) s 0, proye that 

/'(a)+/'(/8)+/'(7)+/'W 
can be expressed as a product of three factors. 

Ans. (a + /3-7-a)(a+7-/3-«)(a+«-/3-7). 

S. If a, $, 7, J, Ac, be the roots of f{x) = 0, and afy /S*, 7', &c., off'(x) = ; 
proye 

/'(a)/'(/3)/'(7)/W ■ . . . = f^fWfm/iy) . . . . , 

and that each is equal to the absolute term in the equation whose roots are th<^ 
squares of the differences. 

9. If the equation 

a?*+l>i«*-*+i?2a:»"*+ .... ■¥ Pn~\x + pn = 

haye a double root a ; prove that a is a root of the equation 

i>i*»-* + 2p8*»-* + 3p3a^ +.... + »p« = 0. 

M 
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10. Show tliat the max. and min. values of the cubic 

a^ + Zhj^ + Sea? + rf 

are the roots of the equation 

fl»p»-2(?p + A = 0, 

where A is the discriminant. 

If the curve representing the polynomial /(j?) be moved parallel to the axis of y 
(see Art. 10) through a distance equal to a max. or min. value p, the axis of x will 
become a tangent to it, i. e. the equation /(x) — p = will have equal roots. H«ice 
the max. and min. values are obtained by forming the dLSCiiminant of /(x) — p^ or 
by putting d- p for Jin G* + 4jH» = 0. 

11. Prove similar! V that the max. and min. values of 

ax^ + 4*^3 + 6«c* + 4<& + e 
are the roots of the equation 

a3p3- 3(a»/- 9^p« + Z(aJ^-\%HJ) p - A = 0, 

where A is the discriminant of the quartic. 

12. Apply the theorem of Art. 76 to the function 

f{x) = ar* - 7x* + 16x2 _ 13^ 4 4. 
"We have 

/i (x) = 4x3 - 21x» + 30x - 13, 

/2 (x) = 2 (6x2 - 21x + i5j^ 

/3(x) = 2(12x-21), 

/* (x) = 24. 

Here/3 (x) is the first function which does not vanish when re = 1 ; and/3 (1) is 
negative. What the theorem proves is, that for a value a little less than 1 the signs 
of /» /i> /2, /a are H — H — , and for a value a little greater than 1 they are all 
negative. "We are able from this series of signs to trace the functionfl/, /i, &c., in 
the neighbourhood of the point x = 1. Thus the curve representing /(x) is aboTe 
the a^ before reaching the multiple point x = 1, and is below the axis immedistelj 
after reaching the point, and the axis must be regarded as cutting the curve in three 
coincident points, since (x — 1)* is a factor in/(x). Again, the curve corresponding 
to/i (x) is below the axis both before and after the passage through the point x=l* 
It touches the axis at that point. The curve representing /a (x) is above the axil 
before, and below the axis after the passage, and cuts the axis at the point 



CHAPTER VIII. 

LIMITS OF THE ROOTS OF EQUATIONS. 

77. Definltloii of Idmlto. — ^In attempting to discover the 
real roots of nuinerioal. equations, it is in the first place advan- 
tageous to narrow the region within which they must be sought. 
"We here take up the inquiry referred to in the observation at 
the end of Art. 4, and proceed to prove certain propositions 
relative to the limits of the real roots of equations. 

A superior limit of the positive roots is any greater positive 
number than the greatest of them ; an inferior limit of the posi- 
tive roots is any smaller positive number than the smallest of 
them. A superior limit of the negative roots is any greater ne- 
gative number than the greatest of them ; an inferior limit of 
the negative roots is any smaller negative number than the 
smallest of them : the greatest negative number meaning here 
that nearest to - oo . 

When we have foimd limits within which all the real roots 
of an equation lie, the next step towards the solution of the 
equation is to discover the intervals in which the separate roots 
are situated. The principal methods in use for this latter pur- 
pose will form the subject of the next Chapter. 

The following Propositions all relate to the superior limits 
of the positive roots ; to which, as will be subsequently proved, 
the determination of inferior limits and limits of the negative 
roots can be immediately reduced. 

78. Proposition I. — In any equation 

if the first negative term he - pr a^"*", and if the greatest negative 

m2 
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coefficient be -pky then\/pk + 1 m a superior limit oftheposUke 
roots. 

Any value of x which makes 

af-*^i- 1 

^ >Pk (pi^ + aj*"^* + . . . + a? + 1) >pk z — 

a? - 1 

will, d fortiori J make /(a;) positiye. 

Now, taking x greater than uniiy, thifl inequality is satisfied 
by the following : — 

X — L 

or a?^> - a?» > pi;pif"^\\ 

or ar^[x-l)>pkj 

which inequality again is satisfied by the following : — 

since plainly Jf~^ > {x - 1)'*-^ 

We have, therefore, finally 

{x - l)*" = or>pk, 
or a? = or > 1 -k-^/pk- 

79. Proposition II. — If in any equation each negative coef- 
ficient he taken positively y and divided by the sum of all the positive 
coefficients which precede ity the greatest quotient thus formed in- 
creased by unity is a superior limit of the positive roots. 

Let the equation be 

floir" + aiof*'^ + Oaic"'* - a^^ + ....- arX^ + ....+ On = 0, 

in which, in order to fix our ideas, we regard the fourth coef- 
ficient as negative, and we consider also a negative ooefiSdent in 
general, viz. - Or^ 

Let each positive term in this equation be transformed by 
means of the formula 

a^x^ = am[x- 1) (a^"* +ic^-* + . . . + a? + 1) + a, 



i^mj 
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^hich is derived at once from 

iC"* — 1 

— s a;*"^ + af^ + . . . + a? + 1 ; 

ir— 1 

the negative terms remaining imohanged. 

The polynomial /(ar) becomes then, the horizontal lines of the 
following oorresponding to the suooessive terms oif{x) : — 

^„(a; -l)ic^'+ flo(a?- l)a:^+ a^ix - l)a^ + . . . +ao(a?-l)a^*^+ . . . + a©, 

+ fl8(a;-l)a:'^ + . . . + fli(a?-l)aj*"''+ . . . + d,, 



+ 

+ ««• 

We now regard the vertical columns of this expression as 
successive terms in the polynomial ; the successive coefficients of 
jr""', 3f*^'^y &c., being 

flo (« - 1), (oo + «i) {iB - 1), (oo + ai + flj) («?-!)- «2, &o. 

Any value of a; greater than unity is sufficient to make positive 
every term in which no negative coefficient Os, Urj &c., occurs. 
To make the latter terms positive, we must have 



(flo + «i + flfa + • • • + dr-i) {x-\)> Gr, &C. 

Hence 

+ 1, .... a? > — + 1, &c. 



And to ensure every term being made positive, we must take 
tlie value of the greatest of the quantities found in this way. 
Such a value of Xy therefore, is a superior limit of the positive 
roots. 
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80. Practical Applications. — The propositions in the 
two preceding Articles fiimish the most convenient general 
methods of finding in practice tolerably doee limits of the 
roots. Sometimes one of the propositions will give the closer 
limit : sometimes the other. It is well, therefore, to apply 
both methods, and take the smaller limit. Prop. I. will nsnaDy 
be found the more advantageous when the first negative coef- 
ficient is preceded by several positive coefficients, so that r is 
large ; and Prop. II. when large positive coefficients occur before 
the first large negative coefficient. In general, Prop. II. will 
give the closer limit. We speak of the integer next above the 
number given by either proposition as the limit. 

Examples. 

1. Find a superior limit of the positiye roots of the equation 

ar* - 5x5 + 40j:a - Si? + 23 = 0. 
Prop. I. gives 8 -I- 1, or 9, as limit. 

Prop. II. gives + 1, or 6. Hence 6 is a superior limit. 

2. Find a superior limit of the positive roots of the equation 

«* + 3j;* + a:3 - 8*2 _ 6l:c + 18 = 0. 

Prop. I. gives ^b\ + 1 ; and 6 is, therefore, a limit. 

Prop. II. gives , — - + 1, and 12 is a limit. 

1 + 3 + 1 

In thi:i case Prop. I. gives the closer limit. 

3. Find a superior limit of the positive roots of 

«' + 4a;« - 3x« + 5i;* - 9x» - llr^ + 6x - 8 = 0. 
Of the fractions 

3 9 11 8 

r+4' 1+4 + 6* 1 + 4 + o' 1 + 4 + 5 + 6' 

the third is the greatest, and Prop. II. gives the limit 3. Prop. I. gives 6. 

4. Find a superior limit of the positive roots of 

3* + 20x^ + 4x* - 11x5 - 120z* + 133: - 25 = 0. 

Am, Both methods give the limit 6. 
6. Find a superior limit of the positive roots of 

4*'^ - 8^ + 22*3 + 98r2 - 73ar + 6 = 0. 

Ans. Prop. I. gives 20. Prop. II. givefl 3- 
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It is usually possible to determiue by inspectiou a limit 
cdoser thau that given by either of the preceding propositions. 
This method consists in arranging the terms of an equation in 
groups having a positive term first, and then observing what is 
the lowest integral value of x which will have the effect of render- 
ing each group positive. The form of the equation will suggest 
the arrangement in any particular case. 

6. The equation of Ex. 2 can be arranged as follows : — 

a:3 (^ _ 8) + X (3j3 - 61) + iP» + 18 = 0. 

4P = 3, or any greater number, renders each group positive ; hence 3 is a superior 
limit. 

7. The equation of Ex. 4 may be arranged thus : — 

a:* (x3 - 11) + 20a^{x? - 6) + 4ic« + 13x - 26 = 0. 
X = 3, or any greater number, renders each group positive ; hence 3 is a limit. 

8. Find a superior limit of the roots of the equation 

fl4 _ 4a4 + 33>p8 _ 2a; + 18 = 0. 
This can be arranged in the form 

a53(a53 _ 4iF + 6) + 2^x{X'-^i) + 18 = 0. 

Now the trinomial z' — 4z + 6, having imaginary roots, is positive for all values 
of X (Art. 12). Hence j; = 1 is a superior limit. 

The introduction in this way of a quadratic whose roots are imaginary, or of one 
with equal roots, will often be found useful. 

9. Find a superior limit of the roots of the equation 

5jr» - Tap* - lOx^ - 23x» - 90:r - 317 = 0. 

In examples of this kind it is convenient to distribute the highest power of x 
among the negative terms. Here the equation may be written 

a^(a;-7) + x3(j;2_io) + x2(aj?-23) + «(^-90) + iF»-3l7 = 0, 

so that 7 is evidently a superior limit of the roots. In this case the general methods 
give a very high limit. 

10. Find a superior limit of the roots of the equation 

«*-iF5~2jr»-4j?-24 = 0. 

When there are several negative terms, and the coefficient of the highest term 
unity, it is convenient to multiply the whole equation by such a number as wiU 
enable us to distribute the highest term among the negative terms. Here, multiply- 
ing by 4, we can write the equation as follows : — 

«»(« - 4) + a?» (z» - 8) + ar (x3 - 16) + ^- 96= 0, 
and 4 u a superior limit. The general methods give 26. 
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81. ProposltioM lO. — Any nwrnber whklh renderM poiiiwe 
the polynomial /{x) and aU its derived Junction8/i[x)f /%{x)j .. .fjp) 
M a superior Umit of the positive roots of the equatumf{x) «0. 

This method of finding limits is due to Newton. It is much 
more laborious in its application than either of the preoeding 
methods ; but it has the advantage of giving always vezy dofle 
limits ; and in the ease of an equation all whose roots are real 
the limit found in this way is, as will be subsequently proved, 
the next integer above the greatest positive root. 

To prove the proposition, let the roots of the equation 
/(a:) = be diminished by h ; then x-h^y, and 

If now h be such as to make all the ooeffidents 

f{h),A{h),A{h),...Mh) 

positive, the equation in y cannot have a positive root ; that is to 
say, the equation in x has no root greater than h ; henoe A is a 
superior limit of the positive roots. 

Example. 
f(x) s a?* - 2jpS - 3*« - 16* - 8. 

In applying Newton's method of finding limits to any example tlie general mode 
of procedure is as follows : — Take the smallest integral number which renders 
fit-\{^) positive ; and proceeding upwards in order to /i {x)^ try the effect of substi* 
tutiug this number for x in the other functions of the series. When any function 
is reached which becomes negative for the integer in question, increase the integer 
successively by units, till it makes that function positive ; and then proceed with 
the new integer as before, increasing it again if another function in the sexisi 
should become negative ; and so on, till an integer is reached which renders all tlie 
functions in the series positive. In the present example the series of functions is 

/ (x) «= x* - 2^3 - Zx'^ - \bx - 3, 

/,(i) = 4x3_62:2-6x-15, 
iMx) = 6^2 - 6j: - 3, 
lMx) = \x-2, 

-A-/4W = i. 



Inferior Limits ^ and Limits of the Negative Roots. 160 

Here 4P » 1 makes y^ («) poaitiye. We try then the effect of the substitutioa « s l 
ixkft{x). It makes /s(jr) negative. Increase by 1 ; and x^2 makes />(:?) positive. 
Try the effect otx = 2m.fi(x)\ it gives a negative result. Increase by 1 ; and 
s = 3 makes /i (x) positive. Proceeding upwards, the substitution a; = 3 makes 
y (s) negative ; and increasing again by unity, we find that « s 4 makes f(x) posi- 
tive. Hence 4 is the superior limit required. 

It is assumed in this mode of applying Newton's rule, that when any number 
makes all the derived functions up to a certain stage positive, any higher number 
will also make them positive ; so that there is no occasion to try the effect of the 
higher number on the functions in the series below that one where our upward 
progress Ib arrested. This is evident from the equation 

(taking ^(x) to represent any function in the series, and using the conmion notation 
lor derived functions), which shows that if ^ (a), ^'(a), ^''(a), . . . are aU positive, 
and A also positive, ^ (a + A) must be positive. 

It may bo observed that one advantage of Newton's method is that often, as in 
the present instance, it gives us a knowledge of the two successive integers between 
which the highest root lies. Thus in the present example, since /(x) is negative for 
X = 3, and positive for :c = 4, we know that the greatest root of the equation lies 
between 3 and 4. 



82. Inferior Idmlto, and lilmlto of the Mesmtlve 

I. — To find an inferior limit of the positive roots, the 

equation mnst be first transformed by the substitutionary -. 
Find then a superior limit h of the positive roots of the equation 
in y. The redprooal of this, viz. 7, wiU be the required inferior 
limit ; for since 

.11. 1 

y<h, - > Ty I.e. a?>T. 
y h h 

To find limits of the negative roots, we have only to trans- 
form the equation by the substitution a? = - y. This transfor- 
mation changes the negative into positive roots. Let the su- 
perior aDd inferior limits of the positive roots of the equation in 
^ be A and h\ Then - h and - h' are the limits of the negative 
roots of the proposed equation. 
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83. UmltliiK Equatloiis. — If all the real roots of the 
equation f\x) =0 could be founds it would be possible to determine 
the number of real root^ of the equation f{x) = 0. 

To prove this, let the real roots olf'(x) = be, in ascending 
order of magnitude, a', /3', y\ . . ,X \ and let the following series 
of values be substituted for xmf(x) : — 

— 00 , a', {i\ */',... X', + 00 . 

When any successive two of these quantities give results 
with different signs there is a root oif{x) =0 between them; 
and by the Cor., Art. 71, there is only one ; and when they 
give results with the same sign there is, by the same Cor., no 
root between them. Thus each change of sign in the results of 
the successive substitutions proves the existence of one real root 
of the proposed equation. 

If all the roots oif[x) = are real, it is evident, by the theorem 
of Art. 71 , that all the roots oif\x) = are also real, and that 
they lie one by one between each adjacent pair of the roots of 
f(x) = 0. In the same case, and by the same theorem, it follows 
that the roots oif\x) = 0, and of all the successive derived 
functions, are real also; and] the roots of any function lie 
severally between each adjacent pair of the roots of the function 
from which it is immediately derived. 

Equations of this kind, which are one degree below the 
degree of any proposed equation, and whose roots lie severafly 
between each adjacent pair of the roots of the proposed, are called 
limiting equatiom. 

It is evident that in the application of Newton's method 
of finding limits of the roots, when the roots olf(x) = are 
all real, in proceeding according to the method explained in 
Art. 81, the function y*(^) is itself the last which will be rendered 
positive, and therefore the superior limit arrived at is the integer 
next above the greatest root. 
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1. Prove that any derived equation /m(:r) = cannot have more imaginary roots, 
Imt may have more real roots, than the equation /(jt) = from which it is derived. 

From this it follows that if any of the derived functions be found to have 
imaginary roots, the same number at least of imaginary roots must enter the primi- 
tive equation. 

2. Apply the method of Art. 83 to determine the conditions that the equation 

«* - ^« + r = 
■hould have all its roots real. 

3. Determine by tbe same method the nature of the roots of the equation 

«* - nqx + (#1 - 1) r = 0. 

Ans. When n is even, the equation has two real roots or none, according as 
^ > or < r^i. 

When n is odd, the equation has three real roots or one, according as 
^» > or < r*-*. 

4. The equation i:i*(s - 1)** = has all its roots real ; hence show, by forming 
the M** derived function, that the following equation has all its roots real and un- 
equal, and situated between and 1 : — 

n . »(n— 1) n/n-l) _ . 
2fi 1.2 2n{2n- 1) 

5. Show similarly by forming the n*^ derived of (x* - 1)** that the following 
equation has all ita roota real and unequal, and situated between - 1 and 1 : — 

2n(2n-l) 1.2 2«(2#i-l)(2fi-2)(2«-3) 

6. If any two of the quantities /, m, n in the following equation be put equal to 
sero, show that the quadratic to which the equation then reduces is a limiting equa- 
tion ; and hence prove that the roots of the proposed are all real : — 

(x-fl)(x-*)(r-<?)-/»(r-tf)-m»(a;-4)-n*(a;-(?)-2/m» = 0. 



CHAPTER IX. 

SEPARATION OF THE ROOTS OF EQUATIONS. 

84. By the methods of the preoeding Chapter we are enabled to 
find limits between whioh all the real roots of any nnmerioal 
equation lie. Before proceeding to the actual approximatioa 
to any particular root, it is necessary to separate the interyal in 
which it is situated from the intervals which contain the remain- 
ing roots. The present Chapter will be occupied with certain 
theorems whose object is to determine the number of real roots 
between any two arbitrarily assumed values of the variable. It 
is plain that if this object can be effected, it will then be possible 
to tell not only the total number of real roots, but also the limits 
within which the roots separately He. 

The theorems given for this purpose by Fourier and Budan, 
although different in statement, are identical in principle. For 
purposes of exposition Fourier's statement is the more oon- 
\ enient, while with a view to practical application the statement 
of Budan will be found superior. The theorem of Sturm, although 
more laborious in practice, has the advantage over the preceding 
that it is unfailing in its application, giving always the exact 
number of real roots situated between any two proposed quan- 
tities ; whereas the theorem of Fourier and Budan gives only a 
certain limit which the number of real roots in the proposed 
interval cannot exceed. 

85. Theorem of Fourier and Budan. — Let two numbers 
a and h, of which a is (he less, be substituted in the series formed by 
fix) and its successive derived functions, viz,, 
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e number of real roots which lie between a and b cannot be greater 
an the excess of the number of changes of sign in the series when 
is substituted for x^ over the number of changes when b is sub' 
Uutedfor x; and when the number of real roots in the interval 
Us short of that difference^ it will be by an even number. 

This is the form in which Fourier states the theorem. 

It is to be imderstood here, as elsewhere, that, when we 
>eak of two numbers a and by of which a is the less, one or 
>th of them may be negative, and what is meant is that a is 
Barer than & to - oo . 

We proceed to examine the changes which may occur among 
le signs of the functions in the above series, the value of x 
sing supposed to increase continuously from a to &. The f ol- 
Kwing different cases can arise : — 

(1). The value of x may pass through a single root of the 
[nation f{x) = 0. 

(2) . It may pass through a root occurring r times in f(x) = 0. 

(3). It may pass through a root of one of the auxiliary 
motions /«, (a?) = 0, this root not occurring in either /,„_i (a?) = 

(4) . It may pass through a root occurring r times in/«(ir) = 0, 
ad not occurring in/«,_i (a?) = 0. 

In what follows the symbol x is omitted after / for con- 
snience. 

(1). In the first case it is evident, from Art. 75, that in passing 
irough a root of the equation f{x) = one change of sign is 
ifit ; f or / and Ji have unlike signs immediately before, and 
ke signs immediately after, the passage through the root. 

(2). In the second case, in passing through an r-multiple 
)ot oif{x) = 0, it is evident that r changes of sign are lost ; for, 
Y Art. 76, immediately before the passage the series of func- 
ons 

f fly fiy • • • fr-i9 fr 

ave signs alternately + and -, or - and +, and immediately 
fter the passage have all the same sign as f. 
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(3). In the third case, the root of /«»(^) - miut give to/»4 
and/m^i either like signs or unlike signs. Suppose it to giTe lib 
signs ; then in pa^^g through the root two ohanges of signal 
lost, for before the passage the sign of /«» is different firom thm 
like signs, and after the passage it is the same (Art. 76). S19- 
pose it to give unlike signs ; then no change of sign is lost^ for 
before the passage the signs of /^.i, y«, f^x must be dthcr 
+ + - , or - - + , and after the passage these beoome 
+ - -, and - + +. On the whole, therefore, we con- 
clude that no variation of sign can be gained, but two variatiooft 
may be lost, on the passage through a root of /mC^) = 0. 

(4). In the fourth case a; passes through a value (let lis say a) 
which causes not only/«» but also/«^n,/m+j, . . . ,/«Hr-i to vaniak 
It is evident from the theorem of Art. 76 that during the passage 
a number of changes of sign will always be lost. The definite 
number may be collected by considering the series of functions 

We easily obtain the following results : — 

{a), When/m.i(a) and/,»+r(a) have like signs : 

If r be even, r changes are lost. 
If r bo odd, r + 1 changes are lost. 

(6). When/,»_, (a) and/«,+r (a) have unlike signs: 

If /* bo even, r changes are lost. 
If r be odd, r - 1 changes are lost. 

We conclude, therefore, on the whole, that an even number of 
changes is lost during the passage through an r-multiple root 

It will be observed that (1) is a particular case of (2), and 
(3) of (4), /. e, when r = 1. Since, however, the cases (1) and (3) 
are those of ordinary occurrence, it is well to give them a sepa- 
rate classification. 

Heviewing the above proof, we conclude that as x increases 
from a to 6 no change of sign can be gained ; that for each 
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passage through a single root oif{x) ^ one change is lost ; and 
that under no eiroumstanoes except a passage through a root of 
y*(a;) = can an odd number of changes be lost. Hence the 
number of changes lost during the whole variation of x from 
tf to 6 must be either equal to the number of real roots of/ {x) « 
in the interval, or must exceed it by an even number. The 
theorem is therefore proved. 

86. Application of the Theorem. — The form in which 
the theorem has been stated by Sudan is, as has been abeady 
observed, more convenient for practical purposes than that just 
given. It is as follows : — Let the roots of an equation f{x) = 
be diminished^ first hy a and then hy J, %chere a and h are any tico 
numbers of which a is the less ; then the number of real roots be- 
iueen a and b cannot be greater than the excess of the number of 
e/ianges of sign in the first transformed equation over the number in 
the second. 

This is evidently included in Fourier's statement, for the 
two transformed equations are (see Art. 33) — 

/(«)+/.(«)y+-^y'+.-- + Y^§^„y-=o, 
/{*)+/.Wy +4!^ y' + -- - + 14^^ = 0; 

from which, assuming the results of the last Article, the above 
proposition is manifest. 

The reason why the theorem in this form is convenient in 
practice is, that we can apply the expeditious method of dimi- 
nishing the roots given in Art. 33. 

Examples. 

1 . Find the situations of the roots of the equation 

«« - 3«* - 2i«3 + 96«» - 46a: - 101 = 0. 
We shall examine this function for values of z between the intervals 

-10, -1, 0, 1 10; 

these numbers being assumed on account of the facility of calculation. Diminutioii 
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of the roots by 1 gires the fdUowiiig aeries of ooefficients of the tmifanDBl 
eqnatioQ: — 

1, 2, -26, 16, 66, -78. 

In diminiBhing the roots by 10, it is apparent at the rery oatset of the cs l c n k tinD 
that the signs of the coefficients of the transformed equation will be all positi?e;4D 
that there is no occasion to complete the calcuhition in this case. 

In diminishing the roots by — 10 and — 1, it is convenient to change the ahie^ 
nate signs of the equation, and HimiTiiab the roots by + 10 and + 1 ; and then is 
the result change the alternate signs again. The ooefficienta of the transfonud 
equation when the roots are diminished by — 1 are 

1, -8, -2, 189, -291, 60. 

In diminifthing by - 10 we obserre in the course of the operation, as before, tint 
the fdgns will be all positive in the result, t. e, when the alternate signa are chsn^ 
they will be alternately positive and negative. 

Hence we have the following scheme : — 

(-10) +- + - + - ^ 

(-1) + + - + 

(0) + - - + - - , the equation itself. 

(1) + + - + + - 

(10) + + + + + + 

These signs are the signs taken by/(dr) and the several derived functions /i,/st 
/s, /i, /s on the substitution of the proposed numbers : but it is to be observed that 
they arc here written, not in the order of Art. 85, but in the reverse order, viz., 

/by fiy A /a, /i, /. 

From these we draw the following conclusions : — ^All the real roots must lis 
between - 10 and -^ 10 ; one real root lies between — 10 and — 1, since one change 
of 8i<pi is lost ; one real root lies between — 1 and 0, since one change of sign is lost: 
no real root lies between and 1 ; and between 1 and 10, since three changes of agn 
are lo>t, there is at least one real root ; but we are left in doubt as to the nature of 
the other two roots : whether they are imaginary, or whether there are three real 
rootH between 1 and 10. 

Wo might proceed to examine, by further transformations, the interval between 
1 and 10 more closely, in order to determine the nature of the two doubtful roots: 
but it is evident that the calculations for this purpose might, if the roots werenesrly 
equal, become very laborious. This is the weak side of the theorem of Fourier tnd 
Budan. Both writers have attempted to supply this defect, and have given methods 
of determining the nature of the roots in doubtful intervals ; but as these methods 
are complicated, we do not stop to explain them ; the more especially as the theorem 
of Sturm effects fully the purposes for which the supplementary methods of Fourier 
and Budan were invented. 
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2. Analyse the equation of Ex. 1, p. 100, vix., 

«» + a53_2j;-l=0. 

The Toota of thisare aU real, and He between - 2 and 2 (see Ex. 6, p. 100). When- 
erer the roots of an equation are all real, the signs of Fourier's functions determine 
the exact number of real roots between any two proposed integers. We obtain the 
following result : — The roots lie in the intervals 

(-2, -1); (-1,0); (1,2). 

3. Analyse the equation of Ex. 3, p. 100, viz., 

a:* + a?* - 44P» - 3j?« + 3jf + 1 = 0. 

Am, Two roots in the interval (—2,-1), and one root in each 
of the intervals (- 1, 0) ; (0, 1) ; (1, 2). 

4 . Analyse the equation 

3^ - 80jc» + 1998a^ - 14937a; + 5000 = 0. 

The equation can have no negative roots. Diminish the roots by 10 several times 
in succession till the signs of the coefficients become all positive. We obtain the 
following result : — 



(0) 


+ - + 


- + 


(10) 


+ - + 


+ - 


(20) 


+ - 


+ + 


(30) 


+ + + 


- + 


(40) 


+ + + 


+ + 



Thus, there is one root between and 10, and one between 10 and 20 ; no root 
between 20 and 30. Between 30 and 40 either there are two real roots, or there is 
an indication of a pair of imaginary roots. That the former is the case will appear 
by diminishing the roots of the third transformed equation by units. This process 
will separate the roots, which will be found to lie between (2, 3) and (4, 5) ; so that 
the proposed equation has a third real root in the interval (32, 33), and a fourth in 
the interval (34, 35). 

87. Appllcatloii of the Theorem to Imaijlnaxy 
Roots. — Since there exist only n changes of sign to be lost in 
the passage of x from - oo to + oo , if we have any reason for 
knowing that a pair of changes is lost during the passage of x 
through an interval which includes no real root of the equation, 
we may be assured of the existence of a pair of imaginary roots. 
CircimiBtanoes of this nature will arise in the application of 
Fourier's theorem when any of the transformed equations con- 
tain vanishing coefficients. For we can assign by the principle 
of Art. 76 the proper sign to this coefficient, corresponding to 

N 
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values of x immediately before and immediately after that value 
which causes the coefficient to vanish ; the whole interval being 
so small that it may be supposed not to include any root of the 
equation f{x) = 0. 

Examples. 

1. Analyse the equation 

f{x) = a:* - 4x3 - 3* + 23 = 0. 

We shall examine this function hetween the intervals 0, 1 , 10. The transfonned 
equations are 

^fi (0) J^ + i/3 (0) x^ + i/, (0) x^ +/i (0) X +/ (0) = 0, 

^\-/4(1)j:*+ 4/3(1)0:' + J/2 (l)r»+/,(l)«+/(l) = 0, 

^,-/4(10)z*+U3(10)a:' + i/2(10)r^+/i(10)j;+/(10) = 0, 

tlic first of these heing the proposed equation itself. 

Making the calculations by the method of the preceding Article, we find that the 
coefficient /a (1) = 0, and we have the following scheme : — 



(0) 


+ - - + 


(1) 


+ - - + 


(10) 


.+ + + + + 



We may now replace each of the rows containing a zero coefficient by two, the 
fii-^^t corresponding to a value a little less, and the second to a value a little greater, 
than that which gives the zero coefficients ; the signs being determined by tbe 
principle established in Art. 76. It must be remembered that in the above scheme 
the signs representing the derived functions are written in the reverse order to th«t 
of the Article referred to. The scheme will then stand as follows, using A to rq)re- 
sent a very small positive quantity : — 



(0) 




- /* + - + - + 

+ A + - - - + 

+ - - - + 
-f + - - + 

(10) + + 4- + + 

In this scheme the signs corresponding to - A and + A are deteimined by the 
condition that the sign of the coefficient which is zero when ;r es must, when 
a; = — A, be different from that next to it on the left*hand side ; and when 4; = + A 
it must be the same. The signs corresponding to 1 — A and 1 + A are detenniofid 
in a similar manner. 
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r since a pair of changes is lost in the interval (— h, ^■ A), and since the 
a has no real root between — h and + A, we have prored the existence of a 
imaginary roots. Two changes of sign are lost between 1 + A and 10, so 
s interval either includes a pair of real roots, or presents an indication of a 
imaginary roots. Which of these is the case remains still doubtful, 
f several coefficients vanish, we may be able to establish the existence of 
pairs of imaginary roots. This will appear from the following example : — 

ar« - 1 = 0. 

• signs corresponding to — A and + A are, by the theorem of Art. 76, 

(-A) +_ + _ + __ 

(+ /i) + + + + + + - 

ice, since no root exists between - A and + A, and since 4 changes of sign 
in passing from a value very little less than to one very little greater, we 
ired of the existence of two pairs of imaginary roots. The other two roots 
his case plainly real (see Art. 14). 
) number of imaginary roots in any binomial equation can be determined in 

Find the character of the roots of the equation 

x^ + IOjtS + a: - 4 = 0. 

passing from a small negative to a small positive . value of x we obtain the 
Qg series of signs : — 



(-A) 


+ - + - + + - + - 


(0) 


+ 0000+0 + - 


(+A) 


+ + ++ + + + + - 



ce six changes of sign are here lost, there are six imaginary roots. The 
ing two roots are, by Art. 14, real : one positive, and the other negative, 
gative root lies betwen - 2 and — 1, and the positive between and 1. 
Analyse completely the equation 

ire are two imaginary roots. Whenever, as in the present instance, the roota 
ipriscd within small limits, it is convenient to diminish by successive units. 
( way we find here a root between and 1, and another between 1 and 2. 
ding to negative roots, we find on diminishing by - 1 that — 1 is itself a root, 
iting down the signs corresponding to a value a little greater than - 1, we 
3 an indication of a second negative root between — 1 and 0. 
Analyse the equation 

a:* + ar* -I- ap^ - 26a; - 36 = 0. 

ere are two imaginary roots ; one real positive root between 2 and 3 ; and two 
gative roots in the intervals (- 3, - 2), (- 2, - 1). 

n2 
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88. Corollaries fk'om the Theorem of Fourier aad 
Bodan. — The method of detecting the existence of imaginary 
roots explained in the preceding Article is called Hie Rule of 
the Double Sign. A similar rule, due to De Cfna^ was in 
use before the discovery of Fourier's theorem. This rule and 
Descartes' Rule of Signs are immediate corollaries from the 
theorem, as we proceed to show. 

Cor, 1. — De Gud*B Rule for finding Imaginary Roots, 

The rule may be stated generally as follows : — When 2m suc- 
cessive terms of an equation are absent y the equation has 2m imaginary 
roots ; and ichen 2m + 1 successive terms are absent^ the equation 
has 2m + 2, or 2m imaginary rootSj according as the two terms be- 
tween uhich the deficiency occurs have like or unlike signs. This 
follows, as in case (4), Art. 85, by examining the number of 
changes of sign lost during the passage of x from a small nega- 
tive value - A to a small positive value h. 

Cor. 2. — Descartes^ Rule of Signs. 

When is substituted for x in the series of functions 

/«W,/n-i(^), . . 'f{^)yM^)yf{^)y til® signs are the same as the 
signs of the coefficients ao, ati, 02, . . . «rn»i, an> of the proposed 
equation ; and when + ao is substituted the signs are all positive. 
Fourier's theorem asserts that the number of roots between 
these limits, viz., the number of positive roots, cannot exceed the 
number of variations lost during the passage from to + 00, 
that is the number of changes of sign in the series ^o, ffi, <?2 . . . ^» 
This is Descartes' rule for positive roots ; and the similar rule 
for negative roots follows in the usual way by changing the 
negative into positive roots. 

Cor. 3. — Newton'* s Method of finding Limits. 

When a number h has been found which renders positive 
each of the functions /„(ir),y*„_i(.r), . . . f2{x), fi{x)y f{x) ; since 
+ 00 also renders each of them positive, it follows from Fourier's 
theorem that there can be no root between h and + 00 , that is to 
say, A is a superior limit of the positive roots; and this is 
Newton's proposition (Art. 81). 
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89. Storm's Theorem. — We have already shown (Art. 74) 
that it is possible by performing the common algebraical operation 
of finding the greatest common measure of a polynomial f {x) 
and its first derived polynomial to find the equal roots of the 
equation /(d;) = 0. Sturm has employed the same operation for 
the formation of the auxiliary functions which enter into his 
method of separating the roots of an equation. 

Let the process of finding the greatest common measure of 
/(x) and its first derived be performed. The successive re- 
mainders will go on diminishing in degree till we reach'^finally 
either one which divides that immediately preceding without 
remainder, or one which does not contain the variable at all, 
i.e. which is numerical. The former is, as we have already 
seen, the case of equal roots. The latter is the case where no 
equal roots exist. It is convenient to divide the discussion of 
Sturm's theorem into these two cases. We shall in the present 
Article consider the case where no equal roots exist ; and pro- 
ceed in the next Article to the case of equal roots. The per- 
formance of the operation itself will of course disclose the class 
to which any particular example is to be referred. 

The auxiliary functions employed by Sturm are not the 
remainders as they present themselves in the calculation, but 
the remainders tcith their signs changed. In finding the greatest 
common measure of two expressions it is indifferent whether the 
signs of the remainders are changed or not : in the formation 
of Sturm's auxiliary functions the change is essential. It is 
convenient in practice to change the sign of each remainder 
before making it the next divisor. 

Confining our attention for the present, therefore, to the case 
where no equal roots exist, Sturm's theorem may be stated as 
follows : — 

Theorem. — Let any two real qu<xntities a andb be substituted 
for X in the series of $i + 1 functions 

ronaihting of the giren poIf/nomfrrlf{.r), its first derived f{x), and 
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the mccesme remainders {irith their signs changed) in the proem 
of finding the greatest common measure off{x) andfi{x) ; then the 
difference between the number of changes of sign in the series vhen 
a is substituted for «•, and the number when b is substituted for i 
cjrpresses exactly the number of real roots of the equationf(x)=^ 
heticcen a and b. 

Tlie mode of formation of Sturm's fiinotions suppli^ the 
following series of equations, in which ^i, q-y * . • qm-i represent 
tlie successive quotients in the operation : — 



fr-l W = grM^) -frjx), 



(1) 



./*n-2 {x) = qn-lfn-l{^) -fn[x). 

These equations involve the theory of the method of finding 
the greatest common measure ; for it follows from the first equa- 
tion that if /(^) and/i(a;) have a common factor, this must be 
a factor in/2(a:) ; and from the second equation it follows, by 
like reasoning, that the same factor must occur in/3(ar) ; and so 
cm, till we come finally to the last remainder, which, when/(^) 
and/i(;r) have common factors, will be a polynomial consisting 
of these factors. In the present Article, where we suppose the 
given polynomial and its first derived to have no common 
factor, the last remainder /n(;r) is numerical. It is essential for 
the proof of the theorem to observe also, that in the case now 
under consideration no two consecutive functions in the series 
can have a common factor ; for if they had we could, by reason- 
ing similar to the above, show from the equations that this fac- 
tor must exist also in/(i*) and/i(a') ; and such, according to our 
hypothesis, is not here the case. In examining, therefore, what 
changes of sign can take place in the series during the passage 
of X from a to h, we may exclude the case of two consecutive 
functions vanishing for the same value of the variable ; and the 
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different cases in which any change of sign can take place are 
the following : — 

(1). When X passes through a root of the proposed equation 
/(;r) = 0: 

(2). When x passes through a value which causes one of the 
auxiliary functions /i,/2, . . ./n-i to vanish : 

(3). When x passes through a value which causes two or 
more of the series/,/,, . . ./„_i to vanish together; no two of 
the vanishing functions, however, heing consecutive. 

(1). When X passes through a root oif{x) = 0, it follows from 
Art. 75 that one change of sign is lost, since immediately before 
the passage /(ar) and /(a*) have unlike signs, and immediately 
after the passage they have like signs. 

(2). Suppose X to take a value a which satisfies the equation 
/r(d') = 0. From the equation 

fr-l(x) = qrMx) -fr^i{x) 

we have /r-i(a) = -/r+i(a), 

which proves that this value of x gives U)fr.\(x) and/r+i(ip) the 
same numerical value with different signs. In passing from a 
value a little less than a to one a little greater, we can suppose 
the interval so small that it contains no root oifr-\{x) or/r+i(ar) ; 
hence, throughout the interval under consideration, these two 
functions retain their signs. If the sign olfr{x) does not change 
(as will happen in the exceptional case when the root o is re- 
peated an even number of times) there is no alteration in the 
series of signs. In general the sign of fr{x) changes, but no 
variation of sign is either lost or gained thereby in the group of 
three ; because, on account of the difference of signs of the two 
extremes /r_,(ir) and/r*i(ar), there will exist both before and after 
the passage one variation and one permanency of sign, whatever 
be the sign of the middle function. If, for example, before the 
passage the signs were + — ; after the passage they are + + -, 
« . e, a variation and a permanency are changed into a perma- 
nency and a variation ; but no variation of sign is lost or gained 
on the whole. 
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(3). Since the reasoning in the previons cases is founded <m 
the relations of the function to those adjacent to it only ; and 
since those relations remain unaltered in the present case, lie- 
cause no two adjacent functions vanish together, we oondndd 
that if/(^) is one of the vanishing functions, one change of sign 
is lost, and if not, no change is either lost or gained. 

We have proved, therefore, that when x passes through a 
root oif(x) = one change of sign is lost, and under no other 
circumstances is a change of sign either lost or gained. Hence 
the number of changes of sign lost during the variation oii 
from a to h is equal to the number of roots of the equation be- 
tween a and h* 

Before proceeding to the case of equal roots, we add a few 
simple examples to illustrate the application of Sturm's theo- 
rem. It is convenient in practice to substitute first - ao, 0, 
+ 00 in Sturm's functions, so as to obtain the whole number of 
negative and of positive roots. To separate the negative roots, 
the integers -1,-2,-3, &c., are to be substituted in succession 
till we reach the same series of signs as results from the substitu- 
tion of - 00 ; and to separate the positive roots we substitute 
1, 2, 3, &c., till the signs furnished by + oo are reached. 

Examples. 

1. Find the number and situation of the real roots of the equation 

/(x)=a^-22:-6.= 0. 
We find /i (r) = Sx' - 2, f2[x) = 4x + 16, Mx) = - 643. 

Corresponding to the values — oo , 0, + oo of a?, we have 

(_oo) - + _ _ 

(0) - - + -, 

(+ cc ) + + + _. 

Iloncc there is only one real root, and it is positive. 



* The student often finds a difficulty in perceiving in what way a number of 
changes of sign can be lost in Sturm^s series, since the only loss of sign takes place 
between the first two functions, f{x) and f\ (x). It may tend to remove this diffi- 
culty to observe, that as x increases from one root a of f(x) = to a second ^. 
although no alteration takes place in the number of changes of sign, the distributm 
of the signs among /i (or) and the foUo^dng functions alters in such a way that the 
signs of f{x) and /i (jt), which were the same immediately after the passage of / 
through a, become again different immediately before the passage through fi. 
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Again, corresponding to yalaes 1, 2, 3 of x, we have 

(1) - + + -, 

(2). - + + -, 
(3) + + + -. 

?he real root, therefore, lies between 2 and 3. 

2. Find the number and situation of the real roots of the equation 

«* - 7« + 7 = 0. 
^e easily obtain 

/i(a:) = 3z«-7,- 

f2{x) = 2« - 3, 
rhence 

(-00) - + - +, 

(0) + +, 

(+oo) + + + +. 

Hence all the roots are real : one negative, and two positive. 
We have, further, the following results : — 



(-4) 


- + - +, 


(-3) 


+ + - +. 


(-2) 


+ + - +, 


(-1) 


+ - - +, 


(1) 


+ - - +. 


(2) 


+ + + +. 



Here — 4 and + 2 give the same series of signs as — oo and + ao ; hence we stop at 
these. The negative root lies between — 4 and - 3 ; and the two positive roots 
between 1 and 2. 

This example illustrates the superiority of Sturm's method over that of Fourier. 

The substitution of 1 and 2 in Fourier's functions gives, as can be immediately 
verified, the following series of signs : — 

(1) + - + +, 

(2) + + + +. 

From Fourier's theorem we are authorised to conclude only that there cannot be 
more Chan two roots between 1 and 2. From Sturm's we conclude that there are 
two roots between 1 and 2. If we have occasion to separate these two roots, wo 
must, of course, make further substitutions in /(a;). 

3. Find the number and situation of the real roots of the equation 

jc4 _ 2x3 - 3i:» + lOx - 4 = 0. 
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We obtain, removing the factor 2 from the derived, 

/i {x) = 2x» - 3jr* - 3a; + 5, 
/3(j:)=9a;'-274f+ll, 

/4W = -1433. 

[N.B. — In forming Sturm's functions it is allowable, as is evident from the 
equations (1), Art 89, to introduce or suppress numerical factors just as in the 
pnx'ess of finding the o. c. m. ; taking care, however, that these are potitivty so tht 
the signs of the remainders are not thereby altered.] 

"We have the following series of signs : — 



(-«) 


+ - + + 


(0) 


- + + - 


(+00) 


+ + + - 



Hence there are two real roots, one positive, and one negative and two imagiiiarj 
roots. To find the position of the real roots, it is sufficient to substitute positiTe 
and negative integers successively in/(j:) alone, since there is only one positive and 
otie negative root : we easily find in this way that the negative root lies-between 
— 2 and - 3, and the positive root between and 1. 

90. Sturm's Theorem. Equal RcMits. Let the opera- 
tion for finding the greatest common measure of/ (a?) and/'(j) 
be performed, the signs of the successive remainders being 
changed as before. The last of Sturm's functions will not now 
be numerical, for since f{x) and /('a;) are here supposed to con- 
tain a common measure involving ir, this will now be the last 
fimction arrived at by the process. Let the series of functions 

During the passage of x through any value except a multiple root 
oif{x) = 0, the conclusions of the last Article are still true with 
respect to the present series, since no value except such a root 
can cause any consecutive pair of the series to vanish. When x 
passes through a multiple root oif{x) = 0, there is, by the Cor., 
Art. 75, one change of sign lost between/ and /i ; and we pro- 
ceed to prove that no change of sign is lost or gained in the rest 
of the series, viz./i,/, ..../. Suppose there exists an m-mul- 
tiple root a oif{x). It is evident from the equations (1) of Art. 89, 
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hat [x - a)"^* is a factor in each of the functions/i, f> , . . .fr. 
Liet the remaining factors in these functions be, respectively, 
►i, 02, ... . 0r. By dividing each of the equations (1) by 
X - a)"*'\ we get a series of equations which establish by the 
reasoning of the last Article that, owing to a passage through a, 
no change of signs is lost or gained in the series 0i, ^j, . . . . ^r. 
Neither, therefore, is any change lost or gained in the series 
^1. /=, • . • fr ; for the effect of the factor {x - a)*""^ in the passage 
Df X from a value a - A to a value a + A is either to change the 
signs of all (when m- 1 ib odd) or of none (when m - 1 is even) 
of the functions 0i, ^2, . . . . ^r ; and changing the signs of all 
these fimctions cannot increase or diminish the number of 
variations. 

We have therefore proved that when x passes through a 
multiple root oi/{x) = one change of sign is lost between/ and 
/"„ and none either lost or gained in any other part of the series. 
It remains true, of course, that when x passes through a single 
root of/ (a?) = a change of sign is lost as before. We may thus 
state the theorem as follows for the case of equal roots : — 

The difference between the mmiber of changes of sign when a and h 
are substituted in the series 

the last of these being the greatest common measure off and f, is 
equal to the number of real roots beticeen a and 6, each multiple 
root counting only once. 

Examples. 

1 . Find the nature of the roots of the equation 

X* - 6a:3 + 9a:« - 72: + 2 = 0. 
We easily obtain 

fi{x) = 4x3 - 15^2 ^ 18^ _ 7^ 

/2 {x) divides f\ (x) without remainder ; hence in this case Sturm's series stops at 
/2(x), thus establishiDg the existence of equal roots. 
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To find the number of real roots of the equation, we sdbadtiite — ao and + « 
for X in the series of functions /, /i, /2. The result is 

(_oo) + - +, 

(+ « ) + + + . 

Hence the equation has only two real distinct roots ; but one of these is a triple lOOt, 
as \a cWdent from the form of/s(x), which is equal to (x — 1)'. 

2. Find the nature of the roots of the equation 

jr* - 6x» + 13^ - 12x + 4 = 0. 
Here 

/i (x) = 4j:» - 18j;» + 26x - 12, 

/2(j:)=x2-3jr + 2; 
/2 [x) is the last Sturmian function ; so the equation has equal roots. 

(-00) + - +, 

(+oo) + + +. 

There are only two real distinct roots. In fact, since /s (^) — (^ - ^){^ — 2)» each of 
tlio roots 1, 2 is a double root. 

3. Find the nature of the roots of the equation 

a:* + 2x*+a:'-«*-2ir-l=0. 
Here 

/i = 6x* + 8«* + 3*2 - 2x - 2, 

/a = 2x3 + 7jp* + 12j? + 7^ 
/a = - a:- - 6x - 5, 
/« = - ^ - 1, 

Since /s = 0, a: + 1 is a common measure of/ and/i, and/(d;) has a double root - 1- 

"We have also 

(-«) _ + _-+, 

(+00) + + -I- _ _. 

Hence there are two real distinct roots. The equation has, therefore, beside the 
double root, one other real root, and two imaginary roots. 

4. Find the nature of the roots of the equation 

x'^ - 7z^ + 15a;* - iOx^ + iSx - 16 = 0. 
Here 

/i [x) = 62:* - 35z* + COjc* - 80jp + 48, 

fiiz) = 13^* - 84r*+ 192ar» - 176a; + 48, 

/^(x) =x^- Gx' + 12a; - 8 = (x - 2)'. 

Afis. There are three real distinct roots, one of them being quadruple. 
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/ ; 

91. Application of Storiu's Theorem. — ^In the case of 

M^nations of high degrees the calculation of Sturm's auxiliary 
Panotions becomes often very laborious. It is important, there- 
Fore, to pay attention to certain observations which tend some- 
nrhat to diminish this labour. 

(1). In calculating the final remainder when it is numerical, 
since its sign is all we are concerned with, the labour of the last 
3peration of division can be avoided by the consideration that 
the value of x which causes /,»_i to vanish must give opposite 
signs to/n^2 and /„. It is in general possible to tell without any 
calculation what would be the sign of the result if the root of 
^i»-i(«f) = were substituted in/«.a(a?). Thus in Ex. 3, Art. 89, if 

g 

the value - q, which is the root of fi[x) = 0, be substituted 

o 

for xm9a^ - 21 x + 11, the result is evidently positive; hence 
the sign oifn(x) is -, and there is no occasion to calculate the 
value - 1433 given for/n(a?) in the example in question. 

(2). When it is possible in any way to recognize that all the 
roots of any one of Sturm's functions are imaginary, we need 
not proceed to the calculation of any function beyond that one ; 
for since such a function retains constantly the same sign for all 
values of the variable (Cor. Art. 12), no alteration in the number 
of changes of sign presented by it and the following functions 
can ever take place, so that the difference in the number of 
changes when two quantities a and h are substituted is indepen- 
dent of whatever variations of sign may exist in that part of 
the series which consists of the function in question and those 
following it. With a view to the application of this observation 
it is always well, when we arrive at the quadratic function 
(ao^ + 6a: + c, suppose), to examine, in case the term containing 
r* and the absolute term have the same sign (otherwise the roots 
could not be imaginary), whether the condition 4flrc > 6' is ful- 
filled ; if so, we know that the roots are imaginary, and the cal- 
culation need not proceed farther. 

Similar observations apply to the case where one of the 
functions is a perfect square, since such a function cannot change 
its sign for real values of x. 
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Examples. 

1 . Analyse the equation 

X* + 3** + 7«» + 10* + 1 = 0. 

We find 

/8(j?) = - 29*2 _ 78^^.14^ 

/j(jr) = - 1086^-481, 

/*w = -. 

Here we see immediately that the yalue of x given by the equation fz{x) ~ 
which differs little from — }, makes fiix) positive ; hence f^{r) is negatiTe 
There are two real, and two imaginary roots. The real roots lie in the interral 
{-2,-1}, {-1,0}. 

2. Analyse the equation 

z« - 4x» - 3* + 23 = 0. 

We find 

/2(x) = 12j:» + 9j:-89, 

/3(x) = -491x+137l, 

Here Mx) = gives z = -^ > j^ > 2-74 > -, and x = - makes 

/2(^) positive ; hence the root of /s(d?) makes it positive also. 
There are two real and two imaginary roots. 
The real roots lie in the intervals {2, 3}, {3, 4}. 

3. Analyse the equation 

2x* - 13x2 ^ iQjp _ 19 = 0. 

Here fi{x) = iz^ - 13* + 5, 

/2(i:) = 13i?-l5x + 38. 

Since 4 x 13 x 38 > 15^, the roots of /{(x) are imaginary, and we proceed no 
farther with the calculation of Sturm's remainders. 
Substituting — <» , 0, + <» , we obtain 

(-00) + - +, 

(0) - + +, 

(+oo) + + +. 

There are two real roots, one positive, the other negative. 

4. Analyse the equation 

fix) = a^ + 247* + «3 - 4x« - 3x - 6 = 0. 
Here 

fiiz) = 6x* + 8x8 + 8*8 - 8* - 3, 

/2 (x) = 6x5 + 66x» + 44x + 119, 
/3(x) = - 116x8 - 57^ _ 223. 
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Since 4 x 116 x 223 > bV, we may stop the cakalation here. We find, on 
ubstituting - « , 0, + oo , 

(-«) - + - -, 

(0) - - + -, 

(+00) + + + _. 

There are four imaginary roots, and one real positiye root. 

o. Find the number and situation of the real roots of the equation 

X* - 2j:' - 7x' + lOj? + 10 = 0. 

Ant, The roots are all real, and are situated in the intervals 
{-3,-2}, {- 1, 0}, and two between {2, 3}. 

6. Analyse the equation 

jc* + 3j:* + 2i:» - 3j?' - 2a; - 2 = 0. 

It will be found that the calculation may coase with the quadratic remainder. 

An8. There is only one real root : in the interval {1, 2 }. 

7. Analyse the equation 

z5+ 11^2 - 102i; + 181 = 0. 

We find f% (x) = 864* - 2761, 

Mx) = 441. 

In some examples, of which the present is an instance, it is not easy to tell 
immediately what sign the root of the penultimate function gives to the preceding 
function. We have here calculated fz{x)f and it turns out to be a much smaller 
number than might have been expected from the magnitude of the coefficients inf^ix) . 
[n fact when the root otfi{x) is substituted in/i {x) the positive part is nearly equal 
to the negative part. This is always an indication that two roots of the proposed 
equation are nearly equal. There are in the present instance two positive roots be- 
tween 3 and 4. Subdividing the intervals, we find the two roots still to lie between 
3*2 and 3*3 ; so that they are very close together. We see here another illustra- 
tion of the contiauity which exists between real and imaginary roots. If /3(4r) 
turned out to be zero, the roots would be actually equal. If it turned out to be a 
small negative number, the two nearly equal roots would be imaginary. 

8. Analyse the equation 

a;* + «* + «'-2a;« + 2a;-l=0. 

The quadratic function is found to have imaginary roots. 

Am. One real root between {0, 1}; four imaginary roots. 
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9. AnalTse the equation 

^ _ 6jc» - 30«» + 12x - 9 = 0. 
We find 

/8(ar) = 6«* + 20*» + 7; 

and as this has plainly all imaginary roots, the calculation may stop here. 

Ant. Two real roots ; in the intervals {-2, - 1 }, {6, 7). 

10. Analyse the equation 

2«« - l&r» + 60j:* - 120«» - SOc* + 18x - 6 = 0. 

We find 

/i(x) = 6j:* + 220«> + 1; 

and the calculation may stop. 

Ant. Two real roots ; in the intenrals {— 1, 0}, {5, 6). 

11. Examine how the roots of the equation 

2x3 + 15^1 _ 84x - 190 = 

are situated in the several intervals between the numbers — oo , — 7, 6, + « . 
Here /i(a?) = r* + 6j;- 14, 

/3(a:) = 27j: + 40, 

/s W = +. 
The substitution of the above quantities gives 



(-«) 


— 


+ 


— 


+, 


(-7) 


+ 





— 


-I-, 


(6) 


-f 


-f 


+ 


+ , 


(+») 


+ 


+ 


+ 


+ . 



Whenever, as in this example, any quantity makes one of the aoxiliaTy fosctioDS 
vani^h (here — 7 satisfies f\ (x) = 0), the zero may be disregarded in counting the 
number of changes of sign in the corresponding row ; for, since the signs on eack 
side of it are different, no alteration in the number of changes of sign in the rov 
could take place, whatever sign be supposed attached to the vanishing quantity. 

The roots are all real. There is one root between — to and - 7 ; and two be- 
tween — 7 and 6. 

1 2. Analyse the equation 

3a^ - 6x2 - 8a; - 3 = 0. 
We find 

/i(j) = 3x3-3a;-2, 

f2{x) ^ {X -^ \)\ 
As /2 (x) is a perfect square the calculation may cease. 

Ant. Two real roots ; in the intervals {— 1, 0}, {1, 2}. 
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92. Conditions for tho Reality of the Roots of an 
iqaatlon. — The number of Sturm's functions, including 
'x)yf\x) and the » - 1 remainders, will in general be n + 1. 
Q certain cases, owing to the absence of terms in the proposed 
inction, some of the remainders will be wanting. This can 
3cur only when the proposed equation has imaginary roots ; f oi 
is plain that, in order to insure a loss of n changes of sign in 
le series of functions during the passage of x from - cx) to + oo 
lamely, in order that the equation should have all its roots 
3al), all the functions must be present. And, moreover, they 
lust all take the same sign when a; = + oo ; and alternating 
^;ns when ^ = - oo . Since the leading term of an equation is 
Iways taken with a positive sign, we may state the condition 
)r the reality of all the roots of any equation (supposed not to 
ave equal roots) as follows : — In order that all the roots of an 
juation of the ;*'* degree should be realy the leading coefficients of 
U Stunn^s remainderSj in number n - 1, must be positive. 

EXAKPLES. 

1 . Find the condition that the roots of the equation 

ojt" + 23* + <j = 
bould be real and unequal. 

Ant. i^ — ac>0. 

2. Find the conditionfl that the roots of the cubic 

«> + 3Ez + flf = 

Ivmld be all real and unequal. 

When this cubic has its roots all real, it is eyident that the 'general cubic from 

'hich it is derived (Art. 36) has also its roots all real ; so that, in investigating the 

mditions for the realitj of the roots of a cubic in general, it is sufficient to discuss 

tie form here written. 

We find 

/,(«) = r» + JT, 

[In calculating these, before dividing /i («) by /2(«), multiply the former by the 
ositive factor 22P.] 

Hence the required conditions are, JT negative and (?* + 4i3^ negative. 

These can be expressed as one condition, viz., O^ + 4J3^ negative, since this 
nplies the former (of. Art. 43). 

O 
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3. Calculate Sturm's remainders for the biquadratic 

z* + 6Sz^ + 40m + a»/- ZH* = 0. 

We find 

ft («) -X - 3Jr«» -ZOz- («»/ - Sff*), 

/3(z) = - (2Jr/- 3a/)» - O"/, 

/4(r) = /»-27J'. 

These arc obtained without much difficulty by aid of the identity of Art ST. 
Before dividing /i by /j, multiply by the positive factor 3S* ; and when the re- 
mainder is found, remove the positive factor a*. Before dividing /s by /s, multxph 
by the positive factor {'2HI — 3a/)' ; and when the remainder is fonnd, remors tk 
positive factor a- IH. 

93. Conditions for the Reality of the Koots of a 
Biquadratic. — In order to arriye at criteria of the nature of 
the roots of the general algehraio equation of the fourth degree 
by Sturm's method, it is sufficient to consider the equation of 
Ex. 3 of the preceding Article. By aid of the forms of the 
leading coefficients of Sturm's remainders there calculated, we 
can write down the conditions that all the roots of a biquadratic 
should be real and unequal in the form 

H ncgaiivcy 2III- 3a J negative, P - 27 tP positive. 

It will be observed that the second of these conditions is 
different in form from the corresponding condition of Art 68. 
To show the equivalence of the two forms it is necessazy to 
prove that when II is negative and A positive, the further con- 
dition 2III - 3a J negative implies the condition a^I - 125' 
negative, and conversely. From the identity of Art 37, 
written in the form - jff(a»/- 12S'') » a* (2fi7 - Sa./^ - 3GP, 
it readily appears that when S and 2HI - 3a J are negative 
a^I - 122Z* is necessarily negative. And to prove the convene 
we observe that when a J is positive 2HI - 3aJ is negative, 
since / is positive on account of the condition A positive ; and 
when aJ is negative 2HI - 3aJ is still negative, since the 
negative part 2III exceeds the positive part - 3a J", as may he 
readily shown by the aid of the inequalities 12J2* > a^I and 
P > 27 J\ 

The student will have no difficulty in verifying, by means 
of Sturm's functions, the remaining conclusions arrived at in 
the different cases of Art. 68. 
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Examples. 

1. Apply Budan's method to separate the roots of the equation 

X* - 16-r' + 69a;» - 70* - 42 = 0. 

Am. Boots in intervals {- 1, 0}, {2, 3}, {4, 6}, {9, 10}. 

2. Apply Sturm's theorem to the analysis of the equation 

4F* - 4x» + 7«* - 6* - 4 = 0. 

In analysing a biquadratic of this nature which has plainly two real roots, when 
Sturmian remainder is reached whose leading coefficient is negative, the calculation 
cease; since the other pair of roots must then be imaginary, and the positions 
of the real roots can be readily found by substitution in the given equation. 

Am. Two roots imaginary ; real roots in intervals {- 1, 0}, {2, 3}. 

3. Analyse in a similar manner the equation 

««-64f»+ 10x3 -6x- 21=0. 

Am. Two roots imaginary; real roots in intervals {- 1, 0}, {3, 4}. 

4. Apply Sturm's theorem to the analysis of the equation Xot^ -^ 7 X ^ 4 X * ? ^. 

«*4-3ar»-«»-3i:+ll = 0. ^3 Z. -HHV ^^i 

Ant, Boots all imaginary. . 

5. Find by] Sturm's method the number and position of the real roots of thcr ^ ^ 

equation 

sfi - lOi:^ + 6* + 1 = 0. 

Am. Boots all real ; one in the interval {^4, — 3 (; two in the interval 
\{-l, 0}; and positive roots in the intervals {0, 1}, {3, 4}. 

6. If, in the following, the sequences of 'signs are those of the leading coef- 
ficients of Sturm's remainders for a biquadratic, prove 



+ + + four real roots ; 





no real root; - + - cannot occur. 



7. If .the signs of the leading coefficients of the first two of Sturm's remainders 
for a quintic be — +, prove that the nui^ber of real roots is determined. 

Am. One real root only. 

8. If IT and /are both positive, prove that all the roots of the biquadratic are 
imaginary ; and that under the same conditions the quintic written with binomial 
4X)efficienti has^only one real root. Mr. M. Boberts, Dublin Bxam, Fapert, 1862. 

o2 
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9. Prove that, if c haa any value except unity, the equation 

tf»«* - 2<^j^ + 2jr - 1 = 

has a pair of imaginary roots. 

10. Prove that the roots of the equation 

*»-(«» + *» + c«)x- 2ahe = 

are all real, and solve it when two of the quantitiee a, b, e hecome equal. 

11. Prove that when the hiquadratic 

has a triple factor, it may be expressed in the f onn 

a»/(x) s {(w + * + V3j}» [ax^b - SV^^ff}. 

12. Verify by means of Sturm's remainders the conditionB which must be fol* 
filled when the biquadratic of the previous example is a perfect square, and proTe 
in that case 

13. If an equation of any degree, arranged according to powers of :r, have three 
consecutive terms in geometric progression, prove that its roots cannot be all reel. 

These three terms must be of the form kz^ + *o«^* I- kc?ar*. Let the equation 
l>c multiplied by 2: - a. The resulting equation will have two consecutive tenns 
absent, and must therefore have at least two imaginary roots ; but all the roots of 
this equation except a are roots of the given equation. 

14. If an equation have four consecutive coefficients in arithmetic progx^ssioD, 
prove that its roots cannot be all real. 

This can be reduced to the preceding example. Writing down four tennsof the 
proper form, and multiplying by a: - 1, it readily appears that the resulting equition 
has three consecutive terms in geometric progression. 



CHAPTER X 

SOLUTION OF NUMERICAL EQUATIONS. 

94. Algebraical and Muiiierlcal Equatloiis. — ^There is 
in essential distinotion between the solutions of algebraical and 
lumerical equations. In the former the result is a general f or- 
nula of a purely symbolical character, which, being the general 
expression for a root, must represent all the roots indifferently, 
[t must be such that, when for the functions of the coefficients 
nvolyed in it the corresponding symmetric functions of the 
"oots are substituted, the operations represented by the radical 
igns ^^ ^ become practicable ; and when the square and 
!ube roots of these symmetric functions are extracted, the whole 
expression in terms of the roots will reduce down to one root : 
he different roots resulting from the different combinations 
: y/ of square roots, and y/, w^/, w*y/ of cube roots, 
j'or a simple illustration of what is here stated we refer to the 
ase of the quadratic in Art. 65. In Articles 59 and 66 we have 
imilar illustrations for the cubic and biquadratic. It is to be 
observed, also, that the formula which represents the root of an 
Jgebraic equation holds good even when the coefficients are 
maginary quantities. 

In the case of numerical equations the roots are determined 
eparately by the methods we are about to explain ; and, before 
ttempting the approximation to any individual root, it is in 
general necessary that it should be situated in a known interval 
^hich contains no other real root. 

The real roots of numerical equations may be either com- 
aensurable or incommensurable; the former class including 
Qtegers, fractions, and terminating or repeating decimals which 
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are reducible to fractions ; the latter consisting of interminable 
decimals. The roots of the former class can be found exactly, 
and those of the latter approximated to with any degree of 
accuracy, by the methods we are about to explain. 

We shall commence by establishing a theorem which reduces 
the determination of the former class of roots to that of integral 
roots alone. 

95. Theorem. — An equation in which the coefficient of the 
first term is unity^ and the coefficients of the other terms whole 
number Sy cannot have a commensurable root which is not a whole 
number. 

FoTf if possible, let -, a fraction in its lowest terms, be a 

root of the equation 

we have then 

faY faV-^ fa\ ^ 

from which, multiplying by 6**"^ we obtain 

a" 
- — = jOia*^^ + jOa a*-' 6 + . . . . +p«-ia6^ +J3,»6'*-^ 

Now a** is not divisible by 6, and each term on the right-hand 
side of the equation is an integer. We have, therefore, a frafr 
tion in its lowest terms equal to an integer, which is impossible. 

Hence j- cannot be a root of the equation. The real roots of 

the equation, therefore, are either integers or incommensurable 
quantities. 

Every equation whose coefficients are finite numbers, frac- 
tional or not, can be reduced to the form in which the ooefficieBt 
of the first term is unity and those of the other terms whole 
nimibers (Art. 31) ; so that in this way, by the aid of a simple 
transformation, the determination of the commensurable roots 
in general can be reduced to that of integral roots. 
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We proceed to explain Newton's process, called the Method 
>f Divisors, of obtaining the integral roots of an equation whose 
oefficients are all integers. 

96. Mewton's Method of Dlvtsors. — Suppose h to be an 
ntegral root of the equation 

a^a^ + «i a^^ + ....+ a,».i a? + «« = 0. (1) 

jet the quotient, when the pol3momial is divided by a; - A, be 

Q which boi biy &c., are plainly all integers. 

Proceeding as in Art. 8, we obtain the following equations : — 

flo = ^u> flfi = fti - hboy Oi-bi — hbiy .... 

The last of these equations proves that a, is divisible by A, 
lie quotient being - b^^i. The second last, which is the same as 

i 

^**"' ^ X " "" * '*^» 

iroves that the sum of the quotient thus obtained and the se- 
ond last coefficient is again divisible by A, the quotient being 
bn^2 ; and so on. 

Continuing the process, the last quotient obtained in this 
ray wiU be - 6o, which is equal to - 0^. 

If we perform the process here indicated with all the divi- 
3r8 of On which lie within the limits of the roots, those which 
itisfy the above conditions, giving integral quotients at each 
tep, and a final quotient equal to - ffo, are roots of the proposed 
^nation. Those which at any stage of the process give a frac- 
onal quotient are to be rejected. 

When the coefficient flfo = 1, we know by the theorem of the 
ist Article that the integral roots determined in this way are 
11 the commensurable roots of the proposed equation. If ^o be 
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not= 1, the prooess will still give the integral roots of the equa- 
tion as it stands ; but to be sure of determining in this way all 
the oommensurable roots, the equation must be first transformed 
to one which shall have the ooeffident of the highest term equal 
to unity. 

97. AppUcatlon of tbe MetboA of ]U¥l8on.— With a 
view to the most convenient mode of applying the Method of 
Divisors, we write the series of operations as follows, in a manner 
analogous to Art. 8 : — 

dn an^i flfw-a . . . . Oj «! Oo 

-J«-l -6n-» -^ -ftl -^ 



— A6n_a — A6||_3 — A6i — A6o 



The first^ figure in the second line (-ij».i) is obtained by 
dividing an^by h. !!^This is to be added to On-i to obtain the first 
figure in the third line (- hbn^. This is to be divided by A to 
obtain the second figure in the second line (- b^ ; this to be 
added to 0^.2 ;^and so on. If A be a root, the last figure in the 
second line thus obtained will be - Oo. 

When we succeed in proving in this manner that any integer 
/ma root, the next operation with any divisor may be performed, 
not on the original coefficients a^, an_i, . . . . , but on those of the 
second line with their signs changed, for these are the coefficients 
of the quotient when the original polynomial is divided hjx-h. 
When any divisor gives at any stage a fractional result it is to 
be rejected at once, and the operation so far as it is concerned 
stopped. 

The numbers 1 and - 1, which are always of course integral 
divisors of ««, need not be included in the number of trial divisors. 
It is more convenient before applying the Method of Divisors to 
determine by direct substitution whether either of these numbers 
is a root. 



Examples. 201 



EXAICPLBS. 

1. Find the integral roots of the equation 

«* - 2«» - ISic* + 38* - 24 = 0. 

By grouping the tenna (see Art. 79) we obserre without difficulty that all the 
roots lie between — 5 and + 5. The following diTisora are possible roots : — 

~" 4j — Oj "• 2j Zj 3j »• 

We conunence with 4 : 

-24 38 -13 -2 1 

-6 8 



32 - 6 

The operation stops here, for since — 5 is not diyiaible by 4, 4 cannot be a root. 
We proceed then with the number 3 : 

-24 38 -13 -2 1 

_ 8 10 -1 -1 



30 - 3 -3 0; 

lience 3 is a root ; and in proceeding with the next integer, 2, we make use, 
jtbore explained, of the coefficients of the second line with signs changed : 

8-10 1 1 

4 -3 -1 



- 6 -2 0; 

hence 2 also is a root ; and we proceed with - 2 : 

-4 3 1 

2 

6; 

hence - 2 is not a root, for it does not divide 5. — 3 is plainly not a root, for it 
does not divide -4. 

[We might at once have struck out — 3 as not being a divisor of the absolute 
term 8 of the reduced polynomial. This remark will often be of use in diminishing 
the number of divisors* 
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We proceed now to the last divisor, — 4 : 

-4 3 1 

1 -1 

4 

ThoB — 4 is a root. 

The equation haa, therefore, the integral roots 3, 2, — 4 ; and the last stage of 
the operation shows that when the original polynomial is divided hy the binoiiua}i 
a: - 3, X - 2, X + 4, the result is r - 1 ; so that 1 is also a root. Hence theorigioil 
polynomial is equivalent to 

(2;-l)(x-2)(a:-3)(4? + 4). 

2. Find the integral roots of 

Zx*^ - 2Zx^ + Zbx^ + 31JP - 30 = 0. 

The roots lie between — 2 and 8 ; hence we have only to test the diriian 
2, 3, 5, 6. 

We find immediately that 6 is not a root. 
For 6 we have 

-30 31 36-23 3 

- « 6 8-3 



26 40 -16 0; 

hen ce 6 is a root. For 3 we have 

6-6-8 3 

2 -1 -3 

-3 -9 0; 

hence 3 is a root ; and we easily find that 2 is not a root. 

The quotient, when the original polynomial is divided hy (« — 6) (« — 8), is, fr(m 

the last operation, 

3** + a; - 2 : 

of this 1 is not a root, and - 1 is a root. Hence all the integral roots of the p^' 

posed equation are — 1, 3, 6. 

2 
The other root of the equation is -. It is a commensurable root ; but, not being 

o 

integral, is not given in the above operation. 
3. Find all the roots of the equation 

ar* + ar» - 2^2 ^ 4a; - 24 = 0. 

Limits of the roots are — 4, 3. 

An». Roots - 3, 2, ± 2 \/-^ 
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4. Find all the roots of the equation 

«* - 2«» - I9a;2 + 68jp - 60 = 0. 

The roots Ue between — 6 and 6. 

We find that 2, 3, ~ 5 are roots, and that the factor left after the final division 
is X — 2 ; hence 2 is a double root. The polynomial is therefore equivalent to 

(«-2)«(a;-3)(:c + 6). 
In Art. 99 the case of multiple roots will be further considered. 

98. Method of Umlttnc the Miunber of Dlirlsors. — 

It is possible of course to determine by direct substitution 
whether any of the divisors of an are roots of the proposed equa- 
tion ; but Newton's method has the advantage, as the above 
examples show, that some of the divisors are rejected after very 
little labour. It has a further advantage which will now be 
explained. When the number of divisors of a» within the limits 
of the roots is large, it is important to be able, before proceeding 
with the application of the method in detail, to diminish the 
number o£ these divisors which need be tested. This can be 
done as follows : — 

If A is an integral root of /(a?) = 0,/(ar) is divisible by a? - A, 
and the coefficients of the quotient are integers, as was above 
explained. If therefore we assign to x any integral value, the 
quotient of the coiresponding value oif{x) by the correspond- 
ing value olx-h must be an integer. We take, for convenience, 
the simplest integers 1 and - 1 ; and, before testing any divisor hy 
we subject it to the condition that/(l) must be divisible by 
1 - A (or, changing the sign, by A - 1) ; and that/(- 1) must 
be divisible by - 1 - A (or, changing the sign, by 1 + A). 

In applying this observation it will be found convenient to 
calculate/ (1) and/(- 1) in the first instance : if either of these 
vanishes, the corresponding integer is a root, and we proceed 
with the operation on the reduced polynomial whose coefficients 
have been ascertained in the process of finding the result of 
substituting the integer in question. 
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EXAXPLBS. 

1. nfi- 23j:* + 160«s - 281«» - 267* - 440 = 0. 

The roots lie between — 1 and 24. 
Wc have the following divisors : — 

2, 4, 5, 8, 10, 11, 20, 22. 

We easily find 

/(I) = -840, and /(-I) = -648. 

We therefore exclude all the above divisors, which, when diminished by 1, do 

not divide 840 ; and which, when increased bj 1, do not divide 648. The fint 

condition excludes 10 and 20, and the second 4 and 22. Applying the Method of 

Divisors to the remaining integers 2, 5, 8, 11, we find that 6, 8, and 11 are root^ 

and that the resulting quotient is x^ + « + 1* Hence the giren polynomial ia e^- 

valent to 

(jp - 6) (« - 8) (« - 1 1) (x« + * + 1). 

2. «» - 29a:* - 31«» + 31aJ« - 82j? + 60 = 0. 
The roots lie between -3 and 32. 

Divisors : - 2, 2, 3, 4, 6, 6, 10, 12, 16, 20, 30. 

/(I) = ; so 1 is a root. fi 

— /(— 1 ) = 1 24 ; and the above condition excludes all the divisors except - 2, 3, 30. , 
We easily find that - 2 and 30 are roots, and that the final quotient is s* + !• 
The given polynomial is equivalent to (« - 1) (« - 30) {x + 2) («* + 1). 

99. Determination of Multiple Roote.— The Method 
of Divisors determines multiple roots when they are oommen- 
surable. In applying the method, when any divisor of On which 
is found to be a root is a divisor of the absolute term of the re- 
duced polynomial, we must proceed to try whether it is also a 
root of the latter, in which case it will be a double root of the 
proposed equation. If it be found to be a root of the next 
reduced polynomial, it will be a triple root of the proposed ; and 
80 on. Whenever in an equation of any degree there exists only 
one multiple root, r times repeated, it can be found in this way ; 
for the common measure of /(;r) and f\oc) will then be of the 
form {x - aY'^y and the coefficients of this could not be com- 
mensurable if a were incommensurable. 
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Multiple roots of equations of the third, fourth, and fifth 
degrees can be completely determined without the use of the 
process of finding the greatest common measure, as will appear 
from the following observations : — 

(1). The Cubic. — In this case multiple roots must be com- 
mensurable, since the degree is not high enough to allow of two 
distinct roots being repeated. 

(2). The Biquadratic. — In this case either the multiple roots 
are commensurable or the function is a perfect square. For^the 
only form of biquadratic which admits of two distinct roots 
being repeated is 

{X - ay{x - /3)', 

t. e. the square of a quadratic. The roots of the quadratic may 
be incommensurable. If, we find, therefore, that a biquadratic 
has no commensurable roots, we must try whether it is a per- 
fect square in order to determine further whether it has equal 
incommensurable roots. 

(3). The Quintic. — In this case, either the multiple roots are 
commensurable, or the function consists of a linear commensurable 
factor multiplied by the square of a quadratic factor. For, in 
order that two distinct roots may be repeated, the function must 
take one or other of the forms 

(. - ay{x - pYio' - y), (^ - «)*(* - /3)'. 

In the latter case the roots cannot be incommensurable ; but the 
former may correspond to the case of a commensurable factor 
multiplied by the square of a quadratic whose roots are incom- 
mensurable. If then a quintic be found to have no commen- 
surable roots it can have no multiple roots. If it be foimd to 
have one commensurable root only, we must examine whether 
the remaining factor is a perfect square. If it have more than 
one commensurable root, the multiple roots will be found among 
the commensurable roots. 
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Examples. 

1. Find all the commensurable roots of 

The roots lie between the limits — 1, 16. The diTison are 2, 4, 8. 
64 112 -31 2 

8 16 -2 



120 -16 0; 

8 is therefore a root. Proceed now with the reduced equation : 

-8 -16 2 

- 1 -2 



-16 0; 

8 is a root again, and the remaining factor is 2x + 1> 

Am, f{z) s (2r + 1) (x - 8)'. 

2. Find the commensurable and multiple roots of 

«^ - «» - ^Ox^ - 76x - 66 = 0. 

The roots lie between the limits - 6, 12. (Apply method of Ex. 10, Art 80). 

^iM. /(x)3(« + 2)»(4r-7). 

3. Find the commensurable and multiple roots of 

9«* - 12ic3 - 71a;* - iOx + 16 = 0. 

The roots lie between the limits — 2, 6. 

The equation as it stands is found to have no integral root ; but it may still bafe 
a commensurable root. To test this we multiply the roots by 3 in order to get rid 
of the coefficient of ar*. "We find then 

ar* - 4a:3 - Hsfi - 120a? + 144 = 0. 

Limits : — 6, 16. 

"We find — 4 to be a double root of this, and the function to be equiTalent to 
(x- - 12a? + 9) (a; + 4)-. The original equation is therefore identical with the fol- 
lowing : — 

(x2 - 4a; + 1) (3ap + 4)2 = 0. 

4. Find the commensurable and multiple roots of 

a;* + 12a;3 + ^2x^ - 24a; + 4 = 0. 



f 
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The roots lie between — 12 and 1. The only diyisora to be tested are, therefore, 
- 4, —2,-1. We find that the equation has no commensurable root. We pro- 
ceed to try whether the given function is a perfect square. This can be done by 
extracting the square root, or by applying the conditions of Ex. 8, p. 123. We find 
hat it is the square of ^t* + 6j; — 2(cf. Ex. 1, p. 161). Hence the given equation 
las two pairs of equal roots, both incommensurable. 

5. Find the commensurable and multiple roots of 

f(x) s ic* - ^ - 12«» + ar« + 28* + 12 = 0. 

The limits of the roots are — 4, 4. 

We find that — 3 is a root, and that the reduced equation is 

«* - 4x» + 8jj + 4 = 0, 

jid that there is no other commensurable root. 

The only case of possible occurrence of multiple roots is, therefore, when this 
atter function is a perfect square. It is found to be a perfect square, and we have 

f[x) = (ic* - 2jp - 2)» (^ + 3). 

6. Find the commensurable and multiple roots of 

f(x) = j;* - 8«* + 22j;» - 26:c» + 21* - 18 = 0. 

Ant. f(x) a (2:2 + 1) (« - 2) (x - 3)». 

7. The following equation has only two different roots : find them : — 

3^ - 13z* + 67x» - 171«» + 216:c - 108 = 0. 

In general it is obvious that if an integral root k occurs twice, the last coefficient 
must contain A' as a factor, and the second last h ; if the root occurs three times, 
h^ must be a factor of the last, h^ of the second last, and h of the third last coef- 
Kcient. The last coefficient here = 2' . 3'. Hence, if neither — 1 nor 1 is a root, 
the required roots must be 2 and 3. That these are the roots is easUy verified. 

8. The equation 

800a:* - 102a:2 - * + 3 = 

has equal roots : find all the roots. 

In this example it is convenient to change the roots into their reciprocals before 
appl3ring the Method of Divisors. 

Ana, /(*) s (10« - 3)(6jc - l)(4a: + 1)». 

<^ 100. Mewton's Method of Approximation. — Having 
shown how the oommensurable roots of equations may be ob- 
tained, we proceed to give an account of certain methods of 
obtaining approximate values of the incommensurable roots. 
The method of approximation, commonly ascribed to Newton,* 
which forms the subject of the present Article, is valuable as 

* See Note B at the end of the volume. 
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being applicable to numerical equations inyolving tranBoendental 
as well as those involving algebraical functions only. Althongh 
when applied to the latter class of functions Newton's method is, 
for practical purposes, inferior in form to Homer's, which will 
be explained in the following Articles, yet in principle both 
methods are to a great extent identical. 

In all methods of approximation the root we are seeking is 
supposed to be separated from the other roots, and to be situated 
in a known interval between close limits. 

Let/(;r) = be a given equation, and suppose a value a to 
be known, differing by a small quantity h from a root of the 
equation. We have then, since a + A is a root of the equation, 
/ (a + A) = ; or 

Neglecting now, since h is small, all powers of h higher than the 

first, we have 

/(a) +/-(«) A = 0, 

giving, as a first approximation to the root, the value 

Representing this value by 6, and applying [the same prooese a 
second time, we find as a closer approximation 

By repeating this process the approximation can be carried 
to any degree of accuracy required. 

ExAlfPLE. 

Find an approximate value of the positive root of the equation 

a:3 - 2x - 6 = 0. 

The root lies between 2 and 3 (Ex. 1, Art. 89). Narrowing the limits, theiootis 
found to lie between 2 and 2-2. "We take 2-1 as the quantity represented by •• It 
cannot differ from the true value a + A of the root by more than 0*1. We^ 
easily 

f{a) /(2-1) -061 



f(a) f{2'l) 11-23 



= 000543. 
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it approxinuitioii \b, therefore, 

21 - 0*00648 = 20946. 

flh\ 
Qg this as b, and calculating the fraction 2y7ir» ^^^ obtain 

J \P) 

h - ^ = 2-09466148 
second approximation ; and so on. 

The approximation in Newton's method is, in general, rapid, 
en, however, the root we are seeking is accompanied by an- 

>r nearly equal to it, the fraction yp- is not necessarily small, 

e the value of either of the nearly equal roots reduces/' (a?) to 
lall quantity. A case of this kind requires special precau- 
s. We do not enter into any further discussion of the 
hod, since for practical purposes it may be regarded as 
rely superseded by Homer's method, which will now be 
iained. 

101. Homer's Method of Solving Mnmerical Equa- 
ls. — By this method both the commensurable and incom- 
isurable roots can be obtained. The root is evolved figure 
igure : first the integral part (if any), and then the decimal 
, till the root terminates if it be commensurable, or to any 
iber of places required if it be incommensurable. The pro- 
is similar to the known processes of extraction of the square 
cube root, which are, indeed, only particular cases of the 
eral solution by the present method of quadratic and cubic 
itions. 

rhe main principle involved in Homer's method is the suc- 
Lve diminution of the roots of the given equation by known 
[itities, ID the manner explained in Art. 33. The great ad- 
bage of the method is, that the successive transformations 
exhibited in a compact arithmetical form, and the root 
ined by one continuous process correct to any number of 
es of decimals required. 

This principle of the diminution of the roots will be illus- 
sd in the present Article by some simple examples. In the 

p 
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following Articles we shall prooeed to oertain oonsideratioDg 
whioh tend to facilitate the practical application of the method. 



Examples. 

1. Find the positiTe root of the equation 

23J - 86«» - 86* - 87 = 0. 

The first step, when any numerical equation is proposed for solution, is to find tJie 
Jirstjigure of the root. This can usually he done hy a few trials ; although in cer- 
tain cases the methods of separation of the roots explained in Chap. IX. may hare 
to he employed. In the present example there can he only one positive root ; sod 
it is found by trial to lie between 40 and 60. Thus the first fig^ure of the root is 4. 
Wo now diminish the roots by 40. The transformed equation will have one root 
between and 10. It i^ found by trial to lie between 3 and 4. We now ^imiTiiiA 
the roots of the transformed equation by 3 ; so that the roots of the proposed equi- 
tion will be diminished by 43. The second transformed equation will have one root 
between and 1. On diminishing the roots of this latter equation by '5, we find 
that its absolute term is reduced to zero, t. e, the diminution of the roots of the pro* 
posed equation by 43*5 reduces iU absolute term to zero. We conclude that 43'5 is 
a root of the given equation. The series of arithmetical operations is represented as 
follows : — 



-85 
80 

-6 
80 

~76 

80 



-85 
-200 

-286 
3000 



-87 
11400 



(43-6 



11487 

9594 



166 

6 

161 
6 

167 
6 



2716 


-1898 


483 


1893 


3198 





601 




8699 




87 




3786 





178 
1 

174 

The broken lines mark the conclusion of each transformation, and thefigurtsni 
(lark type are the coefficients of the successive transformed equations (see Art. S3). 
Thus 

2a^ + 166«2 + 27l5;c - 11487 = 
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is the equation whose roots are each less by 40 than the roots of the giyenequation, 
and whose positive root is found to lie between 3 and 4. If the seoond transformed 
equation had not an exact root -6 ; but one, we shall suppose, between '6 and -6, the 
firat three figures of the root of the proposed equation would be 43-6 ; and to find 
the next figure we should proceed to a further transformation, diminishing the roots 
by -5 ; and so on. 

2. Find the poaitiye root of the equation 

4«» - 13jc2 - 31a: - 276 = 0. 

We first write down the arithmetical work, and proceed to make certain observations 
on it: — 

(6-26 



-13 
24 




-31 
66 




-276 
210 


11 
24 


35 
210 




-66 

51-392 


35 
24 




246 

11-96 




-13 606 

13-608 


69 256-96 
•8 12-12 





59-8 
•8 




269 08 

308 






60-6 
•8 


27216 




61*4 

•2 





61-6 



We find by trial that the proposed equation has its positive root between 6 and 7« 
The first figure of the root is, therefore, 6. Diminish the roots by 6. The equation 



/' 



«» + 69«* + 246* - 66 = 



has, therefore, a root between and 1 . It is found by trial to lie between *2 and *3. 
The first two figures of the root of the proposed are therefore 6*2. Diminish the 
roots again by *2. The transformed equation is found to have the root '06. Henoe 
^'25 is a root of the proposed equation. 

It is convenient in practice to avoid the use of the decimal points. This can 
easily be effected as follows : — When the decimal part of the root (suppose •ahe . . .) 
is about to appear, multiply the roots of the corresponding transformed equation by 
10, «. #. annex one zero to the right of the figure in the first column, two to the right 
of the figure in the second column, three to the right of that in*the third ; and soon, 
if there be more colimms (as there will of course be in equations of a degree higher 
than the third). The root of the transformed equation is then, not 'obc . • . , but 
a-bc . . . Diminish the roots by a. The transformed equation ihas a root 'he . , , 
Multiply the roots of this equation again by 10. The root becomes 3t . . . , and 

p2 
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the process is continued as before. To illiistrate this we repeat the abore opentkn, 
omitting the decimal points. In all subsequent examples this simplification will be 
adopted : — 

(6-26 



- 13 
24 




-31 
66 




-276 
210 


11 
24 


36 

210 




6M00 

61392 


26 
24 




94500 

1196 




-18606000 

13608000 


690 

8 




26696 
1212 





698 
8 




8680600 

30800 






606 
8 


2721600 




6140 

20 







6160 

3. Find the positiye root of the equation 

20x5 - 121j?* - 121* - 141 = 0. 

The root is easily found to lie between 7 and 8. It is, therefore, of the fonn 

T .ah . . . When the roots aro diminished bj 7, and multiplied by 10, the resoltiiig 

equation is 

20«3 + 2990x» + 1 125004? - 67000 = 0. 

The positive root of this is a . ^ . . . ; and as the root plainly lies between and 1, 
we have a = 0. We therefore place zero as the first figuro in the decimal part of 
the root, and multiply the roots again by 10, before proceeding to the second trans- 
formation. 5 is easily seen to be a root of the equation thus transformed. 

Af%$, 7*05. 

In the examples here considered the root terminates at an 
early stage. When the calculation is of greater length, if it 
were necessary to find the successive figures by substitution, 
the labour of the process would be very great. This, however, 
is not necessary, as will appear in the next Article ; and one of 
the most valuable practical advantages of Homer's method is, 
that after the second, or third (sometimes even after the first) 
figure of the root is foimd, the transformed equation itself suggests 
by mere inspection the next figure of the root. The principle of 
this simplification will now be explained. 
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102. Principle of tbe Trial-dlirlsor. — ^We have seen in' 
Art. 100 that when an equation is transformed by the substitution 
of fl + /i for ar, a being a number diflfering from the true root by 
a quantity h small in proportion to a, an approximate numeri- 
cal value of A is obtained by dividing /(«) hjf\a). Now the 
successive transformed equations in Homer's process are the 
results of transformations of this kind, the last coefficient being 
J\a)^ and the second last /'(a) (see Art. 33). Hence, after two 
or three steps have been completed, so that the part of the root 
remaining bears a small ratio to the part already evolved, we 
may expect to be furnished with two or three more figures of the 
root correctly by mere division of the last by the second last 
coefficient of the final transformed equation. We might there- 
fore, if we pleased, at any stage of Homer's operations, apply 
Newton's method to get a further approximation to the root. In 
Homer's method this principle is employed to suggest the next 
following figure of the root after the figures already obtained. 
The second last coefficient of each transformed equation is called 
the trial-divisor. Thus, in the second example of the last Ar- 
ticle, the number 5 is correctly suggested by the trial-divisor 
2690800 In this example, indeed, the second figure of the 
root is correctly suggested by the trial-divisor of the first trans- 
formed equation, although, in general, this is not the case. In 
practice the student will have to estimate the probable effect of 
the leading coefficients of the transformed equation ; he will find, 
however, that the influence of these terms becomes less and less 
as the evolution of the root proceeds. 



Examples. 
1. Find the positiye root of the equation 

correct to four decimal places. 

It is easily seen that the root lies between 4 and 5. We write down the work, 
and proceed to make observations on it : — 
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1 

4 




1 
20 




* 


-100 
84 


6 

4 


21 
36 




-16000 

11928 


9 
4 




6700 

264 






-4078000 

3788376 


180 

2 




6964 
268 






-888694000 

266071744 


132 
2 




688800 

8196 








-87652266 


134 
2 






631396 
8232 






1860 

6 




68968800 

56136 






1366 
6 




64017936 
66162 




1372 
6 




64078088 




18780 

4 








13784 
4 






13788 
4 




18702 

\. diminiRh the r 


oot 


sb^ 


F 4. Ab the decimal iMut is now about to 



(4-2644 



tacb ciphers to the coefficients of the transformed equation as explained in Ex. 2, 
Art. 101. Since the coefficient 130 is small in proportion to 6700, we maj expect 
that the trial diyisor wiU giye a good indication of the next figure. The figure to 
be adopted in eyery case as part of the root is thai highest number which in the pro- 
eest of transformation will not change the sign of the absolute term. Here 2 is the 
proper figure. In diminishing by 2 the roots of the transformed equation 

x^ + 130*2 + 5700a; - 16000 = 0, 

the absolute term retains its sign (- 4072). If we had adopted the figure 3, the 
absolute term would have become positive, the change of sign showing that we had 
gone beyond the root. We must take care that, after the first transformation (the 
reason of this restriction will appear in the next example), the absolute term pre- 
serves its sign throughout the operation. If we were to take by mistake a number 
too small, the error would show itself, just as in ordinary division or evolution by 
the next suggested number being greater than 9. Such a mistake, however, wiQ 
rarely be made. The error which is most common is to take the number too large» 
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and this will show itself in the work by the change of sign in the absolute term. In 
the above work it is evident, without perfonning the fifth transformation, that the 
corresponding figure of the root is 4, so that the correct root to four decimal places 
is 4*2644. 

2. The equation «* + 4a;» - 4** - lU + 4 = 

has one root between 1 and 2 ; find its value correct to four decimal places. 



4 

1 




-4 
6 




-11 

1 






.. 


4 (1-6369 
10 


5 

1 


1 
6 


-10 
7 




-60000 

50976 


6 

1 


7 
7 




-8000 

11496 






-90240000 

72690561 


7 
1 




1400 

516 

1916 
552 






8496 
14808 






-176404890000 

152131052016 


ao 

6 










28804000 

926187 


1 




-28868887984 


86 
6 


2468 
588 


24230187 
935601 




92 
6 




806600 

3129 






86166788000 

189387336 






98 
6 


308729 
3138 






25355175336 
189766488 




1040 
3 




311867 
3147 




26644041824 




1043 
3 




81601400 

63156 








1046 
3 


31564656 
63192 






1049 
3 


31627748 
63228 




10620 

6 




81680076 




10526 
6 




10532 
6 




10538 
6 





10644 
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Wo see without completing the fifth transformation that 9 is the next figure of 
thf root. The root is, therefore, 1*6369 correct to four decimal places. 

The trial-divisor becomes effective after the second transformation, snggefltiiig 

correctly the number 3, and all subsequent numbers. The first transformed equatiao 

hiiii its last two terms negative. We may expect, therefore, that the influence ol 

tho preceding coefficients is greater than that of the trial-divisor, as in fact is here 

the case. Tho number 6, the second figure of the root, must be found by snbstxtu- 

tion. Wo have to determine what is the situation between and 10 of the root of 

the equation 

x^ + 80j^ + 1400a:* - SOOOx - 60000 = 0. 

A few trials show that 6 gives a negative, and 7 a positive result. Hence the 
root lies between 6 and 7 ; and 6 is tho number of which we are in search. In the 
Fu])Poqucnt trials wo take those greatest numbers 3, 6, 9, in succession, which aDov 
tho absolute term to retain its negative sign. In the first transformation, diminishing 
tho roots by 1, there is a change of sign in the absolute term. The meaning of this 
is, that we have passed over a root lying between and 1, for gives a poaitite 
result, 4 ; and 1 gives a negative result, - 6. In all subsequent transfonnatiaDS, 
so long as we keep below the root, the sign of the absolute term must be the same 
as the sign resulting from tho substitution of 1. This supposes of course that no 
root lies between 1 and that of which we are in search. This supposition we have 
already made in the statement of the question. In fact the proposed equation oan 
have only two positive roots ; one of them lies between and 1, and therefore onlj 
one between 1 and 2. 

When two roots exist between the limits employed in Homer's method, 
i.e. when the equation has a pair of roots nearly equal, certain precautions must be 
observed which will form the subject of a subsequent Article. 

3. Find the root of the preceding equation between and 1 to four decimal places. 
Commence by multiplying by 10. The coefficients are then 

1, 40, - 400, - 11000, 40000 ; 

the trial-divisor becomes effective at once in consequence of the compazatiye small- 
ness of tho leading coefficients. The positive sign of the absolute term must be pre- 
served throughout. Ant. -3373 

4. Find to three places of decimals the root situated between 9 and 10 of the 
equation 

x*-3jr2 + 75:c- 10000=0. 

[Supply the zero coefficient of z^."] An*. 9*886. 

In the examples hitherto considered the root has been found 
to a few decimal places only. We proceed now to explain a 
method by which, after three or four places of decimals have 
been evolved as above, several more may be correctly obtained 
with great facility by a contracted process. 
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103. €ontraetlon of Horner's Process. — ^In the ordi- 
nary process of contracted Division, when the given figures are 
exhausted, in place of appending ciphers to the successive divi- 
dends, we out off figures successively from the right of the 
divisor, so that the divisor itself becomes exhausted after a num- 
ber of steps depending on the number of figures it contains. 
The resulting quotient will differ from the true quotient in the 
last figure only, or at most in the last two figures. In Homer's 
contracted method the principle is the same. We retain those 
figures only which are effective in contributing to the result to 
the degree of approximation desired. When the contracted 
process commences, in place of appending ciphers to the succes- 
sive coefficients of the transformed equation in the way before 
explained, we cut off one figure from the right of the last coef- 
ficient but one, two from the right of the last coefficient but two, 
three from the right of the last coefficient but three ; and so on. 
The effect of this is to retain in their proper places the im- 
portant figures in the work, and to banish altogether those which 
are of little importance. 

The student will do well to compare the fiirst transformation 
by the contracted process in the first of the following examples 
with the corresponding step in the second example of the last 
Artide^ where the transformation is exhibited in full. He will 
then observe how the leading figures (those which are most 
important in contributing to the result) coincide in both dSeuses, 
and retain their relative places ; while the figures of little im- 
portance are entirely dispensed with. 

In addition to the contraction now explained, other abbrevia- 
tions of Homer s process are sometimes recommended ; but as 
the advantage to be derived from them is small, and as they 
increase the chances of error, we do not think it necessary to 
give any account of them. The contraction here explained is 
of so much importance in the practical application of Horner's 
method of approximation that no accouat of this method is 
complete without it. 
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Examples. 

1. Find the root between 1 and 2 of the equation in Ex. 2 of the last Article 
correct to seven or eight decimal places. 

Assuming the result of the Example referred to, we shall commence the con- 
tracted process after the third transformation has been completed. The subsequent 
work stands as follows : — 

I'm 



3150X^ 
6 


2516578a 
18936 




- 17649439 
15213090 


(1 -636913075 


3156 


2535515 
18972 




-2336349 




6 


2301697 




3162 
6 


285 

255733 
286 




-34762 
* 26601 




_3^ 


-9161 
7680 




n 


2560ia 




- 1471 
l!280 

-191 
179 





12 

Here the effect of the first cutting off of figures, namely, 8 from the second list 
coefficient, 14 from the third last, and 052 from the fourth last, is to banish alto- 
gether the first coefficient of the biquadratic. We proceed to i^imfniab the roots by 
6 as if the coefficients 1, 3150, 2516578, - 17549439 which are left were those of t 
cubic equation. In multiplying by the corresponding figure of the root the figures 
cut off should be multiplied mentally, and accoimt taken of the number to be canied, 
just as in contracted division. 

After the diminution by 6 has been completed, we cut off again in the tTamformed 
cubic 7 from the last coefficient but one, 68 from the last but two, and the fint 
coefficient disappears altogether. The work then proceeds as if we were dealing 
with the coefficients 31, 255448, - 2336349 of a quadratic. The effect of the next 
process of cutting off is to banish altogether the leading coefficient 31. The sub- 
sequent work coincides with that of contracted division. When the operation ter- 
minates, the number of decimals in the quotient may be depended on up to the Is^ 
two or three figures. The extent to which the evolution of the root must be 
carried before the contracted process is commenced depends on the number of decimal 
places required ; for after the contraction commences we shall be furnished, in addi- 
tion to the figures already evolved, with as many more as there are figures in the 
trial- divisor, less one. 

2. Find to seven or eight decimal places the root of the equation 



ar* - 12j; + 7 = 



which lies between 2 and 3. 
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This equation can have only two poeitiye roots : one lies between and 1, and 
^e other between 2 and 3. For the eyolution of the latter we haye the following : — 





2 


- 12 
4 8 




7 (2047275671 
-8 


2 
2 


4 
8 


-4 

24 






- 100000000 
83891456 


4 
2 


12 
12 


20000000 
972864 




•* 


- 16108544 
16493401 


6 
2 


240000 
3216 




20972864 
985792 






- 615143 
446262 


800 
4 


243216 
3232 




21968656 
17478 






- 168881 
156226 


804 

4 


246448 
3248 


2213343 
17478 




- 12655 
11159 


808 
4 


2496S($ 
248[(| 


223082X 
49 




-1496 
1338 


812 

4 


223131 
49 








-168 
156 



av 



% 



22318CI 



On this we remark, that after diminishing the roots by 2, and multiplying the roots 
of the transfonned equation by 10, we find that the trial-divisor 20000 will not <*go 
into " the absolute term 10000 ; we put, therefore, zero in the quotient, and mul- 
tiply again by 10, and then proceed as before. 

3. Find the root of the same equation which lies between and 1. 

Am. -593685829. 

4. Find the positive root of the equation 

«» + 24-84«2 - 67-613* - 3761-2758 = 0. 

[When the coefficients of the proposed equation contain decimal points, it will 
be found that they soon disappear in the work in consequence of the multiplications 
by 10 after the decimal part of the root begins to appear.] 

Ans. 11 1973222. 

5. Find the negative root of the equation 



«* - Ux^ + 12a; - 3 = 

to seven places of decimals. 

When a negative root has to be found, it is convenient to change the sign of x 
and find the corresponding positive root of the transfonned equation. 

Am. - 3-9073786. 
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104. Application of Horner's Method to Cases where 
Roots are nearly Equal. — We have seen in Art. 100 that the 
method of approximation there explained fails when the pro- 
posed equation has two roots nearly equal. Examples of this 
nature are those which present most difficulties, both in their 
analysis (see Ex. 7, Art. 91) and in their solution. By Homer's 
method it is possible, with very little more labour than is neces- 
sary in other cases, to effect the solution of such equations. So 
long as the leading figures of the two roots are the same oertain 
precautions must be observed, which will be illustrated by the 
following examples. After the two roots have been separated, 
the subsequent calculation proceeds for each root separately, just 
as in the examples of the previous Articles. It is evident, from 
the explanation of the trial-divisor given in Art. 102, that for 
the same reason as that which explains the failure of Newton's 
method in the case under consideration (see Art. 100), it will 
not become effective till the first or second stage after the roots 
have been separated. 

Examples. 

1. The equation 

a;3 - 72; + 7 = 

has two roots between 1 and 2 (see Ex. 2, Art. S9) ; find each of them to eight de- 
cimal places. 

Diminishing the roots by 1, we find that the transformed equation (after its 
roots are multiplied by 10), viz. 

3^ + 30j:* - 400x + 1000 = 0, 

must have two roots between and 10. We find that these roots lie, one between 
3 and 4, and the other between 6 and 7. The roots are now separated, and we pro- 
ceed with each separately in the manner already explained. If the roots were not 
separated at this stage, we should find the leading figure common to the two, and, 
having diminished the roots by it, find in what intervals the roots of the resulting 

equation were situated ; and so on. 

Ans. 1'356895S4, 1*69202147. 

2. Find the two roots of the equation 

x^ - 49r» + 668a; - 1379 = 
which lie between 20 and 30. 

Wc shall exhibit the complete work of approximation to the smaller of the two 
roots to seven places ; and then make certain observations which will be a guide to 
the student in uU cases of the kind. 
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-49 
20 




_ 


658 
580 




a 


-1379 
1560 


(23-2131277 


-29 
20 


_ 


78 
180 




181 

-180 


-9 
20 




— 


102 
42 






1000 

-992 


11 
3 






« 


-60 
51 






8000 

-6739 


14 
3 
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The diminutioii of 
ia an indication that a 
sent concerned. The 



the roots by 20 changes the sign of the absolute term. This 
root exists between and 20, with which we are not at pre- 
roots of the first transformed equation 

a:» + llx«- 102j? + 181 =0 



are not yet separated, lying both between 3 and 4. The substitution of each of 
these numbers giyes a positive result, so that we hare not here the same criterion 
to guide us in our search for the proper figure as in former cases, viz., a change of 
sign in the absolute tenn. We have, however, a different criterion which enables 
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us to find by mere substitution tHe interval within whicb the two roota lie. If w« 
diminish the roots of r* + llx* - 102x + 181 = by 4, the resulting equatioa is 
x^ + 23r^ + 34jr + 13^0, which has no change of sign. Hence the two roots miut 
lie between and 4. If we diminish its roots by 3, the resulting equation (as ii 
the above work) has the same number of changes of sign a^ the equation itsdf. 
Hence the two roots lie between 3 and 4. They are, therefore, not yet separated; 
and we proceed to diminish by 3. The next transformed equation 

a^ + 200j:« - 900j? + 1000 = 

is found in the same way to have both its roots between 2 and 3 : the diminution bj 
2 leaving two changes of sign in the coefficients of the transformed equation (as in 
the above work) , and the diminution by 3 giving all positive signs. So far, then, thd 
two roots agree in their first three figures, viz. 23 '2. We diminish again by 2. The 
resulting equation jc^ + 20604:^ - 8800x + 1261000 = has one root only between 1 
and 2 ; 1 giving a positive, and 2 a negative result : its other root lies between 3 
and 3 ; 3 gi^'ing a positive result. The roots are now separated. We proceed, as in 
the above work, to approximate to the lesser root, by HiminiabiTig the roots of tliii 
equation by 1 ; the trial divisor becoming effective at the next step. To approxi- 
mate to the greater root, we must diminish by 2 the roots of the same equatioD, 
taking care that in the subsequent operations the negative sign, to which the pi»- 
viously positive sign of the absolute term now changes, is preserved. The second 
root will be found to be 23-2295212. 

So long as the two roots remain together, a guide to the proper figure of the root 
may bo obtained by dividing twice the last coefficient by the second last, or the se- 
cond last by twice the third last. The reasoiLfiMhis is, that the proposed equation 
approximates now to the quadratic formed by the last three terms in each transfonned 
equation, just as in previous cases, and in Newton's method it approximated to the 
simple equation formed by the last two terms, this quadratic having the two neaily 
equal roots for its roots ; and when the two roots of the equation ax^ + ^ + « = 

— 2« —h 
are nearly equal, either of them is given approximately by — j- or ---. Thus,ia the 

above example, the number 3 is suggested by — --— , and the number 2 by . 

In this way we can generally, at the first attempt, find the two integers between 
which the pair of roots lies. We shall have, also, an indication of the separation of 
the roots by observing when the numbers suggested in this way by the last three 

coefficients become different, i.e. when — suggests a different number from — . 

b 2a 

3. Calculate to three decimal places each of the roots lying between 4 and 5 of 

the equation 

«< + 8j?» - 70r» - 144j; + 936 = 0. 

Ans. 4-242 ; 4*246. 

4. Find the two roots between 2 and 3 of the equation 

eia^ - 692a;» + 1649x - 1446 = 0. 

Ans. The roots are both s 2*125. 
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Here we find that the twx> roots are not separated at the third decimal place. 
When we diminish hy 5 the ahsolute term yanishes, showing that 2*125 is a root ; 
and proceeding with this diminution the second last coefficient also vanishes. Hence 
2*120 is a double root. 

When an equation contains more than two nearly equal 
roots, they can all be found by Homer's process in a manner 
similar to that now explained. Such cases are, however, of 
rare occurrence in practice. The principles already laid down 
will be a sufficient guide to the student in all cases of the kind. 

105. liai^ange's Method of Approximation. — Lagrange 
has given a method of expressing the root of a numerical equa- 
tion in the form of a continued fraction. As this method is, for 
practical purposes, much inferior to that of Homer, we shall 
content ourselves with a brief account of it. 

Let the equation /(a:) = have one root, and only one root, 
between the two consecutive integers a and 0= + I. Substitute 

a + - for a; in the proposed equation. The transformed equation 

in y has one positive root. Let this be determined by trial to 

lie between the integers b and 6 + 1. Transform the equation 

1 

in y by the substitution y = 6 -^ -. The positive root of the 

equation in 2 is found by trial to lie between c and c + 1. Con- 
tinuing this process, an approximation to the root is obtained in 
the form of a continued fraction, as follows : — 

1 

a + 



6 + 1 



c + 1 . . . . 

Examples. 
1. Find in the form of a continued fraction the positive root of the equation 

«» - 2j? - 6 = 0. 
The root lies hetween 2 and 3. 

To make the transformation j; = 2 + -, we first employ the process of Art. 33, 

diminishing the roots by 2. We then find the equation whose roots are the reci- 
procals of the roots of the transformed. 
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The equation in y u in this way found to be 

. y3-10y»-6y-l = 0. 

This haa a root between 10 and 11. 

Make now the Bubatitation y « 10 -|- -. 

s 

The equation in 2 ia 

61«» - 94i* - 202 - 1 = 0. 

Thia haa a root between 1 and 2. Take s = 1 + -. 

u 

The equation in w ia 

54t|S ^ 25ti> - 89tf - 61 = 0, 

which haa a root between 1 and 2 ; and so on. 

We haye, therefore, the following expression for the root 

a: = 2 + — 



10+i 



, 1 

2. Find in the form of a continued fraction the positiye root of 

a!» - 6j? - 13 = 0. 

Am, 3 + 

106. IVameiical liolatlon of tbe Biquadratic.— It Ib 

proper, before closing the subject of the solution of numerical 
equations, to illustrate the practical uses which may be made of 
the methods of solution of Chap. VI. Although, as before 
observed, the numerical solution of equations is in general best 
eflFected by the methods of the present Chapter, there are certain 
cases in which it is convenient to employ the methods of 
Chap. VI. for the resolution of the biquadratic. When a bi- 
quadratic equation leads to a reducing cubic which has a com- 
mensurable root, this root can be readily f oimd, and the solution 
of the biquadratic completed. We proceed to solve a few 
examples of this kind, using Descartes' method (Art. 64), which 
will usually be found tbe most convenient in practice. 
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1. Besolye the quartio 

into quadratic factors. 

Makiiig the assiiniption of Art. 64, we easily obtain 

Ako ^ = - -i>p' = - (y + j' - 1), 

and, calcuhiting / and /, the equation for ^ is 

, , 111 225 ^ 
V — 4-*--8- = 0- 

Multiplying the roots by 4, we have, if 4^ = <, 

<»-lll<- 460 = 0. 

By the Method of Diyisors this is easily found to have a root - 6 ; hence 

From these, combined with the preceding equations, we get 

j» = -2, y = -l, y=l, ^=-6. 

When the values of q and q* are found, the equation giying the value of pq* -\-pq 
determines which yalue of q goes with p, and which with p', in the quadratic 
factors. The quartic is resolyed, therefore, into the factors 

(«»-4«+l)(«»-2iP-6). 

By means of the other two yalues of ^ we can resolye the quartic into quadratic 
factors in two other ways ; or we can do the same thing by solying the two qua- 
dratics already obtained. 

" 2. Besolye into factors the quartic 

f{x) a :c* - 8«» - 12j?« + 60« + 63. 

The equation f or ^ is 

4^» - 195^ - 476 = 0, 

which is found to haye a root = — 6. 

Ans, f{x) a (»« - 2« - 3) (a?« - 6« - 21). 
Q 
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3. Besolye into factors 

/(«) = «♦ - 17«* - 20* - 6. 

The reducing cubic is found to be 

, , 217 3186 ^ 
^ 12 ^ 216 

or, multiplying the roots by 6, 

4^ - 66K + 3186 o 0. 

7 
This has a root = 7 ; hence ^ = ^* 

Ams. f(x) a (jp« + 4* + 2) {f - 4«- J). 

4. Resolve into factors 

f(x) a «♦ - 6«8 - 9«» + 66* - 22. 

The reducing cubic is 

^ , 336 897 ^ 

3 
hence ♦ ■ — 5* 

^fw. /(«) s («» - 11)(«» - 6» + 2)- 
6. Resolve into factors 

f(x) s «* - 8«» + 21a?» - 26* + 14. 

Ana, /(«) a («» - 2« + 2) («» - 6« + 7)- 

6. Resolve into factors 

a?* + 12« + 3. 

Ant, (x»-a;V6 + 3+V6)(«»+«\/6 + 3-V6)- 

7. Find the quadratic factors of 

«* - 8«s - 12*2 + 84j?- 63 = 0, 

and solve the equation completely (see Ex. 18, p. 34). 

Ant, [x^ - 2j:(2 + V7) + 3 ^7} {«» - 2x (2 - Vf) -SVf}- 



r^A-^it ^^ ^ v-t-^ - 






// 



Examples. 
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Examples. 



1 . Find the podtiye root of 



«»-6a;-13 = 0. 



Am. 3176814393. 



Am, 2094651483. 



2. Find the podtiTe root of 

«»-2jc-6 = 
orrect to eight or nine places. 

3. The equation 

2g^ - 660-8«» + 6z- 1627 = 

las a root between 300 and 400 : find it. 

Ant, Commensurable root, 326*4. 

4. Find the root between 20 and 30 of the equation 

4x* - 1802r» + 1896* - 457 = 0. 

Ans, 28-52127738 

5. Find to six places the root between 2 and 3 of the equation 

«9 - 49jr> + 658d; - 1379 « 0. 

Ant. 2*657361. 

6. Find to six places the root between 2 and 3 of the equation 

«* - 12«» + 12* - 3 = 0. 

Ant, 2*868083. 

7. Find the positiye root of the equation 

«• + 2«» - 23* - 70 = 
correct to about ten decimal pUoes. 

8. Find the cube root of 673373097126. 

9. Find the fifth root of 637824. 
10. Find all the roots of the cubic equation 

«»-3«+l=0. 

The equation # + «* + 1 = 0, of Ex. 7, p. 100, reduces to this. 

Ant. - 1*87938, -34729, 1*53209. 

Note. — The smaller positiye root furnishes the solution of the problem — To 
diyidc a hemisphere whose radius is unity into two equal parts by a plane parallel 
to the base. 

11. Find all the roots of the cubic 



Ant, 5*13467872628. 

Ant, 8766» 
Ant, 14. 



(See Ex. 1, p. 100.) 



Ant, - 1-80194, - -44504, 1-24698. 

q2 
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12. Find to fire decimal places the negative root between — 1 and (see Ex. 3^ 
p. 100) of the equation 

«* + «*-4«>-3j?' + 8«+1=0. 

Am. - *28463. 

13. SqIto the equation 

«» - 31&C* - 19684* + 2977260 = 0. 

We here find that a root exists between 70 and 80. By Homer's process it is 
found to be 78. The depressed equation furnishes two roots, which, increased bj 
78, are the other roots of the cubic. 

An9. 78, 347, -HO. 

14. Find the two real roots of the equation 

«♦- 11727* + 40385 = 0. 

Ant, 3*46592, 21*43067. 

This equation is given by Mr. G. H. Darwin in a Paper On tk» Preteuim 0/ « 
Viseout Spheroid, and on the Semote Eiitory of the Earth, FhU, TVwu., Part il^ 
1879, p. 508. The roots are <* the two values of the cube root of the earth's rota- 
tion for which the earth and moon move round as a rigid body." 

15. Find all the roots of the cubic equation 

20x» - 24«» + 3 = 0. 

Ant, - 0-31469, 0*44603, 1*06865. 

This equation occurs in the solution by Professor Ball of a problem of Professor 
To^iisend's in the EdueatiomU Times of Dec. 1878, to determine the deflection of a 
beam uniformly loaded and supported at its two ends and points of txisectum. 

16. Find the positive root of the equation 

14*» + 12*» - 9* - 10 = 0. 

Ant, 0*85906. 

The equations of this and the following example occur in the inveatigatioD of 
questions relative to beams supported by props. 

17. Find the jwsitivo root of the equation 

1j(^ + 20x^ + 3j:» - 16j? - 8 = 0. 

Ant. 0*91336. 

18. Find to ten decimal places the positive root of the equation 

a:* + 12jr* + 59*3 + 150j» + 20U - 207 = 0. 

Ant, -6386058033. 



CHAPTER XI. 



DETERMINANTS^ 



107. Elementary UTotioiis and Definitions. — This Chapter 
will be- ocoupied with a disoussion of an important class of f uno- 
tions which constantly present themselves in analysis. These 
functions possess remarkable properties, by a knowledge of which 
much simplification may be introduced into many mathematical 
operations. 

The function ai^a + (hbu of the four quantities 

(hi 62, 

is obtlti&ed by assigning to a and &, written in alphabetical order, 
the suffixes 1, 2, and 2, 1, corresponding to the two permutations 
of the numbers 1, 2 ; and adding the two products so formed. 
Similarly the function 

fliftjCs + ttib^c^ + Qib^Ci + 03(1^3 + 0361^2 + (hbiCiy (1) 

of the nine quantities 

flTi hi Ci 

a2 ^2 c% 

flTa ^3 ^'3 

is obtained by adding all the products abc which can be formed 
by assigning to the letters (retained in their alphabetical order) 
suffixes corresponding to all the permutations of the numbers 
1, 2, 3. The whole expression might be represented by {(tbc)j 
oi* any other convenient notation, from which all the terms could 
be written down. 



230 Determinants. 

The notation (abed) might be employed to represent a similar 
fimction of the 16 quantities ati, Ji, Ci, rfi, Oi^ &e. ; oonsiEting of 24 
terms, which can all be written down by the aid of the 24 permu- 
tations of the numbers 1, 2, 3, 4. 

Andy in general, taking n letters a^b^c^ . . . /, we can write 
down a similar function consisting of n (w - 1) (» - 2) .... 3. 2. 1 
terms, this being the number of permutations of the first n num- 
bers 1, 2, 3 . . . n. 

Now the functions above referred to, which are of such 
frequent occurrence in mathematical analysis, differ from those 
just described in one respect only, namely : of the 1. 2. 3 ... « 
(which is an even number) terms, half are affected with posi- 
tive, and half with negative signs, instead of being all poaitiTe, 
as in the examples just given. 

We shall now give some instances of these latter functions. 
They occur most frequently as the result of elimination of the 
variables from linear equations. If, for example, x and y be 
eliminated from the equations 

ttix + b\y = 0, 

Ojr + J^ •» 0, 

the result is aibi - ajbx = 0. 

Again, the result of eliminating x, y, z from the equations 

aiX + 6iy + CiZ = 0, 
OaJP + 6^ + Cj« = 0, 
flja? + 63^ + Cs2 = 0, 

is, as the student will readily perceive by solving from two of 
the equations and substituting in the third, 

(i\b2Cz - (i\bzOx + ci^bzCi - flfo^i^^ + cizbiC^ - a^bzCi = ; (2) 

and this function differs from (1) above written only in having 
three of its terms negative, instead of having the six terms posi- 
tive. 
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Similarly the elimination of four variables from four linear 
equations gives rise to a function of the sixteen quantities 

fli, biy Ci, rfi, a%y fta, 4e., 

which differs from the function above represented by {abed) only 
in having twelve of its terms negative. 

Expressions of the kind here described are called Determi- 
nanis* The notation by which they are usually represented was 
first employed by Gauohy, and possesses many advantages in the 
treatment of these expressions. The quantities of which the 
function consists are arranged in a square between two vertical 
lines. For example, the notation 

represents the determinant aibt- Oibi. 

Similarly, the expression on the left-hand side of equation (2) 
is represented by the notation 

«! bi Ci 
a% b2 c% 

\ Oi h Ct 

Andy in general, the determinant of the n* quantities 
ai^ b\y C\ , , . liy Oif btj &o,f is represented by 



ai 


*. 


Ci 


. h 


Ot 


ih 


C2 


. . 4 


• 


• • 


Cz 

• • 


• • • 



a. 



. L 



(3) 



By taking the n letters in alphabetical order, and assigning 
to them suflSxes corresponding to the m(» - 1)(w - 2) . . . 3. 2. 1 
permutations of the numbers 1, 2, 3, . . . n, all the terms of the 



* Sec Note C at the end of the Tolume. 
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determinant can be written down. Half of the terms must 
receive positive and half negative signs. In the next Article 
the rule will be explained by which the positive and n^;ative 
terms are distinguished. 

The individual letters ai, d, Ci, . . . 02^ . . . &o.y of which a 
determinant is composed, are called constituents^ and by some 
writers elements. 

Any series of constituents such as ai, (i, Ci, . . . hy arranged 
horizontally, form a row of the determinant ; and any series such 
as ^1, ^2, Os, . . . ttny arranged vertically, form a column. 

The term line will sometimes be used to express a row or 
column indifferently. 

108. Rule with regard to Signs. — ^It is evident from 
the preceding Article that each term of the determinant will, 
since it contains all the letters, contain one constituent (and only 
one) from every column ; and will also, since the snffixesin each 
term comprise all the numbers, contain one constituent (and only 
one) from every row. We may thus regard the square array 
(3) of Art. 107 as the symbolical representation of a function con- 
sisting in general of n{n - 1) (n - 2) ... 3. 2. 1 terms, comprising 
all possible products which can be formed by taking one con- 
stituent, and one only, from each row ; and one oonstitaent, and 
one only, from each column. All that is required to give perfect 
definiteness to the function is to fix the sign to be attached to any 
particular term. For this purpose the following two rules are 
to be observed : — 

(1). The term aibiC^ . . . In^ formed by the constituents situated 
in the diagonal drawn from the left-hand top comer to the right- 
hand bottom corner y is positive. 

This is called the leading or principal term. In it the suffixes 
and letters both occur in their natural order; and from it the 
sign of any other term is obtained by means of the following rule. 

(2) Amj interchange of tico suffixes^ the letters retaining their 
order, alters the sign of the term. 
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This rule may be otherwise expressed thus : — Any interchange 
of two letters^ the suffixes retaining their ordery alters the sign of a 
term. For if two letters be interchanged, and the two corre- 
sponding constituents interchanged, the process is equivalent to 
an interchange of suffixes. If, for example, in axbtCzd^e^ the 
letters h and e be interchanged, we get aiejCidih^^ which is equal 
to aibiC^d^ety and this is derived from the given term by an in- 
terchange of the suffixes 2 and 5. 

In applying this rule it is evident that an even number of 
interchanges will not alter the sign of a term, and that an odd 
number wiU. 

Examples. 

1. What sign is to be attached to the term azbic^diCi in the determiaant of the 
5th order P 

The question is, How many interchanges will change the order 12345 into 34251 ? 
Here, when 3 is interchanged with 2, and afterwards with 1, it comes into the lead- 
ing place, the order becoming 31246. Again, the interchange in 31245 of 4 with 
2, and afterwards with 1, presents the order 34125. The interchange of 2 with 1 
gives the order 34215 ; and finally the interchange of 5 with 1 gives the required 
order 34251. Thus there are in all six interchanges ; and therefore the required 
sign is positive. 

The general mode of proceeding may plainly be stated as follows : — Take the 
figure which stands first in the required order, and move it from its place in the 
natural order 1234 . . . into the leading place, counting one displacement for each 
figure passed over. Take then the figure which stands second in the required order, 
and move it from its place in the natural order into the second place ; and so on. If 
the number of displacements in this process be even, the sign is positive ; if it be 
odd, the sign is negative. 

2. What sign is to be attached to the term a^lhc^d^exfigx in the determinant of 
the 7th order? 

Here two displacements bring 3 to the leading place ; fi^e displacemonts then 
bring 7 to the second place ; four then bring 6 to the third place ; three then bring 
5 to the fourth place ; the figure 1 is in its place ; and finally, one (lispkcemont 
brings 4 into the sixth place. Thus there are in all fifteen displacements ; and the 
required sign is therefore negative. 

3. Write down all the terms of the determinant 

«i ^i e\ d\ 

<Pi b2 C2 d2 
a3 ^3 ^3 rfs 

a* bi a di 
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'the six permutations of suffixes in which the figure 1 oocurs first are 

1234, 1243, 1324, 1342, 1423, 1432. 

The six corresponding terms are, as the student will easily see by applying tbe 
Bule (2), as in the previous examples, 

aib^czdi — a\b2Cidz + <*i^^4^— aibzc^di + aibiCid^ — tiih^c^dt* 

The other eighteen terms, corresponding to the permutations in which thefigoies 
2, 3, 4, respectively, stand first, are as follows : — 

a^bicidz — a2biCidi + 0263^1 cfi — a2^<^4^i + aaJ4^rfi — o^biCidi 

+ 04^1 ^3(^2 ~ ^ibi^dj + (iib2C\di — aibiCidi + 04^^ (/i — t^b^cid^. 

It will be observed here that the number of positive terms is equal to the number 
of negative terms. The same must be true in general ; for, corresponding to any 
positive term there exists a negative term obtained by simply interchanging tbe last 
two suffixes. 

4. Show that if any two adjacent figures are moved together over any number 
m of figures, the sign is unaltered. 

For if they be moved separately, the whole process is equivalent to a movement 
over 2m figures. 

5. Determine the sign to be attached to the second diagonal term, viz., 
anbn-ien-2 . , . kalu in the determinant of the n^ order. 

Here the number of displacements required to change the natural order to the 
required order is plainly 

(n - 1) + (« - 2) + (« - 3) + . . . + 2 + 1 = !L(!!Jli). 
Hence the required sign is (— 1) * . 

109. In the Propositions of the present and following 
Articles are contained the most important elementary properties 
of determinants which, by the aid of Oauohy's notation above 
described, render the employment of these functions of such 
practical advantage. 

Prop. I. — If anij two raws, or any ttco columns^ of a determi- 
nant be interchanged, the sign of the detenninant is changed. 

This follows at once from the mode of formation (Rule (2), 
Art. 108), for an interchange of two rows is the same as an 
interchange of two suffixes, and an interchange of two columns 
is the same as an interchange of two letters ; so that in either 
case the sign of every term of the determinant is changed. 
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. of this proposition the rule for obtaining the sign of 
maj be stated in a form which is often more oonve- 
practioal purposes than that ab*ead7 given. It will 
t perceived that the general mode of procedure ex- 
. Ex. 1, Art. 108, is equivalent to the following: — 
movements of rates {or eolumns)^ the constitttents of the 
f sign is required into the position oftlie leading diagonal, 
'/ the term icill be positive or negative according as the 
displacements is even or odd. 



EXAHPLB. 
1 is to be attached to the tenn xfinx in the deteiminant 

a b e X 

^ 7 y 

1 m n z 
\ fi V 

oyement of the fourth row OTer three rows (t. e, three displacements) 

the leading place. One displacement of the original second row up- 
$ into the required place in the diagonal term. And one further 
of the original third row upwards effects the required arrangement, 

X into the diagonal place. Thus the number of displacements being 

ired sign is negative. 

?R0P. II. — Wheny in any determinant^ two rows or two 
'e identical^ the determinant vanishes. 
)j Prop. I., the interchange of these two lines ought 
the sign of the determinant A ; but the interchange 
mtical rows or coltunns cannot alter the determinant 
y ; hence A = - A, or A = 0. 

Prop. III. — The value of a determinant is not altered if 
? written as columns, and the columns as rows. 
il the terms, formed by taking one constituent from 
and one from each column, are plainly the same in 
oth cases ; the principal term is identically the same ; 
termine the sign of any other term (by Prop. I.) the 
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number of displacements of rows necessary to bring it into the 
leading diagonal in the first case is the same as the number of 
displacements of columns necessary in the second case. 



EXAXFLB. 



01 bi ci d\ 

(ti hi t2 d% 

Oi b^ cz di 

04 *4 a di 



a\ at az Oi 

b\ hi hi hi 

c\_ Ci ei ci 

di di di di 



Here the sign of any tenn, e.g. 03 h^ei d^, is the same in both detenninants. For 
three displacements of rows are required to bring this term into the leading podtioD 
in the first determinant ; and the same number of displacements of columns Lb re- 
quired to bring the same constituents into the leading position in the second deter- 
minant. 

112. Prop. IV. — If every constituent in ani/ line be multiplied 
by the same factor^ the determinant is multiplied by that factor. 

For every term of the determinant must contain one, and 
only one, constituent from any row or any column. 

Cor. 1. If the constituents in any line differ only by the 
same factor from the constituents in any parallel line, the de- 
terminant vanishes. 

Cor. 2. If the signs of all the constituents in any line be 
changed, the sign of the determinant is changed. For this is 
equivalent to multiplying by the factor - 1. 



1. 



2. 





Examples. 






kai hi 


Cl 




«i 


hi 


ei 


koi hi 


Ci 


^k 


OS 


hi 


ct 


kai hi 


Ci 




«3 


hi 


Ci 


a\ ma\ 


a2 




ai 


ai 


a» 


/3i m/3i 


$2 


^m 


fii 


Pi 


»2 


71 my\ 


72 




71 


71 


7» 



5 0. 
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3. Show that the following determinant yaniahee : 

8 16 2 



2 6 
8 9 



7 
1 



6 16 21 



9 



When the constituents of the last row are divided hy 3, they heoome identical 
with those of the second row. 
4. Prove the identity 



he a a^ 
ca h V^ 



ah e ^ 



1 «» flS 

1 42 a> 

1 c* <J» 



Bepresent the first determinant hy A, and multiply the rows hy a, h^ e, respec- 
tiyely. We have then . 



obeA s= 



abc S^ Ifi 
abc ^ i^ 



and, dividing the first column hy abe, the result follows. 

5. Prove the identity 

/378 a cc' a? 

«a3 7 y 7* 
aj37 8 8> 8' 

6. Proving the identity 



1 a* a» o* 

I 0i fii fii 

1 y 7» r* 

1 8» 8' 8* 



-4 



6 



1 -7 
3 8 



6 -9 



8 



9 



Change all the signs of the second row, and afterwards of the third column. 
7. Prove the identity 

a $ 
a ^ 



t» 



fi' 



y 




1 1 1 


y 


1 

a 

afiy 


0/87 fi^ya 703 


7" 




o"i87 fiTya y'afi 



This is easily proved hy multiplying the columns of the first determinant by 
fiy, 70, a$, respectively ; and then dividing the first row by 0^87. 
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It is eyident that a similar process may be employed in general to reduce anj 
determinant to one in which all the constituents of any selected row or column thall 
be units. 

8. Beduce the following determinant to one in which the first row shall conast 
of units :•» 

4 2 6 10 



A = 



6 



2 6 8 

Since 20 is the least common multiple of 4, 2, 6, 10, it is sufficient to moltiplj 
the columns in order by 5, 10, 4, 2 ; we thus obtain 



A = 



1 



20 20 20 20 

6 10 24 6 

6.10.4.2 35 30 10 

20 20 16 



Taking out the multiplier 20 from the first row, 6 from the third row, and 4 from 
the fourth row, we get finally 



A = 



6 10 24 

7 6 



6 
2 
4 



9. Prove the identity 
1 1 1 

a y ..(/B-7)(7 -«)(«- /I). 

a^ fi2 y» \ 

Since if /3 were equal to 7, two columns would become identioal, fi-y moft be 
a factor in the determinant. Similarly, 7 — a and a — $ must be facton in it- 
II once the product of the three differences can differ by a numerical factor only 
from the value of the determinant, since both functions are of the third degree in 
a, )3, 7 ; and by comparing the term fiy^ we observe that this factor is + 1. 

10. Prove similarly the identity 

1111 



/S 7 5 
fi^ 7- «* 
^8 7* 55 



^-(/3-7)(a-«)(7-«)(^-«)(a-«(r-»)- 
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It is evident that a similar proof shows in general that the value of the determi- 
iiAnt of this form, constituted hy the n quantities a, i3, 7 ... A, is the product of the 
\n{n — I) differences which can he formed with these n quantities. 

113. Minor Detemftlnanto. DeftnltlonB. — When in a 
determinant any number of rows, and the same number of 
oolumns, are suppressed, the determinant formed by the remain- 
ing constituents (maintaining their relative positions) is called a 
minor determinant. 

If one row and one column only be suppressed, the oorre- 
sponding minor is called a first minor. If two rows and two 
columns be suppressed, the minor is called a second minor ; and 
so on. The suppressed rows and columns have common con- 
stituents forming a determinant ; and the minor which remains 
is said to be cofnplementary to this determinant. The minor 
complementary to the leading constituent ai is called the leading 
first minor J and its leading first minor again is the leading second 
minor of the original determinant. 

It is usual to denote a determinant in general by ^. We 
shall denote by A« the first minor obtained by suppressing in A 
the row and column which contain any constituent a ; by A^, ^ 
the second minor obtained by suppressing the two rows«and two 
columns which contain a and /3 ; and so on. Thus Aa^ repre- 
sents the leading first minor, and Aa,,^, or Aa,,&^ the leading 
second minor. 

The determinant A, formed by the constituents ai, &i, Ci, &o., 
is often denoted for brevity by placing tK^ leading term within 
brackets, as follows : A = (ai (aCs . . . . /„)• The notation 
2 ± 01 62 ^ • • • ^n is cdso used to represent A ; this expressing its 
constitution as consisting of the sum of a number of terms (with 
their proper signs attached) formed by taking all possible per- 
mutations of the n suffixes. 

114. Development of Determlnanto. — Since every term 
of any determinant contains one, and only one, constituent from 
each row and from each column, it follows that ^ is a linear and 
hoinogeneom function of the constituents of any one row or any one 
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column. Thus we may write 

A = aiAi + a^Ai + a^A^ + &c. 

A = biBi + bxB% + J^Bs + &o. ; 

or, again, A = aiAi + b^Bx + CiCi + &c. 

A = GtAt + 6,Sa + cCa + &o. 

The student, on referring to Ex. 3, Art. 108, will observe 
that the determinant of the fourth order there written at length 
is constituted in the way here described, namely 



A =(71 



b% Ct di 




bi Ci di 




bi Ci di 




h Ci rfs 


+ 02 


bi Ci di 


+ fls 


hi Ct dz 


+ ai 


bi d di 




63 Ct dz 




bi Ci di 





bi Ci di 



bi Ct di 



We proceed to show that in the general case, writing A in 

the form 

A = OiAi + a^At + (hAt + . . . + OnAn, 

the coe£5cients Ai, Aty Aij &c., are determinants of the order 
ti- 1. 

In effecting all the permutations of the suffixes 1, 2, 3. . . . m, 
suppose first 1 to remain in the leading plaoe, as in the example 
referred to ; we then obtain 1 . 2 . 3 . . . (n- 1) terms which have 
(Zi as a factor, and 

aiAi = ai'2±b^ . . . /n; 
hence 

Ot Ct • • • 1% 



^1 — ii i O2C3 ..#^11 = 



63 Cj . . • 4 



^n Cn • • • I'n \ 



and this determinant is the minor corresponding to the consti- 
tuent «i, or Ai = Aa,. 

To find the value of Ajy we bring at into the leading place 
by one displacement of rows. This changes the sign of A, so 
that we obtain -^o = - A^^ ; i, e. At = the minor corresponding to 
02 with its sign changed. Again, bringing a^ to the leading 
place by two displacements, we have Az = A^^ ; and so on. 
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Thufi we conclude that, in general, 

A = ai Aa, - a% Aa, + flj A^, - a* Aa^ + &o. 

Similarly, we can expand A in terms of the constituents of 
any other colunm, or any row. For example, 

A = fli A«, - 61 A*^ + d Ae^ - &0. 

If it he required to ohtain the proper sign to he attached to 
the minor which multiplies any constituent in the expanded 
form, we have only to consider how many displacements would 
bring that constituent to the leading place. For example, sup- 
pose the determinant {a,h^c^d,e,) is expanded in terms of its 
fourth column, and that it is required to find what sign is to be 
attached to dz A^,. Here two displacements upwards, and after- 
wards three to the left, will bring d^ to the leading place ; hence 
t he sign is negative. This rule may be stated simply as follows : — 
Proceed from Oi to the constituent under cotisideration along the top 
roiTf and dotcn the column containing the constituent ; the number 
of letters passed over before reaching tJie cotistitueiit mil decide the 
sign to be attached to the minor. In the example just given ; 
beginning at ai we count ai, 61, Ci, di^ dzy i. e. five ; and this nimiber 
being odd, the required sign is negative. 

It will be found convenient to retain both notations here em- 
ployed for the development of a determinant. The expansion in 
terms of the minors, with signs alternately positive and negative, 
is useful in calculating the value of a determinant by successive 
reductions to determinants of lower degree. For some purposes, 
as will appear in the Articles which follow, it is more convenient 
to employ the notation first given, in which the signs are all 
l)08itive (whatever the row or column under consideration), 
and the coefficient of any constituent represented by the cor- 
responding capital letter. By substituting for the capital letter 
the corresponding minor with the proper sign, determined in 
the manner above explained, the latter notation is changed into 
the former. 
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Examples. 



1. «i *i «i 
•t h ci 
Oi b^ d 





*I ^ 




bi ci 




= «1 


h ct 


-•« 


h «3 


+ «3 






(Compare (2), Art. 107.) 

2. a A y 

A A / 

= aA<? + 2/>A - ff/2 - *^' - tfA«. 

3. Expand the detenninant of the fourth order in terms of the coDstitaentf of 
the fourth row. 

A = — aiAa^ + h^b^ — ^4 A*^ + diAd^ 



= a 




-* 




+ 9 


» / 



= -a4 



^1 ^ ^'i 
h ei di 
hi c^ di 



+ * 



«i ^1 di 

as cs di 

When the determinants of the third order are expanded this will giye the ex 
pression of Ex. 3, Art. 108, as the student will easily yerify. 



«i *i di 
at h di 
at h d% 






4. 



3 2 
7 G 
5 3 



4 
1 

8 





6 1 




2 4 




2 4 


= 3 




-7 




+ 6 






3 8 




3 8 




6 1 



= 3(48 - 3) - 7(16 -12) + 6(2-24) 
= -3. 
6. Find the value of the determinant 

8 7 2 20 



A:= 



3 



1 



11 



8 10 6 

It is evidently convenient to expand this in terms of the third row, nnce two of 
the constituents in that row vanish. 



A = 6 



and expanding the two determinants of the 3rd order, we find A = 2188. 



7 


2 


20 




8 


7 


20 


1 


4 


7 


+ 11 


3 


1 


7 


1 





6 




8 


1 


6 
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-6. Eiptnd 



b a f 

d e f 
Ant. aU* + ^^ + ^/* . 2^/- 2emfd - 2Mhde. 



7. Prove 

I a y 

-a 1 y' -If 

-$ -y 1 ^ 

-7 il' -o' 1 

S. Expand 



= l+a« + i8«+'y« + rt^+/5^ + 7''+(««' + i8ir + ryT' 



— a 



a -« 



If -a 



if 



d -a 



9. ProTe the following identity, and expand the determinants : — 




1 
1 
1 



1 




1 




1 






X 

y 

s 



z 


s 



y 





y 

X 





-4#M. «* + y* + f*-2y*f*-2«»«»-2«V. 



10. Find the Talue of the determinant 



A = 



a 
A 



h 
b 

f 



9 

f 
e 

9 



\ 

M 

9 





E^and first in terms of the last row or last column, and then each of the deteiw 
minants of the third order in terms of X, /a, r. 

Am. -A = (i<?-/')xH(«i-^»)/4H(a^-A*)i^ + 2(^A-a/)/ur 

+ 2 (A/- *^) ir\ + 2 (/y-a)\M- 

b2 
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115. liaplace'B* BeTelopment of a BetermlnaHt— 

The expansion explained in the preceding Article is int^luded 
in a more general mode of development given by Laplace. 
In place of expanding the determinant as a linear function 
of the constituentB of any line, we expand it as a linear funo 
tion of the minors comprised in any number of lines. 

Consider, for example, the first two columns {a, b) of any 
determinant; and let all possible determinants of the second 
order {flpb^y obtained by taking any two rows of these two 
colunms, be formed. Let the minor formed by suppressing 
the ap and bq lines be represented by Ap,^; then the deter- 
minant can be expanded in the form 2 ± {opb^/^pyq^ where 
each term is the product of two complementary determinants 
(see Art. 113). To prove this, we observe that every term of 
the determinant must contain one constituent from the column 
a and one £rom the column b. Suppose a term to contain the 
factor Opbqy there must then (interchanging^ and q) be another 
term containing the factor - aqbp\ hence, the determinant can 
be expanded in the form ^{opb^Ap^q) and Apyq is plainly 
the sum of all the terms which can be obtained by permuting 
in every possible way the n - 2 suffixes of the lettera^c, t/, ^, 
&c., viz., ± Ap,^, the sign being determined in any particular 
instance by the rule of Art. 108. This reasoning can easily 
be extended to the case where any number p of columns are 
taken, and all possible minors formed by takings rows of these 
coliunns. Each minor is then multiplied by the complementary 
minor, and the determinant expressed as the sum of all such 
products with their proper signs. 

ExAJfPLES. 

1. Expand tho determinant {aihiCzd^ in terms of the minors of the second ord^ 
formed from the first two columns. 

Employing the bracket notation, we can write down the result as follows : — 

(«i*2) {czdi) - (aib2)(c%dij + {a\hi){e2dz) + (<72*3)(<?i^4) - («s*4)(<?irfs) + («3*4)(^i<^); 

where the sign to be attached to any product is determined by moving the two rows 
involved in the first factor into the positions of first and second row. Thus, for 
example, since three displacements are required to move the second and fourth 
rows into these positions, the sign of the product {a2b(^{e\d%^ is negative. 
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2. Expand aiimlarly the determinant {aihtcitket). 

Am. {aih%) (0s44#ft) - (aifts) {ctd^if) + {aihCj (enket) - (aiJa) («»*««) 

- (fli«») («l<fe*4) + (04*6) (<?l<fe^). 

<3. Froye the identity 



«I *1 


Cl 


di 


'1 A 










«> ^ 


H 


dt 


02 /a 




«3 ^ 


«8 


di 


^ A 




«i *i *i 




ai iSi 71 








ai 


Bi 71 


= 


•t *i <^ 




03 iSs 72 








as 


fit y% 




03 ^ ^ 




OS iSs 72 








OS 


/3s rt 











This appears by expanding the determinant in terma of the minora formed from 
the first three colomna, for it is evident that all theee minora vamah (haiing one row 
at leaat of ciphers) except one, vis. (a\h%c;). 

In general it appears in the same way that if a determinant of the 2jvi<* order 
eontains in any position a square of m' ciphers, it can be expressed as the product of 
two determinants of the m^ order. 

4. Expand the determinant 



V 



* / 



\' fi' / 

in powers of a, /3, 7, where 

a = aw' ~ M '» iS ■ rV — r'X, 7 s \fi - \'^. 

Ant. aa^-\^bp^ + ey^ + 2ffiy-\-2gya + 2h§ifi. 

5. Verify the derelopment of the present Article by showing that it gives in the 
general case the proper number of terms. 

Consider the first r columns of a determinant of the n^ order. The number of 
minors formed from these is equal to the number of combinations of n things taken 
r together. This number multiplied by 1 . 2 . 3 . . . r (the number of terms in each 
minor), and 1 . 2 . 3 ... 11 — r (the number of terms in each complementary minor), 
will be found to give 1.2.3. . . n, viz. the number of terms in the determinant. 

116. Bewelopmeiit of m Beterminaiit in Products 

of tiie leading Constltaenti. — In the present and next f ol- 
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lowing Artioles will be explained two additional modes of deTe- 
lopment which wiU be found usefol in the expansion of oertain 
determinants of special form. The application which follows to 
the determinant of the fourth order will be sufficient to explain 
how any determinant may be expanded in products of the lead- 
ing constituents — 

It iM required to expand the determinant 

A bi ci di 

at B e% d^ 

Oi bi C di 

a^ bi Ci D 

according to the products otA^B, C, B. In order to giye prominence to the lead- 
ing constituents we haye here replaced ai, bt, ci, di by A, B, C, B.^ When the ex- 
pansion is effected it is plain that the result most be of the fonn 

A 5 Ao + IXA + 'S)^'AB + ABCB, 

where Ao consists of all the terms in which no leading oonatituent oocun ; T^^A is 
the sum of all the terms in which one only of these constituents occurs ; 7^'AB is 
the sum of all in which the product of a pair of the leading constituents is found; 
and ABCBf the leading term, is the product of all these constituents. It wHI be 
observed that the expansion here written contains no terms of the fonn \"ABCy and 
it is evident in general that the expanded determinant can contain no terms in which 
products of all the leading constituents but one occur, since the coefficient of any 
such product is the remaining diagonal constituent. It only remains to see what i» 
the form of Ao* and of the undetermined coefficients A, /i, . . . \\ /a') • • • ^^ 
Putting Ay B^ Cy B ^ equal to zero in the identity above written, we have 

b\ ci d 



Ao 



a% a a d% 
a% bz d^ 
ai bi Ci 

Again, to obtain A, let ^, C, i> be made equal to zero. 
plainly the determinant 

tfa <fr 



The coefficient of i4 id 



h 
bi 







di 




the coefficient of ^ is similarly obtained by replacing A, C, B each by zero in the 
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minor complementary to B ; and bo on. To obtain V, let C and 2> be made zero ; 
the coefficient of AB in the resulting determinant is plainly the second minor 

dt 



The coefficient of any other product is obtained in a similar manner. 
the expansion of A may be written in the fonn 



Finally, 






*1 


ci 


dx 


«3 





H 


di 


«! 


h 





di 


04 


bi 


Ci 






+ ^ 



ct dt 
h dt 
h ci 



+ B 



^ di 

a^ dx 
a^ a 



+ C 



bi di 

02 d2 

Oi bi 



+ 2> 



bi ci 

03 ^ 



-i-AB 



+ ABCD. 



di 


■^AC 


dt 


^AD 


ci 


i-BC 


di 


+-»2> 


ei 


+ C2> 


bi 


Ci 




bi 




bs 




Oi 




09 




02 



A determinant whose leading constituents all yanish has been called aro-axiah 
The result just obtained may be stated as follows : — Any determinant may be ex' 
pmuUd in produeti of the leading eonstittientt, the eoeffieient of every product in the 
reemlt being a uro^oxial determinant, 

117. Expansion of n Betemiinnnt by Prodncts in 
Pntn of the Constitnento of n Row and Colnmn. — In 

what follows we take the first row and first oolumn as those in 
terms of whioh the expansion is required. This is plainly suf- 
ficient, since any other row and column may he hrought hy 
displacements into these positions. It will he found convenient 
to write the determinant under consideration in the form 



<h 


a 


a 


y 


a 


Ol 


61 


Ci 


^ 


a% 


fta 


C2 


7 


<h 


bz 


Ci 
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Let this be denoted by A^, and its leading first minor 
(^1^2 03 . . .) l>7 ^h^ usual notation A. The determinant A' wbj 
be said to be derived from A by bordering it, horizontally witli 
the constituents Oo, a, /3, 7, . . ., and vertically with the consii- 
tueuts Ooy ay /3', 7^ . . . When A^ is expanded, all the tenna 
which contain Oq are included in Oo A . In addition to this, the ex- 
pansion will consist of the product of eveiy other constituent of 
the first column by every other constituent of the first row, 
every such product of two being multiplied by its proper factor. 
What this factor is in the case of any product is easily seen. 
Let the coefficients of ai, 61, Ci, . . . Os, As, . . . &o., in the expan- 
sion of A be Ai, Biy . .. Az^ Bt^ • . . , according to the notation 
explained in Art. 114. It is plain that the factor which multi- 
plies any product, for example aa\ in the expansion of A', is the 
same as the factor which multiplies aoUi with sign changed, vis., 
- Ai ; similarly the factor which multiplies afi is the factor with 
sign changed of Oo^i, viz., - Bi ; and so on. To obtain the &oh>r 
of any such product the rule plainly is — Find the fourth ooniti- 
tuent completing the rectangle formed by the leading term a% and 
the tivo constituents which enter into the product: the required 
factor is obtained by substituting for the constituent of /I so found 
the corresponding capital letter with the negative sign. It appears 
therefore finally that the expansion of A^ may be written in the 
following form :— 

a' = Oo A - Ai aa - Bi fia — Ci 7a — . . . 

- ^,a/3'- B^fifi'- Cyfi'- . . . 

- A^ay'- Bzfiy- C^yy - . . . 

- &C. 

Examples of the utility of this mode of expansion will !» 
found under a subsequent Article. 

118. Addltioii of Beterminanto. Prop. Y.— If every 
constituent in any line can be resolved into the sum of two otherii 
the determinant can be resolved into the sum of two others. 
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Suppose the constituents of the first column to be ai + ai, 
€h + 0)9 ^3 + 039 &c. Substituting these in the expansion of 
Art. 114, we have 

A = (fli + Qi) Ai + (at + tti) -^2 + (oj + as) Ai + &o. 



= Oi-^i + OtAt + Oi^s + . . &0. + aiAi + atAi + aa-4, + &0. ; 



or. 



Oi + Oi 


6. 


Ci • • 




fll 


A. 


Ci • . 




Ol 


*. 


Ci • • 


fl,+ Qj 


bt 


Ci • . 




Ot 


^ 


Ct . . 


+ 


Os 


6, 


c . . 


fls + as 

• • • 


• 


C3 • • 

• • 




• 


• • 


• • 




• 


6, 

• • 


(?3 . • 

• • 



which proves the proposition. 

If a second column consists of the sum of two others, it is 
easily seen, bj first resolving with reference to one column, and 
afterwards with reference to the other, that the determinant can 
be reeolved into the sum of four others. For example, the de- 
terminant 

61 + 01 



Ui + ai 

Os + Oa 
Of + Oj 



Ci 



Ci 



Cs 



is (using the notation of Art. 113) equal to the sum of the four 
determinants 

(a,6,c) + (aiftjCj) + (fli3iC3) + (aijSsCs). 

Similarly it follows that if each of the constituents of one 
column consists of the algebraical sum of any number of terms, 
the determinant can be resolved into a corresponding number of 
determinants. For examph 



ff I — oi + a 1 61 Ci 
(I2 — ©2 + a 2 bi Ct 
^3 - as + a's fh (h 



«I 


ii 


Ci 




(h 


bi 


Ct - 


<h 


h 


C3 





ai 61 Ci 

Qi hi Ci 

Oi bi Ci 



a I bi Ci 
ai bi Ci 

Qi bi Ci 
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And, in general, if one oolumn consists of the algebraic soin of 
m others, a second column of the sum of n others, a third of ib 
sum otp others, &c., the determinant can be resolved into tlie 
sum of mnp . . . , &c., others. 

Similar results plainly hold with regard to the rows, whidi 
may be substituted for columns in the proof just given. 

119. Prop. VI. — If the constituents of one line are equal to 
the sums of the corresponding constituents of the other lines mtf^ 
plied by constant factors, the determinant vanishes. 

For it can then be resolved into the sum of a number of 
determinants which separately vanish. For example, 



max -1- nbi 


«i 


b. 




fli 


ax 


bx 




bx 


ax 


bx 


nuh + nbz 


(h 


b^ 


= m 


a% 


02 


b. 


+ n 


bz 


(h 


b. 


ma^ + fifts 


(h 


b. 




a^ 


<h 


Js 




b^ 


Ot 


h 



and each of the latter determinants vamshes (Art. 110). 

120. Prop. VII. — A determinant is unchanged when to each 
constituent of any row or column are added those of several other 
rows or columns, multiplied respectively by constant factors. 

For when the determinant is resolved into the sum of others, 
as in Art. 118, the determinants in which the added lines occur 
all vanish, since each of them must, when the constant factor is 
removed, contain two identical lines. Thus, for example, 

Ox + mbx + ncx bx Cx 
(h + mbi ■¥ nc% bt Ct 
fls + nib^ + ncz bz Cz 

for when the second determinant is expressed as the sum of 
three others, the two arising from the added columns vanish 
identically (Art. 119). - 

The proposition of the present Article supplies in prachoe 
one of the most useful properties in the evaluation of deter- 
minants. 



ax 


bx 


Cx 


Oi 


b. 


Ci 


as 


bz 


Cz 
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Examples. 

1. Show that the following determinant yanishes 

i3 + 7 « 1 

7 + a fi 1 

a + i3 7 1 

Adding the constituents of the second column to those of the first, we can take 
out a + iS + 7 as a factor, and two columns then become identical. 

2. Find the Talue of the determinant 



10 



Subtracting the constituents of the first column from those of the second, and 
three times the constituents of the first column from those of the third, we obtain 



irhich vanishes identically. 



3. 



-1111 
1-1 1 1 
11-11 
111-1 



2 
3 

-1 






1 
1 



1 
1 



1 


2 
2 



1 
2 

2 



1 
2 
2 





2 
2 



2 

2 



2 
2 




= -16. 



Here the first transformation is obtained by adding in succession the constituents 
of the first row to those of the second, third, and fourth. 

4. 



7 11 4 

13 15 10 

3 9 6 


= 3 


7 11 4 

13 15 10 

1 3 2 


U II 

CO CO 


7 -10 -10 

13 -24 -16 

1 

1 (16 - 24) = - 240 


= 3 

• 


10 10 
24 16 



Here the second transformation is obtained by subtracting three times the first 
column from the second, and twice the first from the third. In examples of this 
kind attempts should be made to reduce to zero all the constituents except one in 
some row or column, in which case the calculation reduces to that of a determi- 
nant of lower order. This can always be done by reducing any one line to units, as 
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in Ex. 7, Alt. 1 12 ; bvt in goietml it em 1m tifcituJ 
oriobtnetioos, at in the 



nm£tj bydnvetadi- 



5. 



7 


-2 





5 


1 
1 


-2 


6 


-2 


2 


I 
1 





-2 


5 


3 




6 


2 


3 


4 





7-209 

19 a -2 17 

-7 5-2 1 

12 3 9 i 



= 2 



19-2 i; 

-7 5 -21. 

12 3 9 



The fint tnuufonnttdoo is olilmined by adding to tlie aeoond row three timeB^ 
fint^ sabtnctmg the first from the third row, and adding the firit to the finrti 
row. The reduced detenninant is easily flmlatpd by sahtracting four timet ^ 
second coknim from the first, and three times the second cohmm from the Uuid. 
Thus 

19-2 



- 7 



12 



2 


17 


1 


27 


-2 


S3 




27 


23 


6 


-2 


= 2 


-27 


6 


-17 


= -6 


-27 


-17 


3 


9 







3 












= -972. 



6. Calculate the detenninant 



A = 



12 



8 
13 



16 



6 



14 



10 11 



16 



The first sixteen natural nomben are arranged here in what ia called a '' msgie 
square," i.e, the sum of all the figures in any row or in any column is constant In 
general for a square of the fint fi' numben this sum is in(n* + 1). Detenrnxumts 
of this kind can be at once reduced one degree. Here, adding the last three cohraiis 
to the first, and subtracting the last row from each of the othen, we hare 



A = 34 



1 16 14 
1 6 7 
1 10 11 



4 
9 
5 



= 34 



= - 34 X 12 



1 1 -I 
3 6-7 
7 9-11 



12 12 -12 

3 6-7 

7 9-11 

1 3 2 16 1 3 2 16 

■and subtracting the second row from the last row, it is evident that the reduced de- 
terminant yanishes ; hence A = 0. 

7. Calculate the determinant formed by the first nine natural numbers amog^ 
in a magic square : 

4 9 2 



3 
8 



6 
1 



7 
6 



Jm,i60. 
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8. Calculate the determinant formed by the first twenty-fiye natural numbers 
arranged in a mag;ic square : 

10 18 1 14 22 



12 25 



8 16 



23 
17 



6 



19 



15 



13 21 



Ant. -4680000. 



11 24 7 20 3 

9. ETuluate, by the method of the present Article, the determinant of Ex. 9, 
Art. 114. 

1 



A = 



111 

1 2» y« 
1 «« x» 
1 y» x» 




1 
1 
1 



i» sr 

a2 _«J ;ci-.,a 



1 s* y* 

1 -«» x»-«» 

1 j;J-y2 _y2 



Here, to obtain the second determinant, we subtract the second column from each 
of the following ones. In the reduced determinant, subtracting the first row from 
each of the following, we find 

1 «» y» 



A = - 



-2s» x*-«a_y» 
af>-y«-«« -2y* 



y» + g»-x» 2y' 



= (y« + «» - «« 4- 2yr)(y» + «2 - a* - 2yf) 

= - (x + y + f) (y + « - oj) (f + ar - y) (oj + y - «). 
10. Prove the identity 



As 



(4 + e)^ a» a» 

c2 «» (a + *)» 



2abc(a + A + c)». 



Subtracting the last column from each of the others, (a + 6 + eY may be taken out 
as a factor. Calling the remaining determinant A', and subtracting in it the sum of 
the first two rows from the last, we have 



* + c-a a' 

A'= e+a-* 4» 

, c— a — 6 e—a — b (a + *)* 



h-k-e-a «« 

r + a - * 6- 

- 26 - 2a 2ab 

«(* + c-a) a* 

*(<? + a-*) *« 



1 



-2a^ 



- 2ab 2ab 
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Adding the last colnnm to each of tlie otbcn, we olitun 
a{b-¥e) a' «> 

24^ 



--h 



«(* + «) 



*(f + «) 



^2mk 






Hence, A = A'(a + A + r)' = 2mi€{a + * + «)». 

11. Prore the identity 

1 1 1 



^ • 



/5 7 



= (^-7)(7-«)(«-«(«+i8 + 7). 



Subtracting the first colnmn from each of the others, /3 — a and 7 — « beooM 
fai tors. In the reduced determinant, subtract the first row multiplied by t? bm 
the second row. 

12. Resolve into simple Actors the determinant 

1111 



A = 



a 





0" 

0* 



7 

7* 



9 



Proceeding as in Ex. 11, we easily find that {0-a){y— «)('— «) ia a factor, ud 
that the reduced determinant is 

1 1 1 

+ a 7 + 8+ a 

3' + i82a + 3a8 + «' 7' + 7«a+7a» + «' J' + «*o + W + «' 

Subtracting the first column from each of the others, (7 — 0){9 ^ 0) comes out 
as a factor, and the remaining factor is easily found to be (8 ~ y){a + 3 + 7 + ')• 
Hence, finally, 

A = -(3-7)(a-«)(7-a)03-8)(a-3)(7-J)(a+i3+7+a). 

13. Rosolye into linear factors the determinant 

b 

A = 



Multiply the second column by w, and the third by al^ ; and add to the fint 
The factor a + wi + w*c may then be taken off the first column, leaving the con- 
stituents 1, C0, w^. Adding then the second and third rows to the first, the &ctor 
a -^ b + c may be taken out ; and the remaining determinant is easily found to be 
equal to a + «** + we. Hence we have 

A s (a + * + c) (a + «* + «2<?) (a + w^b + (tui). 
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14. Besolye into linear factors the determinant 

a h 4 d 

hade 

e d a b 

d 
The result is as follows : — 

A = -(a + 4 + tf + rf)(* + <f-a-rf)(# + «-*-<f)(tf+4-tf-rf), 

since each of the factors here written is a factor of the determinant ; for example, 
-a + b —e — diB shown to he a factor hy adding the second column to the first, and 
subtracting the third and fourth. By comparing the sign of a^ it appears that the 
negatiye sign must be attached to the product. 

It may be obserred that the determinant of Ex. 9 is a particular case of the de- 
terminant here considered, vis., that obtained by putting a a 0, as will appear by 
comparing the equivalent fonns of Ex. 9, Art 114. 

121. MnltlpUcatloii of Betermlnaiito.— Prop. Ym.— 

T?ie product of two determinants of any order is itself a determinant 
of the same order. 

We shall prove this for two determinants of the third order. 
The student will observe, from the nature of the proof, that it 
is equally applicable in general. We propose to show that the 
product of the two determinants (aifta^s)> (cii/Says) is 

tfifli + JijSi + Ci7i flia2 + 6ij3» + C17, ditts + JijSs + C17, 
Osai + 62J3i + c,7i a%ai + h%^% + C272 ata^ + 62/83 + C27, 

whose constituents are the sums of the products of the con- 
stituents in any row of (01(2^) by the corresponding constituents 
in any row of (01/3373). 

Since each column consists of the sum of three terms, this 
determinant can be expanded into the sum of 27 others (Axt. 
118). Now it will be observed that when any one of these 
is written down, a common factor can be taken off each column ; 
and that several of the partial determinants will, when these 
factors are removed, have two (or more) columns identical. The 
determinants which do not vanish in this way can be easily 
selected. Taking, for example, the first vertical line of the first 



256 



Determinants. 



column ; this would give a vauishiug detemunant if we were to 
take along with it the first line of the second column. We tab 
then the second line of the second column, and along with 
these two we must take the third line of the third column to 
obtain a determinant which does not vanish. Retaining still 
the first line of the first column, we may take the third line 
of the second column along with the second line of the third 
column. Taking out the common factors of the columns, wo 
write down these tiro determinants as follows : — 



ai/327s 



«! 


*. 


<h 


6, 


Oi 


h^ 



Ci 



C2 



+ ai7s/3s 



fli 



flr. 



Cl 


J. 


Ct 


J, 


c» 


h 



Taking in turn each of the other lines of the first ooluimi, 
we obtain four other determinants which do not vanish. Thus 
there are in all six terms ; and it is plain that [ai 63 Cs) is a fac- 
tor in each of these. Taking out this factor, there remains the 
sum of six terms — 

aii327s - ai/3s72 - a2/3i7s + aS^y^ + ^ifiiji " 03/3271, 

and this is the determinant (01/3273). We have thus proYed 
that the determinant above written is the product of the two 
given determinants. 

In either of the given determinants the rows may be writ- 
ten in place of columns; hence, the product may be written 
in several different forms as a determinant ; but th^e will, 
of course, give the same value when expanded. 

122. Multipllcatioii of Determinants continved.— 

Another mode of proof of the proposition of the last Article, 
expressing as a determinant the product of two given deteimi- 
nants of the same order, may be derived from Laplace's mode 
of development already explained (Art. 115). 

The nature of this proof will be sufficiently understood from 
the application which follows to two determinants of the third 
order : — 
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The product of the two determinanti (ai^es), (aifiiyj^ 10 (see Ex. 3, Art. 115) 
plainlj equal to the determinant 



ai ^ ^ 

OS ^ C2 

«3 fe ^ 

■ 1 ai oa as 

0-1 fii fi% fii 

0-1 71 7a 78 



In thifl determinant add to the fourth column the sum of the first multiplied hj 
ai, the second hj ^i, and the third hj 71 ; add to the fifth column the sum of the 
first multiplied by as* the second by fit, and the third by 71 ; and add to the sixth 
column the sum of the first multiplied by as, the second by ^3, and the third by 73. 
The determinant becomes then 



1 •! 


bi 


C\ 


uiai + *i^i + tfi7i 


As 


h 


Ct 


flaai + hfii + ^71 


«a 


h 


ti 


asai + hfii + <?87i 


-1 












-1 



-1 








«iat + *i3a + tfi7a 
«a«a + hfi% + ^73 
«sa2 + ^iSa + Ciy2 







«ias + *i/ls + «i7s 

«3as + hfii + tf873 






And this is, by Art. 115, equal to the product (with the proper sign) of the deter- 
it 



-1 



0-1 
0-1 



(which is equal to — 1), 



by the complementary minor, which is the same determinant as that obtained in the 
preceding Article. That the sign to be attached to the product is negative is easily 
seen by moving down the first three rows till the diagonals of the two minors in 
question form the diagonal of the determinant itself. The student will have no 
difficulty in observing that, in the general case, the number of such displacements 
is odd when the order of the given determinants is odd, and even when it is even ; 
so that the sign to be placed before the product-determinant of Art. 121 is always 
positive. 



s — 



« — 



• — 



J - *: J - L^ 



-j-fc^ ^-i.'- 



^^ ^ft^mr^mJL M 



•*«-«--*•< 



/ = «-«»-«•-»«. i7s«.vir- « 



•«- - ^ — r- — 



• cM — /« — 



ir ji 



iiif >u-.':Tm5 fxa 






fJW 



•f> 



ifxueof a 



of tibetiurd 



« » f = 



« r r- 









•V I 



Tte j|> pc « n by le^hiptTnig tbe tvo 



• *• 



_»» ■»» 



r* -2*' «* 



-2*" •" 



which differ onl j by the heim 2. 
3. ProTe tbe identity 



a* 2ai-^ 



s(i|S + 4» + ^_8^)». 
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ThiB maj be^readily proved by multaplying together the two equivalent deter- 
linAntfl 



b 
e 



e 

a 



a 
h 



— a 



-* 



— e 



4. Show that two determinants of different orders may be multiplied together. 

For their orders may be mode equal : since the order of any determinant can be 
ncreased by adding any number of columns and the same number of rows consiBting 
if units in the diagonal, and all the rest sero constituents. For example, 



01 

«3 



hi 



may be written 



1 










*i 



hit only effect of the added constituents being to multiply the determinant by unity, 
tfore generally, one set of added constitutents (i. e, those either to the right or the 
eft of the diagonal) might be taken to be any quantities whatever, the remaining 
et being ciphers. Thus (a\b%j may be written in either of the forms 



1 






a 
1 





«1 
at 



y 

*i 
h 



1 







a 
1 
Z 





«1 



y 



*i 



A readily appears by means of the expansion of Art. 114. 



123. Rectancolar Arrays. — Arrays in which the num- 
ber of rows is not equal to the number of columns may be called 
rectangular. These do not themselves represent any definite 
Function ; but if two such arrays of the same dimensions are 
fiven, there can be derived from them by the process of Art. 121 
a determinant whose value we proceed to investigate. 

(1). When the number of columns exceeds the number of rows. 

Take, for example, the two rectangular arrays. 



Ol 


ft. 


Cx 


dx 


) 


(1), 


ai 


a* 


fta 


Cl 


dz 




a> 














82 






y 
y 



'I Si \ 
. 8. j 



(2); 
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andy performing on these a prooess siniilar to that employed in 
multiplying two determinants, we obtain the determinant 

Osoi + fta/3i + Ctji + dtSi Otot + btfit + Ci7i + A5i 

The yalue of this is easily found to be 

(«i*»)(ai/3,) + (fliC,)(ai7a) + (ai(A)(ai8») + (6iC,)(^i7,) 

+ (6i*)(/3A) + ((?A)(rA), 

L e. ^A« 9um of the products of all possible determinants which em 
be formed from one array {by taking a number of columns equal to 
the number of rou:s) multiplied by the corresponding detemUnanU 
formed from the other array. 

The student will have no difficulty in extending this proof 
to any two arrays of the kind here treated. 

(2). When the number of rows exceeds the number ofcolumm 
the resulting determinant vanishes. 

Take, for example, the two arrays, 

fli bi \ ai pi \ 

a. b, j (1), a. /3. j (2). 

0% bi J a% ^ J 

Performing the process of multiplication, we obtain the deter- 
minant 

Oiai + 6i/3i aia% + 6i/3i aioj + fti/3i 

flfaCi + 6i/3i Ojaj + btfit a%a% + Jj/Si 

It will be observed that this determinant is the same as would 
arise if a column of ciphers were added to each of the given 
arrays, and the determinants so formed then multiplied. It 
follows that the determinant vanishes, since it is the product of 
two factors each equal to zero. 

It readily appears that a similar proof applies in general. 
It is only necessary to add to each array colunms of ciphers, bo 
as to make the number of colimms equal to the number of rows, 
and then multiply the two determinants. 
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1. From the two amji 

1 1 1 



a fi y 



(1), 



1 |1 1 
a fi y 



j (2), 



proye 



3 a+^+7 

a + ^ + 7 a» + /8« + 7» 
2. From the two arrays 

a b 9 \ e —7A a 



(«-««+(a-r)»+(/3-7)». 



ppoTe 



% b 9 \ e —7A a \ 

(1), t (2), 



3. Bj Bquaiing the array 

a h e 

a' V d 
proye 

4. Verify, by sqiiaring the array 

abed 
€i y e i^ 

iie result of Ex. 1, Art. 122. 

5. Prove the determinant identity 



(«4 



*i)* (ai 






(«1 

(«4 



*a)« (ai 






0. 



This can be proved by multiplying the two arrays 



fli* a\ 1 \ 



a^ a% 1 
a3^ As 1 



Mi)> 



04* fl4 1 , 



1 -2*1 *i» \ 

1 -2*a V 

1 -2^ ^2 

1 - 2*4 b^ ^ 



(2). 
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124. SotatloB of a System of IJnear E^vatloM.— 

We have seen in Art. 114 that a determinant may be expanded 
as a linear homogeneous f unotion of the constitaents in any row 
or column, the ooefficient of any constituent being the cone- 
sponding minor with its proper sign. We have, for ezampK 

A = OiAi + (hAt + (hAi + Ac. 

Now, the coefficients Ai, A^y &c., are connected with the consti* 
tuents of the other columns by n - 1 identical relations, viz., 

bxAi + htAi + hAz + &c. = 0, 
CiAi + CtA% + c^Ai + &c. a 0, Ac.; 

for any one of these is what the determinant becomes when the 
constituents of the corresponding column are substituted for 
ai, ttiy Oz, &c., and must therefore vanish. 

By the aid of these relations we can write down the solution 
of a system of linear equations. The following application to 
the case of three variables is sufficient to explain the general 
process. Let the equations be 

dix + bip + CiZ = Wi, 

OtX + btf/ + c%z = mzy 

Multiply the first equation by -4i, the second by -4^ and the 
third by Az ; and add. The coefficients of y and z vanish, in 
virtue of the relations above proved ; and we obtain 

{aiAi + QtAz + QiA^ X = miAi + m%At + nhA^ 
or 



Cix - 



nh iz Cz 



where A represents the determinant formed from the nine con- 
stituents, ai, biy Ciy &c. 
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Similarly, multiplying by -Bi, -Bt, -B„ we obtain 
(Ji-Bi + Jj-B, + *s5s)y = mi-Bi + miB% + m,jBs, 

eii mi Ci 



Z^y = 



Os I7I« Cs 



where the determinant on the right-hand side is what A becomes 
when mi, m,, nh are substituted for the constituents of the second 
column. Similarly, we obtain for z 

di bi nil 

As = O2 63 m« 

aj bi mt 

These values may be written more compactly, as follows : — 

Ap = (mi J2C,), Ay = (ajm^iCa), Az = (fliftams). 

In general, the values of Xy y^ 2, &c., may be written as fol- 
lows: — 

{mybtCi...ln) [aifn%bi...Q ^ (aibttn^ .*. U) « 

{OibiC^. ..In)* [aibtd ...Inf (diijC, . . . /„)' 

where, to obtain the value of any variable, the given quantities 
f/ii, m,, &c., on the right-hand side of the given equations are 
to be substituted in A for the coefficients of the variable in 
question, and the determinant so formed to be divided by A. 

125. Idnear Homogeneoiis Eqiiatloiis. — When n - 1 
linear homogeneous equations between n variables are given, the 
ratios of the variables can be determined by bringing any one of 
them to the right-hand side of the equations, and solving as in 
the previous Article ; or we may determine these ratios more con- 
veniently, as follows. We take the particular case of three 
equations between four variables, which will be sufficient to 
illustrate the general process : 

(iiX + bip + CiZ + diir = 






j- 



(1) 
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To these may be added a fourth equation whose ooefficiaiii 
are undetermined^ viz., 

OiX + bif/ + CiS + diW = X. (2) 

Calling {aihc^di) as usual A, and solving from these four 
equations by the method of the last Article, we obtain, wm 
mi = 0, fWi - 0, Wj = 0, m* = X, the following yalues : — 

Ax = XAif Ay » XjSa, As = XCi^ Atr = XD49 

or, 

The first three of these equations express the ratios of the 
four variables in terms of the coefficients in the three giyn 
equations. And, in general, the variables are pn^ortional to the 
coefficients in the expansion of A of the constituents ofthen^rw 
mpposed added to the n-l rows resulting from the given equatiofu. 

We can now express the condition that n linear homogeneous 
equations should be consistent with one another ; for example, 
that the equation (2) should, when X «= 0, be consistent with the 
equations (1). We have only to substitute in (2) the ratios de- 
rived from (1), when we obtain 

OiAi + biBi + C4 C4 + diDi = 0, 
or 

A = 0. 

The same thing appears from the equations (3), for if X = 0, 
and if the variables do not all vanish, A must vanish. 

What has been proved may be expressed as follows : — The 
result of eliminating the variables between n linear homogeneous 
equations in n variables is the vanishing of the determinant formed 
by the coefficients of the given equations. 

126. Reciprocal Determlnaiite, — The quantities 
Aiy Bi, Ci . . . A2, Bzy &c. (Art. 114), which occur in the ex- 
pansion of a determinant (/. e, the first minors with their proper 
signs), may be called inverse constituents; and the determinant 
formed with them the inverse or reciprocal determinant. We 
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prooeed to prove oertain useful relations conneoting the two de- 
terminants. 

(1). To express the reciprocal in terms of the given determinant. 
Let the reciprocal of A be denoted by A^ and multiply the two 
determinants 

At £2 Ct 

ja.i x/3 Os 

All the constituents of the resulting determinant except 
those in the diagonal vanish (Art. 124) ; and the result is 



ai 


ii 


Ci 




at 


bt 


Ct 


, A' = 


Ot 


is 


Ct 





AA' = 



whence 



A 
A 
A 

A' = A*. 



= A»; 



The process here employed in the particular case of two de- 
terminants of the third order is equally applicable in general ; 
giving AA' = A", or A' = A**"^ Hence the reciprocal determinant 
is equal to the {n - 1)*^ power of the given determinant. 

(2). To express any minor of the reciprocal determinant in terms 
of the original constituents. 

We take, for example, the determinant of the fourth order, 
and proceed to express the first minors of its reciprocal. Multi- 
plying the two determinants on the left-hand side of the follow- 
ing equatioui and employing the identical equations of Art. 124, 
we obtain 



A 
A 
A 



fll 


b. 


Ci 


rf. 




1 








\ Ot 


h 


Cj 


d^ 




Ai 


Bi 


Ci 


at 

1 


h 


Ci 


ck 




Ai 


Bi 


Ci 


a* 


b. 


Ct 


d. 




A, 


B, 


c. 



Oi 













a> 


A 








• 


as 





A 





9 


04 








A 
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whence 



Bt Ct Dt 

JSs C/3 JDs 

B, C, A 



= fliA% 



or 



(5,C,A)=aiA% 



thus expressing the first minor of A' oomplementaiy to Ai. 

Again, to express the second minors of a', we haYe, bjin 
exactly similar process, 



at bt 
whence 



Ci 


rf. 




Ct 


dt 




c» 


dt 




C4 


d. 


1 



10 

10 

J, Bt Ct Dt 

A, B, C« A 



a* 

Ot 

a* 



bt 
bt 







A 

A 



C4 A 






A% 



or 



(CD.) = (a. 6,) A. 



The general theorem of which these are particnlar cases can 
he proved in a similar manner, and may he expressed as fol- 
lows : — A minor of the order m formed out of the inverse eomti- 
tuents is equal to the complement ary of the corret^ponding minor of 
the original determinant A multiplied by the (m — 1)*^ pouierofL 

For example, in the case of a determinant A of the wk 
order a minor of the third order is expressed in the folloving 
manner: — 

as the student can easilj verifj bj a method exactly similar to 
the proof above given. 

If the original determinant A vanishes, it is plain that not 
only the reciprocal determinant itself, but also all its minors of 
any order vanish. The vanishing of the minors of the seooni 
order may be expressed in the following form : — When a detef' 
minant vanisheSy the constituents of any row of its reciprocal art 
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proportional to those of any other rotv^ and the constituents of any 
column proportional to those of any other column. 

127. Symmetrical Determinants. — Two constituents of 
a determinant are said to be cofijugate when one ocoupies with 
reference to the leading constituent the same position in the 
rows as the other does in the columns. For example, d% and 
bi are conjugates, one occupying the fourth place in the second 
row, and the other the fourth place in the second column. Each 
of the leading constituents is its own conjugate. Any two con- 
jugate constituents are situated in a line perpendicular to the 
principal diagonal, and at equal distances from it on opposite 
sides. 

A symmetrical determinant is one in which every two con- 
jugate constituents are equal to each other. For examples of 
such determinants the student may refer to Art. 114, Exs. 2, 9, 
10, and Art. 115, Ex. 4. 

In a symmetrical determinant the first minors complementary 
to any two conjugate constituents are equal, since they differ 
only by an interchange of rows and columns. The correspond- 
iDg inverse constituents are also equal, the signs to be attached 
to the minors being the same in both cases. It follows that the 
reciprocal of a symmetrical determinant is itself symmetrical. 

The leading minors are plainly all symmetrical determi- 
aants. 

The mode of expansion of Art. 117 is especially useful in 
;he case of symmetrical determinants, as will appear from the 
examples which follow. 

EXAICPLES. 

1. Form the reciprocal of the symmetrical determinant 

a h ff 

As h b f 

9 f e 

Using the capital letters to denote the reciprocal constituents, as explained in 
iit. 114, so that A may he expanded in any one of the forms aA + hH^-gO^ 
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hH + bB -k-fF, gO -k-fF^- cC, we may write the reciprocal deteraumtnt A' 
follows : — 



A's 



A H Q 
H B F 
G F C 



he^P fg-eh hf^hg 
fg-ch ea-g^ 9^-^f 



hf-hg gh-af ah - h* 



2. Form similarly the reciprocal of 



A s 



a 


h 


9 


I 


h 


b 


f 


m 


9 


f 


e 


n 


I 


m 


n 


d 



Using a notatioa similar to that of the preceding example, so that A may lie ex- 
panded indifferently in any of the forms 

hA + hS + gO + IL, *-?+ bB +fF-{- mif, &c., 

the leciprocal determinant A' is obtained by replacing in A the oonatitnentB by tlia 
corresponding capital letters. The student will find no difficulty in writing oat, if 
necessary, the expanded form of any of the reciprocal constituente ; for eximple, / 
IB the minor complementary to/ with its proper sign (the negatiye sign in this ease), 
and F is therefore obtained from the expansion of 



9 

I 



k I 

f n 
m d 



3. Expand the determinant A of Ex. 10, Art. 114, by the method of Ait. 117. 
Bringing the last row and last column into the position of first row and fin^ 

column, and using the notation of Ex. 1 for the inyerse constituente of the leading 
minor, the result can be written down at once in the form 

- A = A\^ + Bfi? + Cjr* + 2Ffj^¥ + IQvK + 2HKii. 

Since a determinant is unaltered when both rows and colimins are written in ^ 
verse order, if the expansion of a determinant be required in terms of the last lO^ 
and last column (as in the present example), it is not necessary to move them in the 
first instance into the position of first row and first column. The expansion can ^ 
written down from the determinant as it stands, replacing in the rule of Ait. H' 
the leading constituent and its minor by the last diagonal constituent and its com' 
plementery minor. 

4. Expand the determinant A of the above Ex. 2, in terms of the last row and 
column, by the method of Art. 117. 

Attending to the remark at the end of the preceding example, and using 
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', F^ Oj Hf to represent tlie same quantities as in £zs. 1 and 3, the result 
written down as follows :^ 



i = rf 



a 
h 



h 

b 

f 



9 
f 



-Al^- Bff? - C«' - 2Fmn - 20nl - 21Rm. 



m a symmetrical determinant of any order is bordered symmetrically (t. e, by 
e constituents borizontaUy and Tertically) the result is plainly a symmetri- 
rminant of the next higher order. The result of Art. 117 shows in general 
expansion of the bordered determinant consists of the original determinant 
ed by the constituent common to the added row and column, together with 
^eneous function of the second degree of the remaining added constituents. 

Ixpand the determinant 



As 



a h 
h h 



9 
f 



I a 
m ^ 



9 
I 



f 
m 



e n 

n d 



7 



is the determinant of Ex. 2 bordered symmetrically, the common consti- 
the added lines being zero. The result is plainly a homogeneous function 
econd degree of a, /3) 7» ' ; and, by aid of the notation of £x. 2, may be 
down at once in the form 

- A = ^a« + 5/i» + C7» + Da* + 2F^ + 2Gya + 2 Jo3 

+ 2Xa8 + 2Jr/38 + INyl. 

rove by means of the Proposition of Art. 121, that the square of any deter> 
Is a symmetrical determinant. 

8. Hkew-Symmetiic and Ske^r Determinants. — 

c-symmetric determinant is one in which every constituent 

^ to its conjugate with sign changed. Since each leading 

:uent is its own conjugate, it follows that in a skew-sym- 

determinant all the leading diagonal constituents are 

determinant in which all except the leading constituents 
ual to their conjugates with sign changed is called a Bkew 
linant. Thus, while a skew-symmetric determinant is 
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zero-axialy a skew determinant is not. The oalcnlation of a 
skew determinant may plainly be reduced to that of skew- 
symmetric determinants by the method of Art. 116. 

The remainder of this Article will be occupied with the proof 
of certain useful properties of skew-symmetric determinants. 

(1). A skew'Symmetric determinant of odd order mmishes. 

For any skew-symmetric determinant A is unaltered by 
changing the columns into rows, and then changing the signs 
of all the rows. But when the order of the determinant is odd, 
this process ought to change the sign of A ; hence A must in 
this case vanish. For example, 

\ a b 



-a 



0. 



-6 -c 

(2). ITie reciprocal of a akeiC'St/mmetric determinant of the n** 
order is a symmetric determinant when n is oddy and a skew-symmetrie 
determinant when n is even. 

In any skew-symmetric determinant the minors correspond- 
ing to a pair of conjugate constituents differ by an interchange 
of rows and columns, and by the signs of all the constituents. 
Hence the two minors are equal when their order is even, 
namely when n is odd ; and equal with opposite signs when n is 
even. In the former case, therefore, the reciprocal determinant 
is symmetric ; and in the latter case it is skew-symmetric, its 
leading diagonal constituents all being skew-symmetric deter- 
minants of odd order. 

(3). A skew-symmetric determinant of even order is a perfect 
square. 

This follows from the principles established in Art. 126. 

Take, for example, the determinant of the fourth order, 

Q a b c 

- a d e 

-b --d f 

^c -e --f 
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and let the inyerse oonstituents forming its reciprocal be de- 
noted by -4i, JBi, . . . Ati &c. We have then, by (2), Art. 126, 

/ 



AiB% — AtBi = A 



-/ 



=/*A. 



Now Ai^ and 3%^ being Bkew-symmetric determinants of odd 
order, vanish ; and A^^- JSi, since these are conjugate minors ; 
hence /'A = Aty which proves that A is a perfect square. 
Similarly, for the determinant of the sixth order, it is proved 
that the product of A by a skew-symmetric determinant of the 
fourth order is a perfect square ; and since the latter determi- 
nant has been just proved to be a perfect square, it follows that 
A is also. By an exactly similar process, assuming the truth of 
the Proposition for the determinant of the sixth order, it follows 
for one of the eight; and so on. 

Examples. 

1. Verify tlie following expression for the akew-Bjmmetric determinant of the 
fourth order : — 

a h e 



— a 



b -d f 
« -# -/ 



(af^be + ed)*. 



2. Expand in powers of j; the skew determinant 



b 



— a 



e 



--b -d X f 

~c -$ -f X 

When the expansion of Art 116 is employed to calculate a skew determinant, 
it is to be obserred that the determinants of odd order in the expansion all vanish, 
and those of even order may be expressed as squares. Here the coefficients of the 
odd powers of x plainly yanish, and the result takes the form 



Aai«* + (a« + A» + «» + rf» + d» +/^ ** + (a/- be + cd)\ 
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3. Expand the skew detenmnant 



A 

• a 
b 

■e 
d 



h 



d 



B 4 f g 

c C h i 

f -h D J 

9 -i -y B 



The result may be written in the form 

ABCDE + IJ^ABC-ff 2{ef -/% + ^A)«^, 

where the first 2 includes ten terms similar to the one here written, and the noondS 
includes fiye terms. The terms involving the products in pairs of the leading cod- 
stituents vanish, as also the term not involving these quantities. 

4. The square of any determinant of even order can be exp ro a sod as a ikev- 
symmetric determinant. 

The following method of proof is applicable in general. 

The square of (aihc^di) is obtained by multiplying the two fiillowing determi- 
nants: — 





«i h. ei di 




-fti ai -di ei 






at h% et dt 




-h at ^dt Ci 


• 




a^ h ci di 


f 


-*• «s -<fe «* 


> 




Oi hi Ci d^ 




-h «4 —di ci 




he product of these is 




0, -(aih)-{cidt), . 


-(«!«•)- (<?i<fi), -(ai**) -(•!*), 


(aih) + {eid2), 0, ■ 


' (oth) - {Oidt), - (0,64) - («!*), 


{»ibz) ■{■ {eidi), {a%hi + {c%di), 


0, -M4)-M), 


(aibi) + {eidi), {ath) + (e^di), 


(azh) + {cidi), 0, 


lisaskc 


3W-S7mmetric determin 


Ant. 







6. Form the reciprocal of a skew-symmetric determinant of the third order. 
Using for A the form in (1) of the present Article, the result is easily fbuiid to 
be the symmetric determinant 



c> -*# 



04 



-be 



*» -ab 



ae 



-ab 



a* 



Theorem. 
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A' = 



6. Fonn the reciprocal of the Bkew-symmetrio determiiuuit A of the fourth order 
in £x. 1. 

Bepreeenting by ^ the fanction af—be + ed whose square is equal to A, and by 
a' the required reciprocal, we easily find 

f^ —e^ d^ 

-fy e<l> - A^ 

- <f^ b^ —a^ 

The yalue of this skew-symmetrio determinant may be written down by aid of 
the result of Ex. 1. It is thus immediately verified that A' = (of— be + edy ^^ = A'. 

7. Form the reciprocal of the skew-symmetric determinant A of the fifth order, 
obtained by making the leading coefficients all vanish in the determinant of Ex. 3. 

Since the reciprocal is a symmetric determinant (see (2), Art. 128), and since also 
it must be such that the constituents of any line are proportional to those of any 
parallel line (Art. 126), it appears that the required determinant must be of the 
form 

^l' ^1^ ^1^ ^1^4 ^1^ 
^^1 ^' ^^ ^^4 ^4>5 

^4>i ^^ ^* ^^ ^^5 

^4^1 ^4^ ^4^ ^4* ^^5 

^6^1 ^^ 4>5^ ^5^4 ^5* 

in which ^i, tf>2, ^» ^4, ^s are five functions of the second degree in the original 
constituents whose squares are the values of the five first minors complementary to 
the leading constituents of A. 

In general the reciprocal of a skew-symmetric determinant of any odd order 
Ifn + 1 is of a form similar to that just written, the diagonal constituents being the 
•quares, and the remaining constituents the products in pairs, of 2m + 1 functions, 
i«ch of the m*^ degree in the original constituents. 

129. Theorem. — We conclude the subjects of the present 
Ifhapter with the following theorem relating to a determinant 
vhose leading first minor vanishes. Adopting the notation of 
\it. 117, we regard A as the yanishing determinant, and state 
he theorem to be proved in the form : — If a determinant A, 
chose mine is zero, be bardered in any manner^ the product of the 
i^terminani so formed by the leading first minor of A is equal to 
fhe product of two linear homogeneous functions of the added con- 
stituents. 
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Betaining the notation of Art. 117, we propose to prove that 
the product of A' and Ai msLj be expressed in the following 
form: — 

^iA'= - {Aia + jBi/3 + Ci7 + . . 0(-4ia +^,^' +-4,7'+ . . .). 

This follows at onoe from (2) of Art. 126 by considering in 
the determinant reciprocal to A' the values of the constituents 
inverse to Oo, a, a% ai ; and expressing in terms of the original 
constituents the determinant of the second order formed by 
these four. Another proof of this result may be readily derived 
from the expansion of Art. 117, by the aid of the property of 
the reciprocal of a vanishing determinant (Art. 126), viz., that 
in the determinant formed by A^ JSi, d, &c.} the oonstituentB 
in any line are proportional to those in any parallel line. 

If the original determinant A is symmetrical, and the bo^ 
dering also symmetrical, the two factors on the right-hand side 
of the above equation become identical, and the theorem takes 
the following form : — If a symmetrical determinant^ whose miue 
is zerOf be bordered si/mmetrtcaily, the product of the determinant 
so formed by its leading second minor is equal to the square tcith 
negative sign of a linear homogeneom function of the bordering eon' 
stitucnts, 

Eegarding A^ as the original determinant, the following 
useful statement may be given to the theorem just proved :— ^ 
in any symmetrical determinant the leading first minor vanish, tk 
determinant itself and its leadttig second minor have opposite sigii*' 

Examples. 

1. If a Bkew-symmetric determinant A of odd order 2m + 1 be bordered in loy 
manner, the resulting determinant A' is equal to the product of two rational f^' 
tions each containing the added constituents in the first degree, and the origio^ 
constituents in the m^ degree. 

Writing, according to the result of Ex. 7, Art. 128, the reciprocal of the gi^ 
skew-symmetric determinant in the form 

<P%^i ^ ^^ • 
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ind applying the theorem of the present Article, we find 

*pi^ A' = - {ipi^a + ^l^^ + ^1^7+ • • .)(^i'«'+ ^^ii9'+ ^3^17'+ • • •), 



Dr 



A' = - (^la + 02iS + ^7+ . . .)(^i» + ^3'+ ^87* + • • •)• 



It may be obserred that if in this result a/, /3'} 7'* &c., be made equal to - a, — jSf 
- 7, &c., respectively, we fall back on the theorem (3) of Art. 128. 

2. If a skew-symmetric determinant of even order 2m be bordered in any man- 
ner, the resulting determinant is equal to the product of two rational functions, one 
of the m<*, and the other of the (m + 1)<* deg^roe in the constituents. 

This may be derived immediately from the result of the last example by making 
equal to zero all the added constituents a', jS', 7', &c., except the last, which is to 
be made => 1. The determinant then reduces to one of the (2i» + 1)<^ order of the 
kind here considered, the bordering constituents forming the top row and the last 
column. It appears also that the factor of the m*^ degree in the result is the square 
root of the given skew-symmetric determinant of order 2m. 

3. Resolve into its factors 






a 


^ 


7 


0' 





e 


-^ 


iS' 


— e 





a 


y 


h 


— a 






Ana. - (aa + */3 + <?7)(«a + bfi' + cy). 



4. Hesolve into its factors 



a 




iS 7 » 

e —h X 



j8' -<. a y 
7' b -a s 
Z' — a? -y — « 

Am, (aj? + ^ + «){jp(/37') + y(7«) + «(a^0 + «(««') + *(/3«') + «(7>')J- 

If the leading constituent a^ (see Art. 117) is not zero, the term a^(ax-\-by-\-et)'^ 
must be added to this result. In general, excluding the term AqA arising from the 
leading constituent, it appears by (2), Art. 128, that the expanded form of any 
skew-symmetric determinant of even order, bordered as in Art. 117, is a linear 
homogeneous function of the determinants (o/S'), (ay), (Py*), &c. When the bor- 
dered determinant is of odd order, as in Ex. 3, the leading constituent Oq may 
always be taken equal to zero without affecting the result. 



t2 
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MiSOBLLANBOirS EXAKPLES. 



1. Prore 



oo 



ai 



«i 



^ 



a% 



01 



at a% Oi 

where /has tlie same signification as in Art 37. 
2. Prore 

^ +7 7 +« a +^ 
i8' +7 7 + « « + iS* 
/B" + 7" 7" + a" a" + /3" 

37 3y+^7 /3'7' 

7« 7«' + 7'« y«^ 



/, 



» 
a 






3. Prove 



(i8y')(y«')(«flf). 



irliere the factors on the light-liand aide are detetminants of the second oider. 

gm A 'V 

Dividing the rows by 3*7', 7'a, a'pf ; and putting x =-,/* = -j, r = -,, the 

a p f 

determinant (omitting a factor) reduces to the form 



s-(fi-y)(y-X)(X-Ai),*C. 





1 M + »' 


fL¥ 




1 


-X 


AUr 




1 y + X 


V\ 


= 


1 


-M 


yX 




1 X + M 


XfL 




1 


— V 


Am 


4. ; 


Prove 













y 

^ 
y 









?!! P 1! ^ 

a & <f 



- (^) {ad') jea') (bd') {ab') jed') 
aheda'Vild' 



_» r» J j» 

Multiplying the columns by -, -, -, — , the determinant^reduces to the fonn 

treated in Ex. 10, Art. 112. 
6. Prove 

/3V + o'8« /37 + o5 1 
72o* + /3»82 7a + /35 1 
^2^ + 7252 0/3 + 75 1 

Add the last column multiplied by 2 0^78 to the first. The determinant be- 
comes then of the form of Ex. 9, Art* 112. 



; 



= (3-7)(a-5)(7-a)(i8-a)(a-«(7-«)- 



MiseeUaneous Examples. 



2T7 



6. Proye 

(a + i8-7-a)* (a + i8-7-»)» 1 

7. Proye 

a b ax -^^ b 

b e bx -\- e 

ax + b 6x+ c 



s640-7)(a-a)(7-a)(i8-») 

(«-«(7-a). 



SB - («? - 62)(«!» + 24ir + «). 



Subtract from the third row the second row plus the first multiplied by x. 
8. Proye similarly 

b e ax^'\-2bx-k-e 



a 
b 
e 



e 
d 



€ 

d 





bjfi-\-2ex+d 



ax^-^2bx-{-e ba^ + ^ex-^-d csfl+2dx-{-e 

a b e 



bed 
e d 



(ax*+ 4^4jS+ eex*+4dx-{- e). 



9. Giycn 



proye the identity 



/i («) = •i*' + 33ix» + 3<?i j: + di, 
Mx) » oi*' + 3«j«» + 3<!4« + d,, 
fz(x) = «»«• + 3*8«» + Zezx + <f3 ; 



/iW /I'W /i"W 
/iW /r'W /2"W 

/.W /3'W /3"W 



s- 18 



1 


-0? 


«» 


-^ 


«1 


bi 


Cl 


rfi 


03 


b2 


e% 


<^ 


OS 


^ 


cz 


dz 



The first determinant reduces easily (omitting a factor) to the following 

aix-^bi bix + ei e\x -^^ d\ 
a^x "^^ b% ^jx + ci czx ■}■ d2 
a^x + bz bzx + e^ e^x + d^ 

We haye seen (Ex. 4, Art. 122) that the order of a determinant may be increased 
without altering its yalue. By a suitable selection of the added constituents the 
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calculation of a determinant may often be amplified by boidering it in Ibis vij. 
The determinant last written is plainly equal to 



tfi a\x-\-hi hix-\-ei e\x-\^ di 
at o^x + bt btx + C2 CiX + dt 
Oi a^x-^bz hx + ci czx + dt 

Subtracting from tbe second column tbe first multiplied by x ; subtracting then 
from tbe third tbe new second column multiplied by x ; and, finally, from tbe fourth 
tbe new tbird column multiplied by x, we baye tbe result abore stated. 

10. Sbow tbat tbe determinant 



(X-a)a» 

(\-fl)yr 

Xjfl + ba^ + ey^-l 



X«» + cy»+fc«-l {K~e)xy 

(a. - e) xy Ay* + as* + «** — 1 

(K-h)xz (K — a)yz 

contains \ (x^ + y* + s^) - 1 as a factor, and tbat tbe zemaining fiu:tor is ind^ 
pendent of \. 

Border tbe determinant, as in Ex. 9, witli a first column wbose constitueiits are 
1, AJ?, Xy, Xz ; and witb a first row wbose constituents are 1, 0, 0, 0. Sabtnct 
tben X times tbe first colunm from tbe second, y times tbe first column from tbe 
tbird, and t times tbe first column from tbe fourtb. In tbe detexminant thus 
altered subtract from tbe first row x times tbe second, plus y times tbe tbird, plus : 
times tbe fourtb ; and tbe result follows. 

11. Expand in powers of x tbe determinant 



ai + « 


bi 


Cl 


di 


at 


bt + » 


et 


dt 


at 


bt 


ct-k-x 


dt 


ai 


bi 


Ci 


di + x 



Ans.. x^+{ai-\-bt'^Cf\-di)x^+{ {btct) + (ffirfi)+(flir4) + (^2^4) + («i W + (^^^^^ 

+ { {btctdi) + {aictdi) + (ai btdi) + (aibtct)} x + (fli*jft*)- 
12. Prove tbe identities 



I a a aa 
1 fi $' $0 
1 
1 



7 7 ry 





B C 




A 




A B 


5 




s. 




B 






Bf C 




C A' 




A' B 



where 



^ =(/3--y)(a-8), B 



(7-a)(/3-J), C 

(y-«')(fl'-»'), C 



(a-j8)(7-»). 

(«'-/af)(y-n- 



Miscellaneous Examples, 
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Expanding the first determinant in terms of the minors formed from the first 
two columns (see Art 115), we easily prove that it is equal to 

and employing the identical equation A-\-B-^CsO, along with the relations of 
£x. 18, Art. 27, the result follows. 
^13. Prove that the determinant of £x. 12 is equal to 

1 fiy + aZ /3'y+o'a' 

1 7a + /33 ya' + /3'«' 

1 afi^yZ a0-\-y'^ 

This follows at once from the relations of Ex. 18, Art. 27. If a , /5', 7', 5' be 
put equal to a"», /8", y*, 8* in the result, we obtain an identity which includes 
Ex. 5, p. 276, as a particular case. 

14. Prove 

X ai 02 Oi 



fi 


X 


$ 


y 


$ 


y 



h b2 



C\ 



= (z-«)(a?-/3)(j:-7)(z-«); 



«i» ^3, A3) hi, h%y e\ being any quantities. 

This follows by subtracting a times the last column from the first, /3 times the 
last from the second, &c. The student will have no difficulty in writing down the 
corresponding determinant of the (n + 1 )<* order which is equal to the polynomial 
/ (x) whose roots are ai, 03, 03, ... Oa. 

15. Eesolve into factors the determinant 

(« - ay (a - /5')« 
(3-a')2 (/5-/5r 



(y-^'Y (7-/5T 



(« - 7? 
0-77 
(7-7T 



Here 



A = 



/5 



1 
1 



1 



-2o' 



1 -2/3' 
1 -27' 



/3'2 

^'8 



0" 

yl 7 

and these two determinants may be resolved as in Ex. 9, Art. 112. 
16. Eesolve into factors the detenninant 

(« - a'Y (a - /3')3 (a - 7')' 
(/5 - ay O - 0f {$ - yy 

(7-«y (7-/57 (7-7')» 
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Multiplying the two rectangular artaya 



«s 


o» 


a 


I 




1 


-3a' aa** 


-a** 


0" 


/8» 


/3 


1 


• (1). 


1 


-w 3/r« 


-31 


y 


y 


y 


iJ 




1 


-87' 87" 


-y-'i 



(J). 



A becomes equal to the lum of four terms, from each of which we can take out u t 
&ctor the product of the two determinants 



1 /5 0^ 
The remaining factor is 



1 
1 



/5' 



.'1 



0t 



3 1 3 o37 - 2 j37 2a' + S3 V Stt - 3 a' /r 7' } , 
rhich can be written also in the foim 

3{(a-a')(3-3')(7-y) + («-3')(3-7')(y— ') + («-y')08-a')(7-«|. 



17. ProTO the expansion 
1 + ai 1 1 1 



1 
1 



l + «a 

1 

1 



l+«5 1 

1 l+OA 



= aiaaasa4 n+— + - + - + - 

( «! as At '4) 



This is easily preyed by subtracting the first column from each of the oth«rt, 
and then expanding the determinant as a linear function of the constituents ci the 
first column. It will be apparent from the nature of the proof that the Talus of the 



similar determinant of the »** order is aiosffs . • . 0i»! 1 + 2— }. 
18. Prore the relation 



/3 



X X y X 
X X X h 



=/(*)- ^(«). 



where 



/(a;)s(a:-a)(a;-iS)(x-7)(i:-5). 



This can be derived from the preyious example, or proved independently '^ * 
similar way. As in the last example, the determinant of this form of the n^ degi*^ 
can bd similarly expressed. 
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19. Each of the coefficients of any equation can be expreteed in temui of the 
roots as the quotient of two determinants. 

The student can easily extend to any degree the following application to the 
equation of the third degree. 

From Ex. 10, Art. 112, we haye 



7^ «» 



cr^ 



iB5 /8» iS 1 
y 7* 7 1 



- (/5-7)(7-a)(a-iS)(«-a)(af-/8)(«-y). 



Expanding the determinant, this identity can be written 



a' a 1 
0" P 1 
7* y 1 



x»- 



o' a 1 
/5> fi 1 

y y 1 



«' + 



o^ a* 1 
/B» /8» 1 

y 7» 1 



a? — 



a' a 



<^ a 1 

/8» /5 1 
7» y 1 



7* 7* 7 



{«»-l?i«»+l»i«-i»j}, 



horn which the aboye proposition follows ; pi, pt, pz being the coefficients of the 
equation whose roots are a, /3, 7. 

20. To express as a determinant the reducing cubic in the solution of a biqua- 
dratic. 

Employing Descartes' method, and substituting from equations (1), Art 64, in 
the identity 



= 0, 





110 




1 


I 




2 P'¥p' 


? + ^ 




P P' 




P' 


p 


- 


p-^tf ^Pt^ 


pq^-¥p'q 




9 9' 




g' 


g 




q-^q' pq'-^p'q 


2gq' 


we fin 


d the equatioi 


i 













a b tf + 2a^ 

b e^ a^ d 

« + 2a^ d e 



= 0, 



u cubic for ^, which is easily seen to be identical with the cubic 



4a»^^- Ja^ + 7=0 



of Art. 64. 
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21. Find the condition that the homogeneous quadratie fonetion of tiuee 
yariahles 

«*> + V + «* + 2/y 2 + 2ffMX + 2Ady 

should be resolyable into two factors. 

Equating the given function to the product of the facbon 

(ox + /9y + rs) {ax + /Ty + y'e). 



we readily fi] 


ad 
a a' 







o' 


a 







a 


h 9 




fi r 







3' 


iS 





= 8 


h 


* / 




y i 







y 


y 







9 


/ • 



hence the required condition is that the symmetric detenninant last written ahoold 
yanish. 

22. Show that the most general values of Xy y, f , ir which satisfy the two hoBK^- 
geneous equations 

<M? + 3y + « + rfw = 0, «'a? + ft'y + *'* + ^^ = 
may be expressed symmetrically in terms of two indetenninates X, J*, in the lora 

{flh') {Off) (ad') « = oJ + aT, 

(W) (*«?') (W) y = ftZ + y r, &c. 
This can be proved by joining to the two given equations the two foUowing:' 



*» 



rf2 



_^ + _y + _,+ _^ = X, 



ft'« 



rf** 



_.^ + _.y + __,+ _.«, = ^ 



where A, /t aro indeterminate quantities ; by then solving for jt, y, s, ir, as in Ait. 
124, and reducing the determinants as in Ex. 4, p. 276 ; and finally makug 
X = a'b'e'eCx, r= - ahcdfi, 

23. If in any determinant r columns (or rows) become identical when ' ' 'i 
then {x — ay-^ is a factor in the determinant. 

This appears easily by subtracting in the given detenninant one of thercoIoouiB 
from each of the others. The resulting r — 1 colimms must each contain s-*^ 
a factor, since by hypothesis each constituent in it vanishes when s = a, 

24. Find the value of the determinant of the n*^ order 



X a a 



As 



a 



whose leading constituents are all equal to x, and the remaining oonstitttenta vl 
equal to a. 
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By the preceding example A muBt contain {x — a)^^ as a factor ; and by adding 
he columns we see that^ it must also contain « + (n — l)aasa factor. Hence A 
differ by a numerical factor only from the product of these ; and by comparing 
product with the leading term we find 

A = (x - a)»-i {x + {n-l)a]. 

B result can readily be proved directly without the aid of Ex. 23. 

25. The determinant 

Ma) Ml) Ma) 

Me) /«(/s) Me) 
My) My) My) 

rhich/1,/3,/3 are any rational integral functions, contains the difierence-pro- 
t 03 - 7) (7- o) (o - iS) as a factor. 

This appears readily by reasoning similar to that of Ex. 23. Determinants of 
nature, in which the constituents of any column (or row) are functions of the 
e form, and the constituents of any row (or column) involye the same variable, 
called alternants. It is plain that the result is general, and that tbe alternant 
ny order contains as a factor the difference-product of all the variables involved. 
> determinants of £xs. 9, 10, Art. 112, and Exs. 11, 12, Art 120, are alternants 
he simplest form. 

26. Express in the form of a determinant the quotient of the alternant in the 
:cding example by the difference-product. 

Assuming, to fix the ideas, that the functions involved are each of the fifth 

ree (which will include lower degrees by making some coefficients vanish), we 

J write 

/i (o) s ai o' + bi o* + <?i o' + d\n? + ^la +/i, 

/2(o) s ato*+ Aaa* + e2v? + ^20? + ^o +/a, 
/s (o) s aso'+ *3«* + <f3a? + rfao' + eia +/s. 

Now taking a, /3, 7 to be the roots of the equation 

3^ + px* + ^j; + r = 0, 

\ forming the product of the following determinants : — 



«» 


aS 


a3 


a» 


a 


1 




fli 


*i 


Cl 


di 


ei 


/i 


3* 


^ 


iS» 


0" 


/3 


1 




at 


h 


c% 


d% 


e2 


/a 


7* 


y 


y" 


y" 


y 


1 




«3 


h 


C9 


dz 


ez 


/3 








1 











» 








1 


P 


9 


r 





1 



















1 


P 


q 


r 





1 



















1 


P 


q 


r 









readily appears that the determinant last written is the required quotient. 
A similar method may be used to form the quotient when the alternant is of any 
ler, and/i, /2,/3, &c., rational integral functions of any degrees. 
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27. Besolye the following detenninant into linear facton : — 



a» ai 



03 a^ 05 



O) Oi 



<l4 Ofi 01 0s As 



03 0i 05 01 



a% a^ ii4 a^ 



ai 



Here in all the rowB the constitaents are the same five quantities taken in d^ 
cular order, a different one standing first in each row. A determinant of this kind 
is called a eireulanL It is convenient to write a circulant in the form here g^itn, 
Yiz.y such that the same element occupies the diagonal place throughout. TaUn| 
9 to he any root of the equation d:^ — 1 = 0, and adding to the first column ths 
sum of the constituents of the remaining columns multiplied hy $, 9*, ^, 9*, le- 
spectiyely, we ohsenre that the following are factors of the determinant : — 

ai + 01 +«3 +«4 +a6. 
01 + ^03 + •'«8 + ^«4 + •* fla, 

0l + ^03 + ^a3+*«4 +^«6, 
«l+^0» + *0S +9*04+^08, 
01 + (>*02 + ^«3 + •'04 + •«», 

the fiye roots of o^ - 1 = being 1, 0, 0^, d', (^ ; and comparing the coefficient of 
01^ in both expressions it appears that the numerical factor is unity (cf. Ex. 13, 
Art. 120). 

The method here employed can easily be extended to express a circulant of the 
n*^ order as a product of n factors by means of the roots of the binomial equation 
«" - 1 = 0. 

28. Calculate the determinant of the n*^ order 

On ^n 



AmS 



1 an.1 bn^i 

-1 On^t bnJi 

0-1 0»j *i^i 



in which all the constituents are zero except those which lie in the diagonal and in 
lines adjacent to it on either side and parallel to it, one of these latter sets consisting 
of constituents each equal to — 1 . 

Expanding in terms of the first column, wo haye the following relation connect- 
ing three determinants of the kind here considered whose orders are n, m — 1, 
w-2:— 

An = «n An-l + A« Aii-2. 
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By aid of this equation the calculation of any detenninant vi reduced to that of 
"tile two next inferior to it in the series An» An-i, Ai»-3» . . . A2, Ai ; and the Talues 
of Ai and A3 are plainly ai and osAi + ^ respectiyely. 

Dividing the equation just given by Am-i we have 

An hn 

An.i An-i 

An-a 

replacing by a similar value the quotient of A«-i by A».3y and continuing the pro- 
cess, it appears that the quotient of any determinant by the one next below it in 
the series can be expressed as a continued fraction in terms of the given consti- 
tuents. On account of this property determinants of the form here treated are 
called eonimuanta. When each of the constituents bny bn-i, ... ^3, ^3 (in the line 
above the diagonal) is equal to + 1 the resulting determinant is a simple continuant, 
29. Calculate the determinant of the n*^ order 



Ans 



/3 a 
/3 




1 

a 
/3 




1 





1 



-whose only constituents which do not vanish are a, /3, 1, lying in the diagonal and 
the lines adjacent and parallel to it as here represented. 

The calculation is readily effected for any particular value of », in a manner 
similar to that of the last example, by aid of the equation 

An = aAn-l — /3An_3» 

the values of Ai and A3 being a and a' - /3, respectively. 

By examining the formation of the successive values of A, the student will 
readily observe that the terms contained in the result are 

when n is even and of the form 2r ; and 

when n is odd and of the form 2r + 1. 

For the purposes of a subsequent investigation, in which the results just stated 
will be made use of, it is not necessary to know the general forms of the numerical 
coefficients which enter into these expressions ; but such forms can be arrived at 
without difficulty, and the following general expression obtained for A« : — 

V . (»-3)(»-2) _^^ («-6)(«-4)(«-3) _^^, . 
A« = a--(fi-l)rt»-'/8+i j^-^2 ^«"^i82-^ 17273 ^•'^iSH&c. 
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30. When a polynomial U is diyided by another ZT of lower dimenaions, the 
coefficients of the quotient, and of the remainder, can be expresied as detennzosnte 
in terms of the coefficients of 27 and W, 

The method employed in the following particular case is equally appHeahk in 
general. Let 17* be of the 5th, and IT of the 3rd degree ; the quotient and re- 
mainder can then be represented as follows : — 

Q s qoT^ '\-qiX + q2t £ = r^a^ + r\X + rj. 
Also, let 

From the identity U ^ QXT -¥ B 

we have the following equations : — 

02 = go 02 + ^1 oi + qt oo', 

«3 = qoOi + ^1 C2' + q20i + ro, 

«4 = ^i<»3' + i^itfa' + n, 

Solving by Art. 124 ; qoy qu qz are expressed as determinants by meaiuof &e 
first three of these equations ; and taking the first three with each of the others in 
succession, we determine ro, ri, ra. For example, to find ro we have from the first 
four equations 



oo' 








-flo 




02' 


oo' 




«o' 


-02 


= 0, or oo'^ro = 


fl3' 


02' 


ai' 


-fls + ro 





flo' 








00 


«i' 


iio' 





fli 


oa' 


«i' 


ao 


as 


03' 


«2' 


a{ 


03 



31. Find the general forms of the coefficients of the quotient, and of the re- 
mainder, when a polynomial of even degree 2m is divided by a quadratic. 
Taking or' + or + jS as the given quadratic function, we have the identity 

= (^0«'*""*+ ^l****^ + . . . + ^2m-3« + g2m.2)(x^ + aX-\-fi) + Toi? + fl- 

Writing down the first r + 1 equations, formed as in the preceding exampl6» ^ 
solve for ^o^ ^i» ^2} • • • ^r» it is easily seen that the value of qr thence derived ^ 
a determinant of the r*^ order of the form treated in Ex. 29, bordered at the top 
with the constituents 1 , 0, . . . 0, oo) and at the right-hand side with oo, ai, . . . ^ 
Expanding this determinant in terms of the last column, it is immediately seen thftt 
any quotient is expressed by means of a series of the determinants of £x. 29 in 
the form 

gr - Or — flr-l Ai + 0^-2 A2 — &C. . . . + Ci Ar.i ± Ary 
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le npper or lower sign to be used according as r is even or odd. To obtain the 
oefficicnts of the remainder, we haye the equations 



Expressing the values otq2m^f gim-i by the formula just proved, and attending 
to the results of £x. 29, we derive the following general forms for ro and ri : — 

ro = Aim-l + AzmJ^fi + A2mJi 3» + . . . + ^ajS*"* + -4i j3"«->, 

m which the coefficients w^, ^ are all functions of a, the highest power of a in any 
I'oefficient A or B being represented by the suffix attached to the coefficient. 

32. If the leading constituents of a symmetric determinant be all increased by 
he same quantity x, the equation in z, obtained by equating to zero the determinant 
o formed, has all its roots real. 

Let the determinant of the n^ order under consideration be denoted by Am and 
vritten in the form 

a + x h g 



Ans 



h b + x f 
g f + X 



Let the determinant obtained from this by erasing the first row and first column, 
I.e. the leading first minor of Ant be denoted by *Aii.i ; again, the leading first minor 
of A^i by Af».3 ; 2Lnd so on, the last function Ai obtained in this way being of the 
form I -\- X. To these we add the positive constant Ac = 1, which may be re- 
garded as completing the series of minors and obtained by the same process, since 
An is not altered by affixing a last row and a last column consisting entirely of zero- 
elements, with the exception of the constituent + 1 in the leading diagonal. We 
have now a series of » + 1 functions — 

An, A|i.i, Am-2, . . . As, Ai, Ao) 

whose degrees in ;p are represented by the suffixes. When + oo is substituted for x 
the signs are all positive ; and when — oo is substituted, the signs (beginning with Ao) 
ore alternately positive and negative. Hence, if j; be regarded as increasing con- 
tinuously, n changes of sign must be lost in this scries during the passage from — oo 
to + 00 . Now it appears by the theorem of Art. 129, that a value of x which 
causes any function (excluding An, Ac) in this series to vanish gives opposite signs 
to the functions adjacent to it on cither side. Ao retains its sign throughout. It 
follows, exactly as in (2), Art. 89, that a change of sign can never be lost except 
when X passes through a real root of An = 0. There must, therefore, exist n real 
roots of this equation in order that n changes may be lost during the passage of x 
fipom — CO to + 00 . 
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Anj equation in the series, being of the same form as ^ as 0, hss all its looto 
real. It is plain also that each of these equations is a limiting equation (tee Ait 
83) with reference to the equation next above it in the series ; since, in order that 
a change of sign may be lost between An and A».i at the passage through each of 
two oonsecutiye roots of the former, the yalue of Am-i must change sign between 
these two yalues of «. The equation An = may have equal roots, and by vlut 
has been just proved it appears that when this equation has r roots eqnsl to a, 
the equation Am-i » has r — 1 roots equal to a, the equation Ai^ = hss r -2 
roots equal to a, and so on. 

The determinant here discussed occurs in several investigations in pure mathe- 
matics and physics. The proof here given of the property above stated is taken fram 
Salmon's Higher Algebra (Art. 46), to which work the student is referred for other 
proofs of the same theorem. 

33. If the determinant of the preceding example have r roots equal to a : prove 
that every first minor has r — 1 roots equal to a ; every second minor r - 2 rood 
equal to a, and so on. 

Employing the notation A, Hy O^ . . . for the el ements of the reciprocal deter- 
minant, we have the equation 

AB — S^ = Aii^ A*. 

Now it is easily seen by proper transpositions of rows and columns that eroy 
leading first minor contains the multiple root r — 1 times. It foIlowB from the 
equation just written that the minor H must contain this root r — 1 times ; and i 
may be taken to represent any first minor. 

34. Find the conditions that the equation 

a-k- X h g 
h b+x f =0 

g f c-{- X 

should have equal roots. 

Since each first minor must contain the double root, we readily derive the 
required conditions in the following form : — 

This and the preceding example are taken from Bouth's Dynamics of a St/ftt** 
of Bigid BodieSy Fart ii., Art. 61. 
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SYMMETRIC FUNCTIONS OP THE ROOTS. 

130. Mewton's Tbeorem on the Sums of the Powers 
of the Roots. — ^We now resume the discussion of sjmmetrio 
functions of the roots of an equation, of which a short account 
has been previously given (see Art. 27) ; and proceed to prove 
oertain general propositions relating to these functions : — 

Prop. I. — The mim of the similar powers of the roots of an 
equation can he expressed ratunially in terms of the coefficients. 

Let the equation be 

f[x) a af^pxof^^ + p^oir* + . . . + J?n 

a (a? — Qi) {X - Oa) (a? — Oj) . . . (a? - €Lf^ = 0. 

We proceed to calculate So*, Sa', . . . Sa"* ; or, adopting 
the usual notation, ^, «3, . . . s^y in terms of the coefficients 

P\y P^y • • • Pn» 

We have, by Art. 72, 



r^,).m,m 



+ . . . + 



X— Qi X — Qi 



X-Qn 



= naf"'^ + (n - l)pi3if^^ + (n - 2)p2af^ + . . . + 2pn^x +p„^ ; 
and we find, dividing by the method of Art. 8, 



iP — a 



= af^^-¥a 
■^Pi 



a^» + a" 


af^ 


+ a» 


af^ 


+ . 


. . + a*-^ 


+Pia 




+ Pia^ 






+i?ia»"* 


+ i>2 




+ i?aa 






+P2a^^ 






+ i>3 






+ . .. 
+ Pn^a 

-^Pnr-i. 
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If in this equation we replace a bj each of the qoantitm 
ciiy 02, ... a« in succession, and put «p = 2a' = oi' + ai' + . . . +ai/, 
we have, by adding all these results, the following yalue for 



f{x) = fWJ*-* + «i 


aJ^ + «, 


ilf^ + «8 


3^ + . 


• .+«iM 


+ «P1 


+ Pl«l 


•\-piH 




+lh«»4 




+ wpl 









whence, comparing this value of f\x) with the foimer, we 
obtain the following relations: — 

Sa + pi8i + 2^2 = 0, 

«s +i?i«2 + i?2«i + 3p3 = 0, 

Si +i?l«3 + J»2«2 + Pz8i + 4/?4 = 0, 



The first equation determines Si in terms of pi^ jpt, . • • Z'* > 
the second Sz ; the third s^ ; and so on, until «m-i is detennin^- 
We find in this way 



«i = - Ply «a = i?i* - 2^2, «3 = - i?i' + 3pii?2 - 3jt?s, 

54 = 
«5 = 



i?i* - 4/?i>2 + 4;?ii?3 + 2^2* - 4/?4, 



Having shown how 5i, «2j «3, . . . 5»_i can be calculated in 
terms of the coefficients, we proceed now to extend our results 
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> the sums of all positive powers of the roots, viz., Sny s^^iy • . • ^m* 
'or this purpose we have 

Leplacing, in this identity, x by the roots ai, 02, . . . a«, in suooes- 
on, and adding, we have 

Now, giving m the values «, n + 1, n + 2, &o., suooessively, 
nd observing that «o " n, we obtain from the last equation 

8n + PiSn^i + Pi8^ + ...+«/>« =0, 
«n+l +i?i«n +P28f^i + . . . + PnSi = 0, 
««+l + i?l«n+i +i?2>n + . . . + Jt?ii«2 = 0, &0. 

Hence the sums of all positive powers of the roots may be 
xpressed by integral functions of the coefficients. And by 
ransforming the equation into one whose roots are the reci- 
•rocals of ai, as, as, . . . Onj and applying the above formulas, 
7e may express similarly all negative powers of the roots. 

131. Prop. II. — Evert/ rational symmetric function of the 
oot^ of an algebraic equation can be expressed rationally in terms 
f the coefficients. 

It is sufficient to prove this theorem for integral symmetric 
unctions, since fractional symmetric functions can be reduced to 
. single fraction whose numerator and denominator are integral 
ymmetric functions. Every integral function of ai, aa, . . . o« 
} the sum of a number of terms of the form Naf a%^ az, . . , where 
V is a numerical constant ; and if this function is symmetrical 
re can write it under the form N^afa^^az. . ., all the terms 
leing of the same type. Therefore, if we prove that this quan- 
ity can be expressed rationally in terms of the coefficients, the 
beorem will be demonstrated. We shall first establish the 
allowing value of the symmetric function Sai^'aa' : — 

^af aa* '^ SpSq- Sp^ (1) 

u2 
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To prove thiB, we multiply together %p and «,, where 

«p = Oi' + O/ + a/ + . . . On^j 
Sq == ai« + €l2* + fli* + . . . Of!*; 

whence 

SpSg = ai^ + aj^ + . . . + aj^ + afat^ + ai«a/ + &0., 

or 

8p8g = «p+« + 2aiPaa«, 

which expresses the double function ^a/ a%^ in terms of 
single functions Spy Sg^ Sp^ in the form above written. 

We proceed now to prove a similar expression for the triple 
function, i.e., 

^ajf^Qi^a/ = 8p8g8r — 8g^8p — 8r^8g — 8p^8r + 2^jHf4r* (v 

Multiplying together Sai^'aa^ and 8ry where 

Sai^'oa* = afa^^ + ai*a/ + afa^^ + . . . 
8r = ai*" + oa** + as** + . . . + a«'', 

we obtain an expression consisting 6i three different parts, m^ 
terms of the form Soi^aj', ^ai^^a/j and Sai^aj^aj^ 
Hence 

a formula connecting double and triple symmetric functions. 
But, by (1), 

Sai^ aa« = «p S^ - Sp^g. 

Substituting these values, we find the triple function 
^afa%^a{ expressed as above in terins of single functions m 
the series «i, «2, «s, &c. 

In the same manner the quadruple function Sa/aa'a/^' 
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tan be made to depend on the triple function 2ai' aj' aj", and 
iltimately on «], s^^ 83, &o. ; and so on. Whence, finally, 
)yery rational symmetrio function of the roots may be expressed 
n terms of the coefficients, since, by Prop. I., s^ 82, 89, &o., 
san be so expressed. 

The formulas (1) and (2) require to be modified when any of 
the exponents become equal. 

Thus, it p " q, afa'f = a/oi*, and the terms in (1) become 
squal two and two ; therefore ^afaf = 2^afa>f ; whence 

Similarly, if /? = y = r in ^afa^^azj the six terms obtained 
by interchanging the roots in afa2^a{ become all equal ; hence 

And, in general, if t exponents become equal, each term is 
repeated 1.2.3...^ times. 



EXAICPLES. 

1. ProTO 

2. Prove 

132. Prop. III. — The value of «r, expressed in terms of 
Pi, JO2, . . .pn^is the coefficient of}f in the expansion by ascending 

powers ofyof-r logyVf- j. 
Since 
(3^ +j?ia:""* + j»aa^"*+ .. . -^Pn^ (ir-ai)(ir-a2) . .. (^-On), 

putting - for a? in this identical equation, we find 
If 

l+Piy+Pil/'+Pz!r' + '''+Pny^^{l -o,y)(l-a3y)...(l-a«y). 
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Now, taking the Napierian logarithms of both sides, 



y'+Ac-.+PrZ+A*. 



Piy + /^T 


p^+Pi 


-Ik 


-PiP* 
1 , 



y'+Pi 


y*+i'» 


-PxP* 


-p^Pi 


+p*Pt 


+PxPr* 

+p*pi 


1 , 


-plp* 


-4^' 


-Plpt 




+^p.' 



Therefore, equating coefficients of ^ in both expansions, 

where Pr is the coefficient of if in log y"/(-). 

From the above identical equation it may be seen that 
Br {r less than n) involves the coefficients ^i, j92, i?s, . • • Pr only; 
and, therefore, 7?r+i, 7?r+2, > - > Pn may be made to vanish without 
affecting the form of the expression of «r in terms of the coef- 
ficients. 

133. To express the coefficients in terms of the sums of the 
powers of the roots. 

Since 

1 + jo,y + p^y" + . . . +/?»2/" = (1 - €Liy) (1 - aiy) . . . (1 - a„ y), 
we have 



log (1 +/?iy + . . . +i?„y'*) = -ysi - 2 y'«2 - . . . 
and, therefore, 



r 



(1) 



1 +p^y+p^y^ + . . . +j»„y" - e-K'.-iy.-iy". - • • • , 
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"^hioh becomes bj expansion 



i-«iy-2*» 



1.2 



«.' 



y»-|«, 



1.2 
1 



^1*2 



1.2.3 



«i' 



J^-4«« 



1 , 

- — «1 ^2 

4 



2.4 



«a^ 



2.3.4 



s: 



y*-... 



Now, comparing the coefficients of the different powers of y, 
we obtain values for p^ p%y psj . . . Pny in terms of «i, «2, . . . «« ; 
and we see that pr involves no sum of powers beyond «r. 

If the identity (1) be differentiated with regard to y, the 
equations of Art. 130 connecting the coefficients and sums of 
powers may be derived immediately from the resulting identity. 

It is important to observe that the problem to express any 
symmetric function of the roots in terms of the coefficients or 
any coefficient in terms of the sums of the powers of the roots is 
perfectly definite, there being only one solution in each case. 

We add some examples depending on the principles estab- 
lished in the preceding propositions. 



Examples. 

1. Detennine the yalae of 

^(ai) + ^(aa) + . . . + ^(on), 

where ai, as, as, ... om are the roots oif{x) = 0, and ^{x) is any rational and 
integral function of x. 
We haye 



1 1 1 

+ + ...+ 



and 



/>) = 

f{x) X — a\ ' x — az 
f'{x)4>{x) ^(x) . 4>W 



/(*) 



X — ai X — an 



+ ... -I- 



« — On 

4>W 



« - On 
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Performing the diviflion, and retaining only the remainden on botiii aidei of ^ 
equation, we have 

£oX»-^ + ;?iX*-« 4- . . . + J?,-i »(ai) .' f»(a«) . . »(a») . 

f{x) « — oi «— cu X — a« 

whence 

JKo«*-* + jBi«*^+... + Ai-i = ^(tti)(«-«i)(4r-«s)...(jc-a«); 
and, comparing the coefficients of x*-^ on both sidee of this equation, 

2. Prove that «, is the coefficient of — ^ in the quotient of the division o{/(x) 

by/(x) arranged according to negative powers of x. 

3. Prove that «.^ is the coefficient (with sign changed) of sP-^ in the ssme quo- 
tient arranged according to positive powers of x. 

4. If the degree of ^{x) does not exceed tt - 2, prove 

where ^ denotes the sum obtained by giving r all values from 1 to m indoBife. 

We have, by partial fractions, 

ipix) Ax . A% -rf» 

+ 1- . . . + 



f{x) X — a\ X ^ on X — a^ 

and, multiplying across by /(x), and putting x equal to ai, i«, . . . in sncoesnon, 

4>W_4>(ai) 1 . 4>(««) 1 . _^^(*.) 1 . 



f(x) f(av) x^ai f\an) x^a^^'" f{a^) « - a.' 
whence 

When ^(i:) is of the degree n - 2 ; expressing the first side of the equation as • 
function of -, it readily appears that there is no term without - as a multipHer. 

X X 

We have therefore, comparing coefficients. 

As <^ may be any rational and integral function of degree not higher than » - 2, 
we have the following particular cases 'w hich are worthy of special notice :— 

/(a) /(a) /(«) /(a 
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5. Proye that the sum of all the homogeneouB prodHcts Ilr, of the r*^ degree c 
the quantitiee ai, ob, . . . a«, is equal to 



1 






We haye, putting y = -> 



f{x) (1 - aiy){\ - fltiy) ... (1 -ony) 

= (1 +aiy + aiV + • • •) (1 +02^ + 03'y»+ . ..)... (1 + a«y + a««y« + . . .) 

= i + niy+n2y*+ ...+nry+... 

Also **•' _ ^ «*'' ^ 

and therefore 

/(*)"V(«)i-«y"" /'W^' 

whence, comparing coefficients of y*" in these two expansions, 

Ilr = 2 -prr\ • 
/ («) 

6. To express the coefficients of an equation in terms of the homog«faeou0^rp 
ducts of the roots, and vi9$ vert A . 

From the equation of the preceding example 

1 

71 771 \ 7i r=l + niy + nay»+..., 

(l-ttiy)(l-ttay) ... (1-a.y) 

^ we have 

(1 +j?iy -^-Piy^-^ . . . +Pn y") (1 + niy + n2y»+ . . . ) = 1, 

which gires the following rehitions : — 

jpi + ni = 0, 
p% -¥ Hz + piUi = Of 
|»» + lis +i?ina + j^jlli = 0, &c. 

These equations (in which, for values of r not greater than n^ p\, p%, . . . /v 
and III, Ilsy ... Ilr are interchangeable) determine pu j^a, . . . j^n in terms o 
Hi, lis, . . . Iln, and vice V4r$d. 

By means of this and the preceding example the values of the following symme 
trie functions may be found in terms of the coefficients : — 

'7w' '/>;• '/>)' *"• 

7. To express Ilr by the sums of the powers of the roots. 

Representing by - the product (1 - aiyj (1 - a^y) ... (1 - any), and differentiat 

ing, we find 

Idu a 

udy 1 - ay 

also M = 1 + Iliy + Ilay'-i- .. . 
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We have, therefore, 

Now comparing the seTeral coefficients of the different powers of y, we hiTet 
number of equations by means of which the sums of the homogeneous piodnetB 
III, 112, lis, . . . may be expressed in terms of $\, bi^ «3, &c. 

8. To find a general exj'reseion for im in terms of the coefficients jpi, p^.-.p*, 
of an equation of the n^ degree. 

We have 

-logr(i +i?iy+/^y*+ . . . ^-Pntr)^ 2 -7^ (i»iy+piy'+. . .+/»»*■)•' 

Now, making use of the known form of the coefficient of y^in the expansion of 
(^ly + /'2y" + . . • + Pni/*Y by the multinomial theorem, and comparing coefficient* 
of y* in the above equation, we find 

'- = ^r(ri+i)r(r2-fi)...r(r«+i)^^"^" • • • ^'-' 

in which 

n + rs + rj + . . . + Tn^Ty 

n + 2r2 + 3rs + . . . + wr« = m ; 

and ri, ra, ra, . . . r* are to be given all positive integer values, aero included, which 
satisfy the last of these two equations. Also, representing by ri any of these in- 
tegers, 

r(r,+ 1) = 1 .2.3 ... ri, 

with the assumption that r(l) = 1 when n = 0. 

9. To find a general expression for any coefficient pm in terms of the sums of 
the powers of the roots «i, #2» • • • «in. 

We have 

1 +i>iy +P2y' + . . . -vpmtr-^ • • • + Pntr = <?"*'* • «"*'"' • «"*'^*' • • • 

When the factors on the right-hand side of this equation are developed, and the 
coefficients of y^on both sides compared, we find, employing the notation of the las' 
example, 

^"^"^ r(ri + 1) r(r2+ 1) . . . r(r,„ + 1) 2''« S*-* . . «'«' 

in which ri, r2, ... rm are to be given all positive values, aero included, ^^^ 
satisfy the equation 

n + 2r2 + 3r3 + . . . + rnvnt = m. 
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134. Definitions* Theorem. — The weight of any sym- 
letric function of the roots is the degree in all the roots of any 
jrm in the function. For example, the weight of 2a/3'7' is 

LX. 

The order of any symmetrio function of the roots is the 
lighest degree in which each root enters the function. For 
xample, the order of Sa/3*^' is three. 

It has been proved (see Art. 28), that the weight of any 
ymmetric function of the roots, when expressed by the co- 
fficients Ooy a^ aj, . . . a«, is the same as the sum of the suffixes 
f each term in the expression. We now prove another im- 
ortant theorem, viz.: 

If any symmetric function he expressed in terms of the coefficients 
1, 2hy . . . pny the degree in the coefficients is the same as the order 
f the symmetric function. For example, Sa'j3* ^'Pz- ^PxP^ + ^piy 
term being of higher degree than the second in the coefficients, 
nd the order of the symmetric function being two. 

The student may easily satisfy himself of the truth of this 
heorem by observing that in the equations (2) of Art. 23, the 
alue of each coefficient in terms of the roots contains each root 
a the first power only ; hence the highest degree in the oo- 
ffieients will be the same as the highest degree of the cor- 
B6i)onding symmetric function in any individual root. We 
dd the following formal proof, as it is in accordance with the 
>roofs of certain general propositions to be given subsequently. 

Keplace the coefficients Oi, ^2, . • . Pn by — , — , . . . — . 

ao 00 do 

Now, if (oi, 02, . . . a,^ denote any rational and integral 
ymmetric fimction of the roots, we have 

«o''0(ai, 02, . . . On) = F{ao^ fli, 02, . . . fln), 

rhere w is the degree in the coefficients of F{ao^ fli, (Za, . . . fl»), 
, homogeneous and integral function of the coefficients, not 
livisible by oTo. 

We require now to show that zs is the order of 0. For this 
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purpose change the roots into their reciprooals, and, therefon, 
tfv, Qiy , . , On into Qf^y an-\f . . . Oo* Whenoe 



also 



\ai a% On/ 

. /I 1 1 \ ^ (ai, cia, Os . . . On) " 

\ai at a« 



On J (aiaaOs . . . cu)' 



where j!? is the order of 0, and i/> an integral fiinotion not divi- 
sible by the product of all the roots ; (aiosos . . . Oi,)' being the 
lowest common denominator of all the terms . Substituting in 
(1), we have 

af\p{aij 02, . . . an) = ± an^^F{any an-n . . . Oo). 

From this equation it follows that p is equal tovr; ioriip 
were greater than w, \p (oi, 02, . . . an) would be divisible by the 
product aios . . . a», and if it were less, the function of the coef- 
ficients F{any a^-ij ...Oo) would be divisible by a„, both of which 
suppositions are contrary to hypothesis. 

135. Calculation of Symmetiic Fnnctloiis of iht 
Roots. — Any rational symmetric function can be calculated by 
the method of Art. 131. In practice, however, other methods 
are usually more convenient, as will appear from the examples 
given at the end of the present Article, and from the following 
Articles, in which we shall give certain general propositions 
which in many cases facilitate the calculation of symmetiio 
functions. 

The number of terms in any symmetric function of the roots 
is easily determined. For example, the number of terms in 
2ai^ 02*03 of the equation of the «'* degree is w(n -1) (n-2), this 
being the number of permutations of n things taken three 
together. If the exponents of the roots in any term be not all 
diflferent, the number of terms will be reduced. Thus, 2a^Pl 
for a biquadratic consists of twelve terms only (see Ex. 6, p.4o)> 
and not of twenty-four, since the two permutations ajSy, ^W 
give only one distinct term, viz., a'/Sy, in 2a' /Sy. The student 
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juainted with the theory of permutations will have no diffi- 
ty in effecting these reductions in any particular case, 
hen two exponents of roots are equal, the number obtained 
the supposition that th^y are all imequal is to be divided by 
2 ; when three become equal this number is to be divided 
' 1.2.3; and so on. In general, the number of terms in 
h^oz'a/ ... of the equation of the n'* degree, each term con- 
ining m roots, and v of the indices being equal, is 

w (» - 1) (n - 2) . . . (n - m + 1) 
1.2.3. . .V 

When the highest power in which any one root enters into 

B symmetric function is small, i.e., when the order of the 

nction (see Art. 134) is low, the methods already illustrated 

Art. 27 may be employed with advantage for the calculation 

the symmetric function of the roots in terms of the oo- 
Icients. 

It is important to observe that when any symmetric function 
tiose degree in all the roots (i. e., its weight) is »?, is calculated 

terms of the coefficients piy p% • . . Pn for the equation of the 
* degree, its value for an equation of any higher degree (the 
imerical coefficients being all equal to unity) is precisely the 
me ; for it is plain that no coefficient beyond ^» can enter into 
is value, and the equations of Art. 130, by means of which 
e calculation can be supposed to be made, have precisely the 
me form for an equation of the nf^ degree as for equations of 
I higher degrees. It is also evident that the value of the same 
Tnmetric function for an equation of a degree m (lower than w) 
obtained by putting ^»+i, pm^zy ... ^n all equal to zero in the 
dculated value for an equation of the w'* degree, since the 
[nation of lower degree can be derived from that of the w'* by 
titting the coefficients beyond /?« equal to zero ; and the corre- 
)onding symmetric function reduces similarly by putting the 
)ots am^\j a«i42* • ' • On each equal to zero. 
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£xA]fPLES. 

1. Calculate 2 01^0203 of the roots of the equation 
Multiply together the equations 

In the product the term 01^0203 occurs only once ; the term 01020304 occurs foar 
times, arising from the product of ai hy 020304, of oa by 010304, of 03 by oiOiOfc 
and of 04 by 010203. Hence 

201*0303 + 4201030304 =PiPi'9 

therefore 

2oi'a203 =pipz- 4p4* (Compare Ex. 6, Ait. 27.) 

If the calculation were conducted by the method of Art. 131, we should haTo 

2oi*02 0S = J*2»l* - «i»8 - J*»* + «4, 

which leads, on substituting the values of Art. 130, to the same result ; but it is 
eWdent that in this case the former process is much more simple, since the values of 
niy .V2, &c., introduce a nimiber of terms which destroy one another. 

2. Calculate 2ai^02^ for the general equation. 
Squaring 

2oi 02 = P2t 

we have 

201^02' + 2201^0203 + 62oi02flQ04 =Pi^» 

In squaring it is evident that the term 0102 03 04 will arise from the product of 
0102 by 03 04, or of ai 03 by az 04, or of 01 04 by 0303 ; hence the coefficient of ai asosot 
in the result is 6, since each of these occurs twice in the square. The result differs 
from the similar equation of £x. 8, Art. 27, only in having 2 before the term 
01020304. Hence, finally, 

2oi' 02* =P2^-2pipi + 2p4- 

3. Calculate 2 01^02 for the general equation. 
We have, as in Ex. 9, Art. 27, 

2oi^2oia2 = 2oi^03 + 201^0203* 

Hence, employing previous results, 

201^02 = pi^P2 - 2p2^ -piPi + ipi. 

4. Calculate 201^02^03 for the general equation. 

The result will be the same as if the calculation were made for the equatioa of 
the hf th degree. 
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To obtain the symmetrio function we multiply together Saios and Saioaos ; and 
consider what t}'pes of terms, involving the five roots ai, as, 03, 04* 05* can result. 
The term ai'oa^os will occur only once in the product, since it can only arise by 
multiplying aioa by 010203. Terms of the type 01^020304 will occur, each three 
times ; since 01^020301 will anse from the product of 0102 by 010304) of 0103 by 
aiasoi, or of 0104 by 010203; and it cannot arise in any other way. The term 
ai 02030405 will occur ten times in the product, since it will arise from the product of 
any pair by the other three roots, and there are ten combinations in pairs of the five 
roots. We have then, for the general equation, 

201032010303 = 2oi^02''o3 + 32ai' 030304 + 1020103030406* 

[We can verify this equation when n = 5, just as in Ex. 9, Art. 27 ; for the 
product of two factors, each consisting of 10 terms, will contain 100 terms. These 
are made up of the 30 terms contained in 2oi' 02*03, along ^-ith the 20 terms con- 
tained in 2oro203O4> each taken three times, and the term 0102030400 taken 10 
times.] 

Thus the calculation of the required symmetric fnnction involves that of 
201*030301; for which we easily find 

2oi 201030304 = 201*030304 + 620103030105. 

Hence, finally, we obtain 

2oi*02'o8 = - P2Pi + 3piP4 - 6JP5. 

The process of Art. 131 would involve the calculation of «5 ; and many terms 
would be introduced through the values of «i, 82, &c., which disappear in the result. 

5. Find the value of 2oi' 02^ 03 04 for the general equation. 

We multiply together 2aio2 and 201020304, and consider what types of tenns 
can arise involving the six roots 01, oj, 03, 04, as, 06> The term 01^ 02^ 03 04 can occur 
only once. Terms of the type 01*020304 05 will each occur four times, this temi 
arising from the product of 0102 by 01030105, or of 01 03 by 01030405, or of 01 oi by 
oi 030305* or of 0103 by 01020304* The term 01020304050^ will occur 15 times, this 
being the number of combinations in pairs of the six roots. Hence 

2ai 02 2010103 04 = 201*03^0304 + 4 2ai^ 03 03)04 05 -I- 162010303040506. 
We have again, for the calculation of 201^102030405, 

2ai 20103030400 = 201^03030405 + 62oi 020301 03 OS. 

Hence, finally, 

201*03-0304 =P2Pi - ^PiPb + 9/^6* 

6. Find the value of 2oi' 03*01^ in terms of the coefficients of the general equa- 
tion. 

Here, squaring 2010203, we have 

2oi 0203 2oi 0303 = 2oi*aa'o3* -f 2 201*03' 0304 + 6201*03030405 4 20 2oi 030304 osoe, 

from which we obtain 

201*03*03' =i»3* - ^PiPt, + 2/?i^5 - 2pt' 
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136. Brio(ichl«a DUTerentlal Eq«atlon. — M. Brioecli 
has given the following differential equation connecting the 
coefficients and stuns of powers of the roots of an equation:- 

dpr^ 1 

To prove this we have, as in Art. 132, 
log(l+i?iy+;?2y'+...+p»y'*)s-y«i--y>«2--y»^... — /«r..., 

and differentiating, 
d / 

— (1 +jE?iy +i?ay'+ . . . -^Pn^) = - (1 +i?iy +jP2j/'+. . . +Ay*) 75 

whence, comparing the coefficients of the different powers of y, 

= 0, when q<r\ 



dpq 



dSr 
dpr 1 dpr*h 



= - -i?*- 



dSr r dSr r 

We can now express the result of differentiating with respect 
to 8r any function of the coefficients 

F{piyP2,Pi, .../?»). 
Since 

dpi dp2 dpr.i 

dSr dSr^ " ' dSr 

all vanish, 

-J- If (Pi, Piy i?s, . . . Pn) = 3— -3— + 3 3 — + • • • + T~ T' 

d%r ^^'-^ ^ '^ ^ dprd%r dp^ dSr dpn dif 

and, applying the formula given above, this reduces to 



IfdF dF dF dF 



+ /?l-j^ -^Pi-^ +...+J!?, 



)■ 



r \dpr dpr^i dpr+2 dp, 

By means of this result symmetric functions can often be 
calculated with great facility, as will appear from the following 
examples : — 
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EZAMFLSS. 

alciilate the yalae of the symmetric function 2ai' u^ct^a^ of the roots of 
ition 

wm% the order and weight of any symmetric f auction, we can write down 
il part of its yalue in terms of the coefficients. Here 2 is of the second 
id its weight is eight ; hence 

, ^1, ^2, &c., are numerical coefficients to be determined. 
18 such as ptpi^j P5PiPit PbPi^t &c., although of the right weight, are 
gh an order, and therefore cannot enter into the expression for 2. Again, 
ssed in terms of the simis of the powers of the roots is of the form 
Ht 's) ', for, in general, Saigas* 03'' ... i expressed in terms of the sums of 
iTs of the roots, is made up of terms such as tp, tp^, *piq*n * - • Hpt • • . 
dch are sums of even powers when p, 9, r, ... are even ; therefore in this 
3 but even sums of powers enter into the expression for 2. 

since -r— - 0, and -r- = 0, we haye, using the formula aboye giyen for -r- , 

kP5 + tipipi + hpzPi + hiPiPi +i»6) + 2tiPipA = 0, 
topi + hpi = 0. 

these equations we infer 

^o + /i = 0, <, + *, = 0, *j + /o = 0, /i + 2<4 = 0; 
I, since for a quartic 2 = pi* ; therefore 

<i = -2, <o = 2, /3 = -2, t2 = 2; 

tituting these values of to, h, (2, h, ti, 

5oi'o2*a3'a4« =: 2p% - 2pipi + 2ptpt - 2p6Pz + pi^. 

Iculate Sai^ 03^03^ for the same equation. 

Am. - 2pi + 2pip5 - 2p%pA +ih'. (Compare Ex. 6, Art. 135.) 

Iculate for the same equation the symmetric function 2ai' 02* 03. 
the weight is six, and the order three ; hence 

^oi^os = top^ + tipspi + hptpt + hpipi^ + tipj?-\- hpiPiPi ■\-\hp%^. 

\y expressed in terms of «i, «3» «3i Ac, is (see Art. 131), 

differentiating by means of Brioschi's equation these two values of 2 with 
fi, and comparing differential coefficients, we have 

.g = 4' = 2. or .=-12. 

X 
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DifFerentiatiiig with regird to «», we hAye 

<oJPi+<iPi = 5#i = -6pi; .-. <i = 7. 

Diiferentiatiiig with regard to i4» 

<oy + tipi* + «2iH + hpi^ = 4»j= 4(jn» - ^ ; 
whence 

<o + /2 = -8, *i+/j = 4; 
and 

^j = - 3, <8 = 4. 

Again, /• = ; for 3 Taniihes if m — 2 roots Taniah. And we find U and /sVj 
taking the particular case when m — 3 roots yaniah ; for in this ease • 

2oi'oj*aj = aiasosSai'ot = -J»s(- Jail's + 2p%) =Pi9%]^ - JW» 

and therefore 

<* = -3, /5=l; 

whence, finally, 

Soi'oa^oj = - \2pt + 7pij»5 + ^PaP% - S^in' - 3/8» -^-piPiP^- 

137. DerlYation of new Symmetric Fwnetl— frwi 
a clYen one,— Frosx^uiy relation Buoh as 

fiTo* S^ (ai, a„ . . . a») = jP(ao, fli, Ot, . . . flu), 

where is an integral function, of the order 9, of some or alio! 
the roots of the equation 

^, w (n - 1) 
flfoa^ + nfl, af^^ + — ^ — ^ «,«*"* + . . . + a« « 0, 

J. • ^ 

we may derive a number of other symmetric functions and their 
equivalents in terms of the coefficients. 

For this purpose diminish each of the roots by any quantitj 
x^ and consequently change any coefficient Or into Ur (see Art 35). 
When this is done the original relation becomes 

flo'2^(ai-ar, aa-a?, . . . an-x)'*F{U^y CT,, (Ti, . . . 17,); 

and compariug the coefficients of the different powers of x on 
both sides of this equation, we have a number of symmetrio 
functions of the roots expressed in terms of the coefficients as 
required. It should be observed, however, that this method leads 
to no new symmetric functions when the given function ^ is a 
function of the differences of the roots. 
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138. E^oatliMi of OperatloB. — ^We now proceed to 
deduce an important equation of operation in the notation of 
the difEerential calculus, which may be applied to furnish the 
results of the last Artide. 

Let Oo'^ (ai, Qiy ... On)- F{aQj ai, Ot, . . . a»), 

as in the last Artide. Adopting the notation 

^ d d[ d 

dai cuh d(h da^ 

we have the following equation of operation : — 

&io'^ (ai, a%y . . . On) = DF[a^ «!,... a„). 
To prove this, we haye, as in Art. 137, 
\a^'^{ai-x, aa-a?, . . . On-x) =• F{Uoi Uiy Uzy . . . Un) ; 
and, by Taylor's theorem, 

i>{ai'~Xy Qi — Xj . . . a^—x) = ^o + i'?8^o+ 1 — 5 8*^0+ • • • > 

J. • <« 

where ^ = ^ (ai, 02, ... an) . 

Again, omitting all powers of x higher than the first, 
F{ U09 Uij... Un) becomes F{aoj ai + a^Xj a, + 2(ii:r, . . . Om + w^„-i ^), 
or, when expanded, 

2^o+«(flo-T— +2^1-^- +... + wan-i -T" ) J^^o + Ac, 

where 

F^ = i^(floj «i, . • . ^n) ; 

whence, comparing coefficients of jt in both expansions, we find 
the equation above written, viz., 

a^i^{a\j aa, . . . on) = DF{aoj fli, . . . an). 

This equation shows that if a symmetric function be derived 
from by the operation S, its value in terms of the coefficients 

x2 
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may be derived from the oorresponding value of ^ by the opera- 
tion 2). 

Again, sinoe S^ and DF may take the plaoe of ^ and F in 
this equation, Oo'S'^ beoomes I/Fy &o. It may be noticed, 
moreover, that if S^o vanishes, S*^ 8*^09 &o., all vanish ; and 
thus that X disappears in the expansion of 

(oi — a?, a2 - iPj . . . a* — x). 

Now this can happen only when ^ is a function of the 
differences of ai, oi, .... onl whence we conclude that if 
air'F{ao, aiy (7,, . . . a„) is the value in terms of the coefficients 
of a function of the differences of the roots, then 

DF{ax,y flTi, (72, . . . On) 

vanishes identically. 

This identical relation is often sufficient to determine the 
numerical coefficients in a function of the differences expressed 
by the coefficients, when the order and weight are known. It 
is not sufficient for this purpose when there exist more than one 
function of the differences of the required order and weight. 
We add examples of functions of the differences determined in 
this way. 

Examples. 

1. Determine a function of the differences whoee order and weight are both 
three. 

Assume ^ = Aa^a^ + BaQa\a% + Cbi', 

these being the only three terms which satisfy the required conditions. It is 
evident from the form of D that the operation is performed by applying to the suffix 
of any coefficient th the same process as in ordinary differentiation is applied to the 
index. Thus Bth = ror-i, and therefore 

D4> = (3-4 + B) af?a2 + (2B + 3(7) «i'flo b 0. 

Hence 

3il-)-^=:0, and 2B + 3C7csO; 

and putting -<4 = 1, we have 

J = -3, and C=2; 

whence, finally, 

^ = ao'as - Sooaiat + 2ai^ s 0, (See Alt. 36.) 
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2. Determine a fanction of the differences whose degree in the coefficients is 
four, and whose weight is six. 
Assume 

^ = A^9^ + Boao^ + Caz^T? + Da^oi? + JSsoaioaas, 
whence 

2>^ = (6-4 + E) 00*0308 + (6J + 3Jf + 2D)ao«ifla' + (3C+ 4D) 01*02 

+ (3(7+ 2i?) 00 01' 03^0. 

Now let ^ B 1, whence ^ = - 6 ; also 3(7 + 2 J? = 0, giying (7 s 4 ; and 
)C + 42) = 0, giying 2> = - 3 ; and from 6j9 + 3 Jf + 2D = 0, we haye finally ^ = 4 . 
Hence 

^ = 00* 09* + 4000s' + 403 01* — 301* 03' - 600010308. 

Compare Art. 42, where the yalue of ^ is giyen in terms ol the roots. 

139. Operation inyolvlng tiie Sums of tiie Powers of 
felie Jftooti. Theorem. — If 

(oij Oa> Osj • • • a«) = -^(*i> *2> *3| • • • *r) (1) 

be any equation oonneoting a function of the sums of tiie powers 
m\h anotiier symmetric function of the roots, we have then the 
differential equation 

id^ dib d<b d6 dF ^ dF ^ dF dF 

/-+ -r-+3^+...+3-^ = «0 3-+2«i-;- +3«3-r-+... + r«r,i-r-. 
ia\ auz a<iz a^» a^i aS-i 08^ aSr 

For, let the roots be increased by h ; and comparing the 
ioefficients of h on both sides of the equation (1), when 

81 + A«o> *a + 2A«i, . . . «r + rhsr-u 

jre substituted for Si^ Sfj.., Sry we have the required relation. 

Employing the results of the last Article, we have, therefore, 
he following equation of operation connecting the coefficients 
nd the simis of the powers of the roots : — 

-B^ao'iso— + 2«i -;-+ 3«2 -- + ... + r«r-i 3- = ^o* -D« 
\ dsi ds% dSi dSrJ 

rhere Dg represents the result of substituting « for a in the 
perator 2). 
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Ytoni this it fdllowB that if /(ffo> tfi» as» . . . ffi») is a fnnotiaii 
of the differenoeSy /(«o» «i» «!»••• «») is a fanotion of the difie- 
renoes also ; for it is plain that when Df[a^ ^9 ^ • • • <i») = 0, 
^i/('o> 'i» ^» • • • O " Oy and therefore 2)/ (^ «ii «>,...<») = 0, 
since D, = - flo"*i). 



£x. 1. OoOi — iaios + 3as* s J is a functioii of the differaioes, wknee 
^•«4 - 4«i<s + 8^* ia also a function of the differences. 



Ex. 2. 



Oo 'i ^ 

«1 «I «s 

OS as •« 



/, when similarly transfonned, giyes 



«D *l «8 
•s «| ti 



which is therefore a function of the differences. 



MiSCXLLAKEOirS EXAMPLES. 

1. ProYe, by squaring the determinant of Example 10, Art. 112, the biOawa% 
relation between the roots a» /3, 7, 9, of the biquadratio : — 



«o 



*a *s 



8\ #2 «3 



«2 «3 



*3 



*i 



»5 



(/B-7)M«-«)M7-«)M3-«)M«-««(7-«)'- 



The student will haye no difficulty in writing down for an equation of inxde* 
gree the corresponding determinant in terms of the sums of the powers of the tooto 
which Ib equal to the product of the squares of the differences. 

2. Proye, for the general equation, 



»1 »2 



This appears by squaring the array 



1 1 



i3 



= 2(a-««. 



. . . I 



€ . . . ) 



(See Alt. 123.) 
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) similarly, for the general equation, 

<D «1 «3 

*i fi •» =a(/B-7)«(7-a)«(a-/B)». 

#3 <S «4 

irocess of Art. 123, a series of relations of this kind can be established ; 

he number of rows in the array becomes equal to the degree of the 

e value of the determinant is the product of the squares of the differences, 

When the number of rows exceeds the degree of the equation the 

corresponding determinant yanishes. For example, the value of the 

of Ex. 1 is zero for equations of the second and third degrees. 

^ by means of the equations of Art 130, that the Bums of the powers 

^ssed in terms of the coefficients, or vice vertd, in the form of determi- 

Jows : — 



1 
Pi 



»3-=- 



Pl 



1 



2pt pi 1 
^Pz Pt Pi 



i»i 1 

2pt pi I 

3/>3 Pi pi I 

^Pi Pz Pi Pi 



&c. 



6;>3=- 



»3 



1 



82 *l 





2 



»1 



24/>4 = 



»i 



1 




2 



»% »i 



»i 





3 



, &c. 



ye into factors the determinant 



«6 



H 



*5 



*8 



«4 t5 fa «i JT 

8.\ #3 «1 «0 1 

y3 y« y 1 

•s, &c. , are the siims of the powers of three quantities, a, /3, 7. 
irminant is the product of the two determinants 



a' 

a 
1 



0" 7' 

0" 7' 

i3 7 

1 1 



X' 
X 

1 










o» 


^ 


y" 





y* 


a« 


/5» 


7' 





y* 


a 


i3 


7 





y 


1 


1 


1 





1 







the latter can be resolyed into simple factors. 
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6. Proye, for the general equation, 



9% 

1 



fa 









= ao-7)»(7-«)«(«-i8)»(*-«)(*-«(»-'y)- 



Multiplying the two amys 

1 1 1 . . \ x-a 

a fi y . . -f a(dr — a) 

o« /i« 7» . . ) aM«-a) 

we show that 2 is equal to 

SiyX — *i 
S%X-S3 



X-fi 



»-7 . 

7(*-7) • 
7»(*-7) . 



Six -§2 



nx-n 



*s«-«« 



*s«-*s 



»I«-«4 



«4«-*» 



which is easily transformed into the propoeed detenninant. 

It appears in like manner in general that the detenninant of similar fonn'of 
order ji + 1 is equal to the corresponding symmetric function, each of whose tenoi 
contains p factors of the original equation multiplied hy the product of the squired 
differences of the p roots involved therein. 

7. Prove that the leading coefficients of Sturm's functions {i.t.f{x),f(i)i tnd 
the ft — 1 remainders) differ hy positive &ctora only from the following series (rf 
determinants: — 

to Si 9% 9i 



1, #0, 



«0 *1 
$1 «2 



«0 


«I 


9% 




*1 


fa 


9i 




«» 


»3 


»4 


t 



«1 <3 «S «4 



I . . . . (SO^^A • • • 'Sa-3)* 



H »i H n 

Sz ti H H 

Representing Sturm's remaindere hy J?2, J?s, . . . i?/, . . . ^ and the suocetf^^ 
quotients by Qi, Qzt Qs, &c., we have (see Art. 89) 

i?3 = Q2i?2 -/W = (Qi O2 - I) fix) - Qa/(4?), 

-R4 = Q^Bi - i?2 = (Qi QiOs - Qi - Q»)/W - (Q»Qs - 1)/W, &c. 

Proceeding in this manner, we observe that any remainder Sj can be expressed 
in the form 

Jt^^Ajf{x)-Bsf{x). (1) 

The degree of BjVin—j\ and since Qi, Qs, ^t^'*, are all of the first degree in'i 
it appears that the degrees of Aj and Bj are j — I and J — 2, respectively. 
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ming, therefore, for Rj and Aj the forms 

^y = Xo+XiX + Asa^ + .... + A/_iaj^*; 
mbstituting in (1) any root a of the equation /(x) = 0, we have 

Ao + Aia + X20' + . . . + \j.\ar^ = -— r , 

f ultiplying by a, a', . . . o^'', a>-^, in succession ; making similar substitutiQns 
16 other roots ; and adding the equations thus derived, we obtain by aid of the 
ions of £x. 4, p. 296, the following system of equations : — 

AotQ + Xi*i + . . . + A/-2 «f-» + A./-1 «f-i = 0, 
Ao*i + Xiif + . . . + A/-2 t^-i + Ajf-i 1^ =0, 



Ao»y-2 + Xi«/-i + . . . + A^4«v-^ + A^-i #v-s = 0, 
Ao^i-i + Ai»^ + . . . + \j.2 #^,'-2 + A>-i •^f_2 = rjt-y. 
i'rom these equations we have, without difficulty. 



•n-i = 7/ 



to t\ 
»1 «2 






I «0 ^ 



«1 t% 



^i^lfi 



»hl *i 



•V-3 






«^2 ^1 • . . »^.4 *V-2 

1 X , . . xi-^xh^ 

'alue of yj being so far arbitrary. It appears therefore that the coefficient of 
dghest power of a; in i^ differs by this multiplier only from the determinant 
«4 . . • • «v-2)* ^0 proceed to show that the sign of yj is positive. For this 
ose we make use of the following relation connecting the successive values of 
unctions M and A : — 

Ai^iBk'-Mk.xAk^Ax). (2) 

'o prove this ; substituting for Rk*\ -Rk, -Kft-i their values in terms of A and £ 
e relation £k*i =^ QkRk- Rk-i, we derive 

Ak^ ^QkAk- Ak.u -»*♦! = QkBk-Bk.i; 

id of which we readily obtain the following relations connecting the successive 
tions : — 

Ak*i Bk — Ah Bk*i = AkBk-i — Ak.\ J?* = . . . = -4i -Po — -^o-Bi = — 1» 

Ak*\ Hk - Ak Rk^i = AkBk-i - Ak-i £k= .* . >= Ai £q - Ao Bi =/(«), 

hich J?i =/'(x), Bo=f{x). 

sow, comparing the coefficients of the highest powersof a; in (2) ; observing that 

.'curs only in Ak^i Bk, and making use of the determinant forms above obtained, 

lave 

7»*1 (»o*2*4 . . . *2*-2) 7* {*o'2H . . . »2Jk-2) = 1, 



7*7»*1 = (»0»2*4 . . • *2*-2)"'. 
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Alio, calculating tlie yalue of R% in the ordiiiuy manner, we easilj find 



A% = — 



at 

1 

1 



whence it ia aeen that the yalue of ys is -r. 

It follows, from the relation just established between any two soooesstye Tifaui 
of 7, that 71, 74, • • • 7/, &c., are m11 positiye squares ; and therefote, fiBaUy, thit 
r«^ the coefficient of the highest power of jp in Ji^ has the same sign as the dstar- 
minant («o<stA . . . •y-a)* 

It may be obseryed that by aid of the preceding example the yalue of the qaotiat 
of A^ by 7> may be written as a symmetric function inyolying the roots md the 
yariable. For example, when^ = 4, we haye 

:^ = a(/B-7)>(7-«)M«-«'(*-«)(*-«(*-7)- 
8. Determine ^i, ^i - . . ^ . . . ^ from the equations 

^1 + ^ + • • • + ^ •» ^0. 



Ant, ^ is giyen as a function of the {p - 1)<* degree in $i by the equitiaa 

1 Bj 9? . . BjP-^ f, 

'O '1 «3 . . ^1 To 



Ti 



= 0, 



where 1* = 6i* + 62* + tfs* + . . . + 6/. 

9. If a, /3, 7, S be the roots of the equation 

aox* + 4ai «* + 6aa jt* + 443^ + a* = 0, 
calculate in terms of a^it J7, /, / the yalue of the symmetric function 
«o«2(3a-/B-7-a)2(3i3-7-a-o)M37-»-a-/B)«. 
Here «io* 2 = 4« 2«i' z^ «s', 

where £i, xa, zs, si are the roots of the equation 

5* + 6JEr«2 + 4G'j + V/ - 3iP = 0. (See Art. 87.) 

Hence, by £x. 2, Art. 136, 

Am, 4'{-7i5r» + ao»fi/-4stf»/l- 
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10. Proyethat 

n = dib«(/B-7)«(7-aJ»(a-./B)«(a-«)«08-a)«(7-8)«='/'+m7», 
where m = - 27/. 

The weight of this fanctioii of the rootB is 12, and the order 6. 

We now make use of a proposition which will he proved suhsequently, namely, 
that any even, rational, and integral symmetric function of the roots, of the order c, 
and inyolying the differences only of the roots, is, when multiplied by tkpf a rational 
and integral function of ao» •?» /» /• (Compare Ex. 17, p. 124.) 

Hence, expressing the function whose order is 6, and weight 12, in terms of 
«o, JT, J, /, it is easy to see from the table 





Order. 


Weight. 


/ 


3 


6 


/ 


2 


4 


H 


2 


2 



that J7 cannot enter, for the terms of the sixth order containing iT, riz.f iP, JSP J, Hl\ 
have not the proper weight. Therefore n must be of the form 

where I and m are numerical coefficients. 

Now put «9 and 04 equal to sero, and n wiU vanish, since in that case the 
qusrtic will have equal roots ; hence, employing the reduced values of / and /, 

= /(3a,«)' + m(- oiV, 

and 111 = -27/. 

11. Calculate the symmetric function of the roots of a biquadratic 

Since the order of this symmetric function is four, and its weight six, we may 

assume 

Va(/B - yf (7 - a)' (a - /B)« = lEI + ma^J. (1) 

The values of I and m may be found by putting ai = 0, 04" 0, asinthe pre- 
ceding example, and calculating the value of the reduced symmetric function (when 
7=0, t = 0) in terms of the coefficients of the quadratic equation 

a^a^ + 4aidP -f 6as = 0. 

Identifying then this value with the reduced value of IHI + fna^J^ we obtain two 
simple equations to determine I and m. Or we may proceed as follows by taking 
two tiquadratici whose roots are known, and calculating in each case the sym- 
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metric fnnotioii by actually sabatitiitiiig the roota, and then compaxmg botK niai 

of tlie eqiutioii when S, I, J vn replaced by their Tilnee cricwilated fram tk 

numerical coefBdenta. 

Fint we take the biquadratic equation 6j^ - 6x* = 0, whoae rooti areO, 0, 1, -1; 

whence 

2 = 8, jr=-6, /=3, 7=1. 

Substituting in equation (1), we haye 

1728 = - 8/ + M. 
Proceeding in the same way with the biquadratic equation 

«* - 6j^ + 6 = 0, whose xoots are ± \/5, ± I, 

2 = 768, Jr=-1, /=8, /=-4; 

- 192 = 2/ + m, 

/ = -2xl92, M = 3xl92; 

ao«2 = 192 (~ 2J5r/+ Sso/). 

12. Calculate the determinant 



we find 

whence 

and 

and, finally. 



As 



*3 



in termB of the coefficients of a quartic. 

Thii detenninant is a function of the diffarences of the roots (see Ex. 2, Ait 
we may therefore remove the second term of the quartic before calculating it ; ts^ 
if the equation so transformed be 

y* + Pf y» + Pay + P4 = 0, 



A = 



4 - 2P8 

-.2P2 -3P3 

2P2 -3Pj 2P2'-4P4 



= 418PaP4-2P»»-»Pi«}; 



but ao»P3 = 6fi, ao3Ps = 4(?, oo^Fi^a^n- ZM*. 

Substituting for P3, Pt, P4 these values, we have 

ao*A = 192 (- 2SI+ ZooJ) : 

the same result as in the preceding example. (Compare Ex. 3, p. 311.) 
13. If a, /3, 7, 8 be the roots of the equation 



ooiT* + 4aiT^ + Sa^x^ + 4at« + 04 = 0, 
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express J7<, /«, /«, O, of the equmtion 

loiT* + 4»i«* + 6fa45» + 4#iap + ** » a(« + a)* = 
in terms of H, I, /, O. 

and by the aid of the relatioiiB 

G3 + 4J5n = ao«(jr/ - oo/), (?.« + 4jr.» B io« (jar./. - lo/.), 

192 
/.= * (3ao/-2Jffi). 

14. When ji ia eren, prore that 

a(ai - «»)'= loi^ -jwi«p-i + il»(p - 1) Ih^ - &c. 
Since 

Eanging x into ai, at, as, . . . a«> in sucoeasion, and adding the results on both 
ides of the equations thus obtained, we find 

vhere all the terms on the right side of this equation are repeated except the middle 
erm. Thus 

2(ai - as)^ = <Dn - 4«i «s + W> (Compare Ex. 1, Art. 139.) 

2 (ai - aa]* = «o<6 - 6«i <s + 1 5«s«4 - 10<s'> &c. 

15. Form the equation whose roots are ^'(a), ^'(/3), ^'(7)9 ^'(S)} where 
a, iS, 7, 9 are the roots of the equation 

^(«) m Oo** + 4ai«> + 6«i«* + 4ajap + a* = 0. 

, ,. 32flf ,, 96(2 J/- 3«o/) ^ 266(/3-27/2) ^ 

1«. If a(a - Pf (/B - 7)« (7 - a)« (x - «)*, 

when expanded, becomes 

jToiT* + 4jri«» + 6jrs«'+ 4jr3 JT + jr* ; 

prove that 

jroa37 + -gi 087 + 7« + 03) -t- ^»(a + /B -f 7) "<• ^3 ± 16 V^A 

(/B-7)(7 -«)(«-« " «o* ' 

where 

A = jP - 27/'. 

17. Prove that 

00*2 (/B + 7 - a - «)• (/B - 7)» (a - «)» = 192 (3ao /- 2 J/). 

18. Proyethat 

«©• 2 (/B + 7 - « - »)* O - 7)' (« - «)« = 612 («o«i» - 36 tfo-ff/ + 12ir2/). 
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140. HeflnltloBB. — Being given a system of n equations, 
homogeneous between n yariables, or non-homogeneons between 
n-l TariableSy if we oombine these equations in such a manner 
as to eliminate the Tariables, and obtain an equation J! = 0, 
containing only the ooe£Soients of the equations ; the quantify 
It is, when expressed in a rational and integral f ormy oalled thor 
Resultant or Eliminant. 

In what follows we shall be chiefly concerned with tiie dis- 
cussion of two equations inyolving one unknown quantity onlj. 
In this case the equation i2 = asserts that the two equations 
are consistent; that is, they are both satisfied by a oonunon 
value of the variable. We now proceed to show how the 
elimination may be performed so as to obtain the quantity 22, 
illustrating the different methods by simple examples. 

Let it be required to eliminate x between the equations 

air* + 26a? + c = 0, e/a?' + 2Vx + d' = 0. 

Solving these equations, and equating the values of « so 
obtained, the result of elimination appears in the irrational form 



a a a a 

Multiplying by (w! we obtain 

Squaring both sides, and dividing by a a' (for jR does not 
vanish when ad vanishes), and then squaring again, we find 

iJ - 4 (t7C - V) [aV - y») - {ac' + a'c - 266')'. 
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This method of forming the resultant is very limited in ap- 
>lication, as it is not, in general, possible to express lay an 
Jgebndo formula a root of an equation higher than the fourth 
leg^ee. Other methods have consequently been devised for 
letermining the resultant without first solving the equations. 
We now proceed to explain the method of elimination by sym- 
aetrio functions of the roots of the equations. 

141. EUmliaatlon by Syminetrie Fiinctioiui. — ^Lettwo 
Jgebraic equations of the m^ and n^^ degrees be 

^ {x) a tfo«^ + fliaf^^ + OtS^ + . . . + a« = 0, 
}f,{x) = h<xf + biixf^^ + i,«""' + . . . + J« = ; 

BOid let it be required to find the condition that these equations 
should have a common root. For this purpose let the roots of 
the equation ^ («) - be ai, 03, . . . o«. If the given equations 
have a common root it is necessary and sufficient that one of the 
quantities 

should be zero, or, in other words, that the product 

i//(ai) i//(a2) i/'(a3) . . . i/'(a«) 

should vanish. If, now, we transform this product into a rational 
and integral function of the coefficients, which is always possible 
as it is a symmetric function of the roots of the equation ^ [x) = 0, 
we shall have the resultant required. Further, if /3i, jSs, . . . j3«» 
be the roots of the equation 1^ {x) = 0, we have 

rPM = 6o(ai - /3,)(ai- ^) . . ; {a, - /3«), 

^p{a%) = bo{at - j3i) (a, - /3a) . . . (oa - /3«), 



^M = io(«m - /3i) (Om - /3a) ... [om - /3«). 

If we change the signs of the mn factors, and multiply these 
equations, taking together the factors which are situated in the 
same column, we find 

do" rP (aO lA (a.) . . . l^ (a«) = (- 1)"« bj- (00 * (i3a) . . . # (jS,). 
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We may therefore take 
i2=(-l)"-6oX/3i) ♦O0--#(/3.)=«o*iA(ai)i^(a.) ...i,{an\ (1) 

for both these values of R are integral functions of the ooef- 
fioients of <^{x) and i^(^), which vanish only when ^{x) and 
yp {x) have a common factor, and which become identical whaa 
they are expressed in terms of the coefficients. 

142. Properties of tfie Resultant.— (1). The order of 
the resultant of two equations in the coefficients is equal to the sum 
of the degrees of the equations^ the coefficients of the first equation 
entering R in the degree of the second j and the coefficients of the 
second entering in the degree of the first. 

This appears by reviewing the two forms of i2 in (1), 
Art. 141 ; for in the first form Oo, «i, . . • «« enter in the ffl 
degree, and in the second form bo, ii, . . . bn enter in the m*^ 
degree. Also it may be seen that two terms, one selected from 
each form, are (- 1)""* Jo"" flm** and a^^ 6„*. 

(2). If the roots of both equations be multiplied by the same 
quantity p, the resultant is multiplied by p*^. 

This is evident, since any one of the mn factors of the form 
Op- Pq becomes p {op - /3^), and therefore p"*** divides the result- 
ant. From this we may conclude that the weight of the resuHatU 
is muy in which form this proposition is often stated. 

(3). If the roots of both equations be increased by the same 
quantity, the resultant of the equations so transformed is equal to 
the resultant of the original equations. 

For we have 

where n signifies the continued product of the mn terms of the 
form Op- jiq; and this is unaltered when op and jS^ receive the 
same increment. 

(4). If the roots be changed into their reciprocals, the value of 
R obtained from the transformed equations remains unaltered, except 
in sign when mn is an odd number. 

Making this transformation in 

R = a,'^b,^n{ap-^q), 
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we have 

^" -*" ^ ^^ («.«.... «.)-(^./3..../3.)-' 
Init 

aia,...««=(-l)-5^, /3.0. . . . /3, = (- 1)4" ; 

sabfltitutingy we obtain 

i2'= flo"Jo*(-l)"^ n(ap-/3,) - (- 1)"'»J2. 

Erom this it follows that in the resultant of two equations 
the ooe£Soients with complementary suffixes of both equations, 
e.g. Oof a^ ; ai, 0^.1, &o.» may be all interchanged without alter- 
ing the value of the resultant. 

(6). If both eqiMtions be transformed by homographic tramfor- 
maiion; thai iSj by substituting for x 

and each simple factor multiplied by X'x + fi\ to render the new 
equations integral; then the new resultant S = (A/ - X7c)"***i2. 
To prove this, we have 

#(ar) = ao(« - ai) (ic-aa) . . . (a? - Qn), 
i/'W = *o(*-/3i)(aj-/3,)...(^-i3n); 



also 



J? - Or becomes (A - A'ar) \x - % ^x/^ )> 

.-ft „ (A-VW(.-J@^). 

Multiplying together all the factors of each equation, 
Oo becomes a© (A — A'ai)(A — A'aj) ... (A — A^om)) 
4p „ J.(A - A'^0(^ - A'/3a) ... (A - A'i3«). 

Also, since or, j3r are transformed into ^"'^ ,^ , \ w/^ » 

A — A Or A — A Pr 
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'whenoe 

<io" io" n (flr - /3r) beoomeB Oo* Jo* (A/u' - XV)"** n (or - /3r) 

that is, the resultant caloulated from the new forms of ^ (x nd 
yLlx) is 

(X)u'-XV)"^i2. 

This proposition includes the three foregoing ; and tliej m 
collectively equivalent to the present proposition. / 

143. Eolerli Method of Eliminatfon.— When two 

equations <^{x) » 0, and yfj[x) = 0, of the m^ and n^^ degrees 
respectively, have any common root 9, ve may assume 

i^{x)^{x--e)i>,{x), 
where 

^i{x) s $',a^» + g,ir*-» +... + $'„, 

the coefficients being undetermined constants depending on 9. 
Whence we have 

an identical equation of the [m-vn" 1)*^ degree. Now, equating 
the coefficients of the different powers of x on both sides of the 
equation, we have m ■\- n homogeneous equations of the first 
degree in the m -¥ n constants pi, |?s, ... p^y gi, ^s, . . . ^i» ; and 
eliminating these constants by the method of Art. 125, we 
obtain the resultant of the two given equations in the fonn of 
a determinant. 

Example. 

Suppose the two equations 

ax^ + 3a? + tf = 0, a\a^ + h\x + ^i = 
to have a common root. Wc have identically 

or 

■\-{qic-\^q2h-pi9\-p%h\)X'\-q%e-p2ei s 0. 
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Equating to zero all the coefficients of this equation, we have the four homo* 
geneous equationa 

qiti -Pi^i =0, 

^1* + qta -jfih -p%ai = 0, 

qie^r q\h - p\e\ - pih =0, 

q%e -ptci =0; 

and eliminating the constants p\, pt, qi, qt, we ohtain the resultant as follows : 

a «i 

= 0. 
e b ei hi 

ci 
The student can easily Terifj that this result is the same as that of Art. 140. 

144. Sylvester's DIalytle Method of Elimlnatf on. — 

This method leads to the same determinants for resultants as 
the method of Enler just explained ; but it has an advantage 
over Euler's method in point of generality, since it can often be 
applied to form the resultant of equations involving several 
variables. 

Suppose we require the resultant of the two equations 

(ar) B aoixf^ + fliaf^^ + a2ixf^'* + ... + «« = 0, 
\P{x) B 6o«* + biof^^ + JjiT^ + . . . + 4« - 0, 

we multiply the first by the successive powers of Xy 

af^^y a^% ... 3i?yXjaP\ 
and the second bj 

thus obtaining m + n equations, the highest power of x being 
m + n - 1. We have, consequently, equations enough from 
which to eliminate 

/mUKii 1 /fMMifi S Mi9 /ta 

•& 9*^ 9****^9 '^9 

considered as distinot variablee. 

t2 
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In the cue of two qoadzatio eqnatioiui 

as^ + bx + es^O, •i«' + ^op + *i = 0, 
wehaye 

«:»+ &r^ + «: =0, 

from which, elimmating s^, sfl, x, w« get the lame detenninant as hefare, oolaiBBt 
now replacing rows : 

I « » e 

a b c 
•i ^ ^ 
«i ^ «i 

145. Besoiit% Method of Mlitiiotlon* — ^The general 
method wIU be most eiudly comprehended by applying it in tte 
first instance to particular cases. We proceed to this applica- 
tion — (1) when the equations are of the same degree, and (2j 
when they are of different degrees. 

(1). Let us take the two cubic equations 

ar' + &c' + ca? + rf=0, OiO^ + ii«* + CiX + rfi = 0. 
Multiplying these two equations successiyely by 

ai and a, 
aiZ + 6i „ ax -k- b, 
aio? + Jia; + Ci „ ojc* + fta? + c, 

and subtracting each time the products so formed, we find the 
three following equations : — 

(aii)ir' + (aci) x + [adi] = 0, 

{aci)(x? + [[adi) + [bci))x + (Wi) = 0, 

(arfi)a^ + (Wi)a? + (<jrfi) = 0. 
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By eliminating from these equations sf^ Xj as distinot 
\j the resultant is obtained in the form of a symmetrical 
determinant as follows : — 

(ofti) (acx) {adi) 

(ocx) (adi) + (fci) (Wx) 
(«*) (WO (crfi) 

To render the law of formation of the resultant more ap- 
parent, the following mode of procedure is given : — 
Let the two equations be 

oa?* •¥ ba^ +(»* +dSr +«=0, 
fliar* + biO^ + Ciic* + diZ + «i « ; 

whence, following Cauohy's mode of presenting Bezout's method, 
we have the system of equations 

a te**+ ca? •{• dx-¥ e 



ai Jiic* + 


CiiC* + 


dia? + tfi' 


ax ■¥ b 


(»» + 


dx-¥ e 


QiX + ii " 


Cl«* + 


dix + ^1* 


AT* + &r- 


f c 


efo + tf 


Oi** + bix + Ci 


diX + ^1* 


aa^ -^ bx^ 


+ ec + 


(/ 6 



which, when rendered integral, lead, on the elimination of 
x^f ^, Xy to the following form for the resultant : — 



(abr) 


(ac) {adi) (ae,) 


(aci) 


(arf,) + (*cO («ei) + (W,) (6e.) 


(ad,) 


(«i) + (W.) (6«0 + K) («0 


(«.) 


(i«.) («,) (*.) 



326 



Eliminatum. 



{he,) (bd,) 
(WO K) 



If, now, we consider the two synunetrioal detenninante, 

(ofti) (aci) (adi) (aei) 

(aci) (adi) (aei) (bei) 

(adi) (aei) {bci) {cei) 

{aei) {b€i) (cei) (dci) 

the formation of which is at once apparent, we observe that B 
is obtcdned by adding the constituents of the second to the four 
central constituents of the first. 

Similarly in the case of the two equations of the fifth degree 

or* +J«*+ca^+(i!aj* + ex +/ = 0, 
aio^ + Jiir* + CiX* + rfi^* + eix-¥fi = 0, 

the resultant is obtained from the three following determi- 
nants: — 



{abi) [aCi) [adi) {ae^) 
[aci) {adi) {aei) {afi) 






m 



{bci) {bdi) {bei) 
{bdi) {bei) {cei) 
{bei) {cei) {dei) 



, {cdi), 



m 

{adi) {aei) {afi) {b/i) {cfi) 

m {cA) 

[cA) {dA) 

by adding the constituents of the second to the nine central 
constituents of the first, and then adding the third to the central 
constituent of the determinant so formed. The student will 
have no difficulty in applying a similar process of superposition 
to the formation of the determinant in general. 

(2.) We take now the case of two equations of different 
dimensions, for example, 

flOJ* + &c' + ca^ + rfar + c = 0, aiO? + biX + Ci = 0. 

Multiplying these equations successively by 

ai and a^« 
aiX + bi „ {ax + 6)a?', 
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and subtraoting each time the produots so formed, we find the 
two following equations : — 

[ab^af + [aci^a^ - da\X- eoi = 0, 
{aci)x^ + [{bci) - rfoi Jic* - [dbi + eai]x - ebi = 0. 

If y now, we join to these the two equations 

aiflj* + iiic* + CiX = 0, 

fliic* + bix + Ci =0, 

we shall have four equations by means of which o^^ a^, x can be 
eliminated ; whence we obtain the resultant in the form of a 
determinant as follows : — 



w 


(aci) dai eoi 


M 


(6ci) - dai dbi + eai ebi 


ax 


bi -Ci 





ai - ii - Ci 



This determinant involves the coefficients of the first equa- 
tion 'in the second degree, and the coefficients of the second 
equation in the fourth degree, as it should do ; whence no 
extraneous factor enters this form of the resultant. 

We now proceed to the general case of two equations of the 
f»** and «'* degrees. 

Let the equations be 

^[x) a ao«" + fli«*^' + Ojic^' + . . . + a» = 0, 

\l^{x) a io«* + iiju^' + biOf*^ + . . . + 6« =0, 

where m> n; and let the second equation be multiplied by af"". 
We have then 

boX^ + biof^'^ + bior-^ + . . . + bnX^'^ = 0, 

an equation of the same degree as the first. This equation has, 
however, in addition to the n roots of \p{x) = 0, m-n zero roots ; 
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80 that we must be on our guard lest the factor Om**^ (Le. the 
result of substituting these roots m ^{x)) enter the form of the 
resultant obtcdned. From these two equations we deriyOi as in 
the above case — (1) the following n equations : — 



J.a? + fti JjiT^' + J,af^+ . . . + J-aJ"^* 



b^af-^ + ^la^' + . . . + 6^1 "" 6»aj"^ * 

whioh, when rendered integral, are all of the {m - 1)^ degree; 
whence, eliminating o^^ af^^^ ... a; as independent quantitieB 
between these n and the m-n equations, 

fto***"* + 6i«~"' + 62^^"' + . . . =0, 

b^af^ + 6iaj*^» + . . . =0, 



we obtain the resultant in the form of a determinant of the m^ 

order, the coefficients of the first equation entering in the degree 

Uy and the coefficients of the second equation entering in the 

degree m ; whence it appears that no extraneous factor can enter ; 

and that the resultant as obtained by this method has not been 

affected by the introduction of the zero roots. 

If R be the resultant of two equations, ^ (a?) = 0, \/^ {x) = 0, 

whose degrees are both equal to m, the resultant K of the 

system 

A0 {x) + ^-^{x) = 0, X> {x) + f/yi,{x) = 
is 

(A^'-AVri^; 

for each of the minors {arbs)y which in Bezout's method con- 
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= (X/-XV)(M,); 



stitute the determinant form of jR, becomes in this case 

Xfl, + fihfj A'a, + fjiht 

whenoe R = {\f/ - AV)'"ii» since jR is a determinant of 
order m. 

146. We conclude the subject of Elimination with an ac- 
count of a method which is often employed, but which has the 
disadvantage, when applied to equations of higher degree than 
the second, of giving the resultant multiplied by extraneous 
factors. The process about to be explained is virtually equiva- 
lent to that usually described as the method of the greatest 
common measure. 

In forming by this method the resultant of the two quadratic 

equations 

oc* + &p + c = 0, fliiu* + bix + Ci = 0, 

we multiply these equations successively by 

ai and a, Ci and c, 

and subtract the products so formed. We thus find the two 

linear equations 

(aii) X + (aci) = 0, 

(aci) X + ijbci) = ; 

from which, eliminating ar, we have 

K)'-(aJ0(6^i) = O. 

As the degree of this expression is four, and its weight four, 
it can contain no extraneous factor, and is a correct form for the 
resultant. 

To form by the same process the resultant of the cubic 
equations 

ac*+iaj*+(w + rf-0, aiic* + hiO^ + CiX + rfi = 0, 

we multiply these equations successively by ax and a, dy and (/, 
and subtract each time the products so formed. We have then 

[ahi)n^ + [aci)x + [adi) = 0, 

(1) 
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Now, eliminating x between these two quadratics by means 
of the formula above obtained, we find for their resultant 



{ahi) {adi) 
{ad,) {cd,) 



(<Wi) (arfi) 
(Ml) K) 



(ail) (flCi) 
{ad,) {hd,) 

an expression whose degree is 8 and weight 12, in place of de- 
gree 6 and weight 9 ; whence it appears that it ought to be di- 
visible by a factor whose degree is 2 and weight 3. This factor 
must therefore be of the form l{hc^ +m(adi). We proceed 
now to show that it is {adi) ; and to find the quotient when this 
factor is removed. 

For this purpose, retaining only the terms which do not 
directly involve (ad,), we have 

{ab,){cd,)[{ab,){cd,)^{ca^){bd,)], 

which is divisible by {ad,), since 

(fei) {ad,) + {ca,) {bd,) + (ab,) {cd,) - 0. 

Expanding the determinants, and dividing oflE by (arfi), we 
find ultimately the quotient 

{ad,)' - 2 (ab,) {cd,) {ad,) + {bd,) {ca,) {ad,) 
+ {cd,)'{cd,) + {ab,) {bd,y - {ab,) {be) {cd,), 

which, being of the proper degree and weight, is the resultant 
If we proceed in a similar manner to form the resultant of 
two biquadratic equations, by reducing the process to an elimi- 
nation between two cubic equations, we shall have to remove an 
extraneous factor of the fourth degree, which is the condition 
that these cubics should have a common factor when the biquad- 
ratics from which they are derived have not necessarily a com- 
mon factor ; and in general, if we seek by this method the 
resultant of two equations of the w'* degree, eliminating between 
two equations of the {n - 1)*^ degree, we shall have to remove 
an extraneous factor of the order 2« - 4. This method there- 
fore is inferior to all the preceding methods ; and it cannot be 
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oonvenientlj used ezoept when, from the nature of the investi- 
gation, extraneous factors can be easily removed. 

147. Dlflcriinliiaiits. — ^The discrimivant.oteji equation in- 
Tolving a single variable is the simplest function of the coeffi- 
cients, in a rational and integral form, whose vanishing expresses 
the condition for equal roots. We have had examples of such 
functions in Arts. 43 and 68. We proceed to show that they 
come under eliminants as particular cases. If an equation 
/{x) = has a double root, this root must occur once in the 
equation /'(a?) = ; and subtracting xf{x) from »/(ic), the same 
root must occur in the equation nf{x) - xj^{x) = 0. 

This is an equation of the (» - 1)*** degree in x ; and by eli- 
minating X between it and the equation f {x) = 0, which is also of 
the (n- 1)^^ degree, we obtain a function of the coefficients whose 
vanishing expresses the condition for equal roots. The degree 
of this eliminant in the coefficients of /{x) is 2 (n - 1) ; and its 
weighi^is n{n - 1), as may be seen by examining the specimen 
ierms given in section (1), Art. 142. Expressed as a symmetric 
function of the roots of the given equation, the discriminant will 
be the product of all the differences in the lowest power which 
can be expressed in a rational form in terms of the coefficients. 
Now the product of the squares of the differences n (ai - as)' 
can be so expressed ; and since it is of the 2{n - 1)^ degree in 
any one root, and of the n{n - 1)^ degree in all the roots, it 
follows that the discriminant multiplied by a numerical factor 
is equal to Oo'^*"*^ n (ai - aj)* ; and is, moreover, identical with 
the eliminant just obtained. 

If the function /(x) be made homogeneous by the introduc- 
tion of a second variable y, the two functions whose resultant is 
the discriminant oi/{x) are the differential coefficients of /{x) 
with regard to x and y, respectively. In the same way, in ge- 
neral, the discriminant of a function homogeneous in any num- 
ber n of variables is the result of eliminating the variables from 
the n equations obtained by differentiating with regard to each 
variable in turn. 
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£XAXPLS8. 



1. Find the diierimiiuuit of 



= 0. 



We haye liere to find the eliminant of the two equfttioni 

oo'' + 2«ix + 02 = 0, 

aijc» + lotx + as = 0. 
This is, bj Art 140, 

4(«oai - ai«) (aiot - Oi*) - (ao«3 - «i«j)' = ; 
or it may be written in the form of a determinant, as follows, bj Art. 144 ; 

ao 2«i ot 
oo 2«i oi 

ui 2ai a^ 
a\ 2a% as . 

It can be easily Terified that this yalue of the discriminant is the same ti 
already obtained in Art. 42. 

2. Express as a detenninant the discriminant of the biquadratic 

Opj^ + 4ai jT* + 6at«* + 4a3X + 04 = 0. 

We have here to eliminate x from the equations 

ooJ^ + Zaix^ + 3a«x + as = 0, 
aix>+3at«*+ 3asx + a4 =0. 
By the method of Art. 144 the result is 

oo 3ai 3as as 
oq 3ai Sot as 
Oo Sai 3as os 
ai 3a2 3a3 a^ 
ai 3a2 3as ^i 



ai Sas 3a3 



a* 



= 0. 



This must be the same as i^ - 27«P of Art. 68. 
3. Express the discriminant of the quartic as a determinant by Bezout^s m( 
of elimination. 
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4. ProTO by eUmination that /= is one oonditioii for the equality of three 
voots of the biquadratic of Ex. 2. 

Since the triple root must be a doable root of 

Ui = tfo'' + Stfid^ + 3aa« + as = 0, 

and therefore a single root of aia^ + 20^* + as = ; and since it must also be a 
single root of 

it follows from the identity 

ITi m ^Ui + 2x(u\a^ + 2as« + 03)+ H^ + 2ai« + 04 
that the triple root must be a root conmion to the three equations 

oo^ + 2ai« + OS S3 0, 

«x«» + 2aa« + ot = 0, 

osff* + 2a3« + 04 = 0. 



Hence the condition 






as 



as 



/=:0. 



That the other condition lor a triple root is J= may be infeired from Ex. 10» 
p. 315 ; for when three roots are equal the discriminant must ranish, and it is of the 
fonn 11^ + iii/s. 

5. Prore that the discriminant of the product of two functions is the product of 
their discriminants multiplied by the square of their eliminant. 

This appears by applying the results of Art 141 and the present Article ; for the 
product of the squares ot the differences of all the roots is made up of the product 
of the squares of the differences of the roots of each equation separately, and the 
square of the product of the differences formed by taking each root of one equation 
with all the roots of the other. 

148. Hetermliiattoii of a Root cominoii to two 
Eqoatloiui. — If R be the resoltant of two equationB 

CT = fl»,ic" + am-i«*"* + . . . + Oo = 0, 

r» hnixf" -^b^isT^ + . . . + Jo = 0, 

and a any oommon root, then 

dR dR dR 



_ etoi _ dih _ da^ o 
'^ dR" dR" dR^ 
dttf. da\ da% 
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To prove this we substitute in jR, for a^ and h^y a^ - 27 and 
^0 ~ ^y ^^d obtain an identical equation connecting Uj F which 
is satisfied by every value of x^ and which is of the form 

whence 

dap dop dap 

and when a is a common root of the equations {7=0, and F» 0, 
we have, substituting this value for x in the preceding equations, 

dR ^ dR 
dOp dap^i 

which proves the proposition. 

A double root of an equation can be determined in a siinilar 
manner by differentiating the discriminant A. 

149. Syminetrlc Fonctloiis of tlie Roots of tw« 
Eqaatlons. — If it be required to calculate a symmetric func- 
tion involving the roots ai, a^, as, ... om, of the equation 

^ {x) s aoo^ + aiX^'^ + a^nf^'* + . . . + a,^ = 0, (1) 

along with the roots /3i, /3s, /Ss, . . . Pnt of the equation 

iit/) - ioy" + Jiy""' + *ay^ + .. . + 6, = o, (2) 

we proceed as follows : — 

Assume a new variable t connected with x and y by the 

equation 

t = \x-\- fit/; 

and let y be eliminated by means of this equation from (2). The 
result is an equation of the n'^ degree in x whose coefficients in- 
volve A, /u, and t in the n*^ power. Now let x be eliminated by 
any of the preceding methods from this equation and (1). We 
obtain an equation of the mn^^ degree in ty whose roots are the 
mn values of the expression Aa + /uj3. 
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If, now, it be required to calculate in terms of the ooeffioientB 
)f ^{x) and i/>(y) any symmetric function such as Sa'/3', we 
:orm the sum of the {p-^qY^ powers of the roots of the equation 
n t We thus find the value of S (Xa + fc/B)^^ expressed in 
;erms of the original coefficients and the several powers of X 
ind fx. The coefficient of X^ /u' in this expression will furnish 
;he reqiiired value of 2a'' /3^ in terms of the coefficients of 
p{x) andi/'(y). 

MiSCELLAKEOUS EXAMPLES. 

1. Eliminate x from the equations 

ax^ + *x + tf = 0, 

Multiplying the first equation by x^ we haye, since «* s= 1, 

4** + «r + a = ; 
and multiplying again by x, we haye 

« 

«** + flj; + ft = 0. 

Eliminating a^ and x linearly from these three equations, the result is expressed 

as a determinant 

a h e 



a 
b 



0. 



If the method of symmetric functions (Art. 141) be employed, and the roots of 
the second equation substituted in the first, the resultant is obtained in the form 

(a + ft + «)(ac0> + ft« +«)(<>» + ^0^ + c)' 

2. Eliminate similarly x from the equations 

«^ + ft«> + M^ + d!« + # = 0, 

««=1. 

The result is a circulant of the fifth order obtained by a process similar to that 
>f the last example. By aid of the method of symmetric functions the five factors 
ian be written down (cf . Ex. 27, p. 284). An analogous process may be applied in 
^neral to two equations of this kind. 

3. Apply the method of Art. 143 to find the conditions that the two cubici 

^(x) = oa:* + ftic* + «c + rf = 0, 
^ {x) a «'j;> + ft'«» + <?'«+ rf' = 
ihould haye two common roots. 
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When this is the case, identical reaolta miut be obtained by mnltij^yxng f (i) Vjr 
the third factor of ^(o;), and ^(x) bj the third &etor of ^(x). We haTO, tiienfae, 

(X'sp + mO^W-C^ + MJ^W, 

where X, f^ X', / are indeterminate quantities. This identity leads to theequstuiK 

X'« - X«' = 0, 

x'4 + /i'«-Xft'-/iii'=0, 
x'« + /i'4-Xtf'-A**' = 0, 
Vrf+/i'tf-xrf'-M«' = 0, 
/i'rf - /*<f'= 0. 

Eliminating x% /i', X, /i from eyery four of these, we obtain fire deteiminanti^ 
whose vanishing expresses the required conditions. There is a conTenient notatioD 
in use to express the result of eliminating from a number of equations of thia kiod. 
In the present instance the vanishing of the five determinants is expresMd aa 
follows : — 

u h c d a 



h' 



d' 



h' 



d' 



= 0, 



the determinants being formed by omitting each column in torn. 
4. Prove the identity 



a> 2afi 0^ 

aa' afi' -f a0 00' 

a** 2a'0' 0^ 



(«3'-y/B)S. 



This appears by eliminating x and y from the equations 

oa? + i3y = 0, ax + iS'y s ; 
for from these equations we derive 

{ax + i3y )» =0, (a* + 0y) {a'x + i3'y) = 0, (a'* + /8'y)» = 0. 

The determinant above written is the result of eliminating «*, xy, and y* from the 
latter equations ; and this result must be a power of the determinant derived by 
eliminating x, y from the linear equations. 
5. Prove similarly 



a* a' 



aa 



0" 

a^0' + 2aa'0 2a00' + a'jS* 0^0']^ 
a'^0 + 2aa'0' 2a'0li'+ afi'^ 00^^ 
Za'^0' Za'0'^ 0^* 



= (o^'-aW. 
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This appears bj derifing from the linear equations the following equations of 
he third degree : — 

(ox + iSy)« = 0, (a« + iSy)« (a'of + fi'y) = 0, &c., 

ind eliminating a^, «*y, d^, y'. 

6. Prove the result of £z. 12, p. 278, bj eliminating tbe constants A, /x, X', /x', 
from four equations 

, Ag -f /i Ai8 4-M . 

Aa+/i AjS+fi 

Bonnecting the yariables in homographic transformation. 

7. Given 

V s ^fi» + 2Bu9 + W, 

r = ^V+2J?'w+jCV, 
If B iufl + 2^jEy + c^i 

V s a'*» + Wxy + c'y' ; 

determine the resultant of U and V considered as functions of x^ y. 
Since 

U^ A{u - av){u - fiv), 

if JT and F vanish for common values of x, y, some pair of factors, as tf - ov and 
u — a'Vy must vanish ; whence forming the resultant oiu — av and u - aV, and re- 
presenting the resultant of u and v by J2(tf, f ), we have 

E(u - or, « - aV) = (a - a )» J2(tt, i,) ; 

Uid multiplying all these resultants together, we find 

E(U., r.) = A^A'^(a - a7(i3 - /T)' (a - iS')» (iS - af {B{u, •)}*, 

8. Prove that the equation whose roots are the difierences of the roots of a given 
^nation /(f) = may be obtained by eliminating x from the equations 

/(*) = 0, /•(«) +/'(*) £^ +/"(*) j^ + *c. = ; 

^d determine the degree of the equation in y (cf . Art 44). 

Z 



CHAPTER XIV. 



OOVARIANTS AND INVARIANTS. 



150. Heihilttoiui. — In this and the following Ghapten the 
notation 

(ao, fli, (h^ ... an) {Xj yY 

will be employed to represent the qnantic 

«(n~l) ^, , 
aoir" + nai(xr-^y + ^ ^ (haf^tr + . . . + «a»-ia^ + fl«y», 

which is a homogeneous function of x and y, written with bino- 
mial coefficients. If we put y = 1, this quantic becomes Un of 
Art. 35. 

Let ^ be a rational, integral, and homogeneous symmetrio 
function, of the order u, of the roots ai, as, as, ... a«, of the 
equation Un = («o, fli, flj . . . fl»)(ir, 1)" = 0, this function inyolT- 
ing only the differences of the roots ; then if 

1 1 1 



, , . . • 

ai- X as - ic a» — a? 



be substituted for ai, as, . . . a^ respectively, the result multi- 
plied by Un" (to remove fractions) is a covariant of Un if it in- 
volves the variable ar, and an invariant if it does not involve x. 

From this definition of an invariant we may infer at once 
that 

(fir<p (a I, 02, as, . . . On) 

is an invariant of Un when <p is made up of a number of tenns 
of the same type, each of which involves all the roots, and each 
root in the same degree w. 
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These definitions may be extended to the case where ^ (the 
function of difEerenoes) involves symmetrically the roots of seve- 
ral equations C}, = 0, 27", = 0, Ur= 0, &o., the roots of these 
equations entering ^ in the orders u, zs\ u", &o. . . , respectively. 

We may substitute for each root a, as before, and remove 

a — X 

fractions by the multiplier TJ/TJ^'TIr^", . . . &c. If the result 
involves the variable x^ we obtain a covariant of the system of 
quantios TJp^ Uq^ Ury &c. ; and if it does not, ^ is an invariant 
of the system. 

151. Formation of CoTariants and InTariants. — We 
proceed now to show how the foregoing transformations may 
be conveniently effected, and covariants and invariants cal- 
culated in terms of the coefficients. With this object, let the 
symmetric function of the differences of the roots be expressed 
in terms of the coefficients as follows : — . 

Now, changing the roots into their reciprocals, and conse- 
quently Oo into Om, &c., ar into a^^, &c. (that is, giving the suf- 
fixes their complementary values), we have 

Oo^'^l^iaif aj, . . . a») = F{anf ««-i, . . . «o), 

where i/^ is an integral symmetric function of the roots, and F 
the corresponding value in terms of the coefficients. This 
function is called the source* of the covariant derived therefrom. 
Again, substituting ai — x^ az — x^ ...an—x for ai, oi, ... a^, 
and consequently Ur, &c., for a^ &c. (see Art. 35), we find 

Oo 1/^(01-2?, at-X, ...an -X) ='F[Un, U„^u . . . t7i, Uo). 

Thus, by two steps we derive a covaricmt from a function of 
the differences, and find at the same time its equivalent calcu- 
lated in terms of the coefficients. 

To illustrate this mode of procedure we take the example in 
the case of the cubic 

ao'S(a-/3)'=18(ai^-flroflrO; 



* TMb term was introduced by Mr. Roberts. 



c\ 
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whence, changing the roots into their redproeaLs, and a,, tfi, Os, O) 
into a^j a,y di, a^^ we have 

(io*2o»(/3-7)*=18(a,*-a,tfO. 

Again, changing a, /3, 7 into a-x, P-Zfj-Xj and Oi, Ot^ Ci 
into Uif Uty U^ respectiyely, we find 

The second member of this equation becomes when expanded 
UxUz - Ut^ a (ooflT, - 111*) «* + (a^flb - «i«j) « + (aiflj - «»*)• 

This covariant is called the Messian of C^,. We refer to it 
as Hxj since i? is its leading coefficient. 

As a second example we take the following function of the 
quartic: — 

(io«S(/3-7)«(a-8)» = 24(aoa4-4a,«, + 3a.«); (1) 

whence, changing the roots into their reciprocals, and Aq, 01,^1, 01,04 
into (74, Os, Oty Oiy a^y we have 

ao'S{7 - /3)' (8 - of = 24 ((i4«o - 4<i,ai + So,*). 

These transformations, therefore, do not alter equation (1) : 
again, since in this case yff (a, /3, 7, S) is a function of the diffe- 
rences of the roots, \^ is unchanged when a - or, /3 — or, &c. ...» 
are substituted for a, /3, 7, S. We infer that Oo^i - 4ai6r3 + 3at' 
is an invariant of the quartic Ui. 

We observe also, in accordance with what was stated in 
Art. 150, since 

♦ -(/3-7)'(«-8)' + (7-«)'0-8)* + («-^)'(7-8)S 

that each of the three terms of which ^ is made up involves all 
the roots in the degree t?, which is here equal to 2. 
In a similar manner it may be shown that 

''o'|{7-«)(/3-S)-(«-3)(7-8)){(«-/3)(y-S) 

-0-7)(a-S)}{(/3-Y)(«-S)-(7-«)(/3-S)l 
= - 432 {a^chai + 2ai a%az -aoOz- a^a^ - a^) 
is an invariant of the quartic. 
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There is no difficulty in determining in any particular case 
whether ^ leads to an invariant or oovariant, for if ^ leads to an 
invariant, ^ = ± i/>, that is ^ is unchanged (except in sign, when 
its type term is the product of an odd number of differences of 
the roots, i. e. when its weight is odd), when for the roots their 
reciprocals are substituted, and fractions removed by the simplest 
multiplier (aiaaos . . . on)". From another point of view an 
invariant may be regarded as a covariant reduced to a single 
term. 

152. Properties of CoTarlanto and ImTarlaiits. — 
Since ^ is a homogeneous function of the roots, the covariant 
derived from it may be written imder the form 



a^ \ai - a?' az — ^ an ~^/' 



where ts is the order, and ic the weight of 0. 

Also, as ^ is a function of the differences, we may add 1 to 

each constituent such as , thus obtaroing — ^—, Again, 

ar-x ar- X 

multiplying each constituent by a;, the covariant becomes 

U' I QiX a^ anX \ 

a^ \a\-x^ a^-x^ " ' On- x/ 

which may be reduced to the form 



/J: L_ 

( 1 1' 1 1' 



(- lYUe'af^*'^ I 1 1' 1 i' • • • 1 

\ai X aj X On 

where 

r....(i-iYl-i)...(l-i); 

\X aiJ\X QiJ \X OnJ 

whence it is proved that the covariant form 




TT ( ^ 1 1 ^ 
U'i^i , , ... 

\a\ - X a% — X an- x/ 



is imaltered when for ai, 02, . . . an, x^ their reciprocals are sub- 
stituted ; Oo, ai, O], . . . On changed into dn, a^i, . . . ao> respectively, 
and the result multiplied by (- 1)* af*^^". 
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Now if any oovariant whose degree is m be written in the 
form 

(Jo,-B„B2, ...-Bm)(a?, 1)"; (1) 

ohanging a^j ai, . . . a^, x^ into 0^ On-if ... Oo, -» we have 

X 

another form for this eoyariant, namely, 

(- l)«.r-*« (Co, Ci, C„ . . . C^) (^, ij; 

and as this form is an integral function of x of the same type as 
(1), we have, by comparing the two forms, 



'm-r » 



thus determining the degree of the oovariant in terms of the order 
and weight of the fimction 0, and showing that the conjugate 
coefficients (i. e. those equally removed from the extremes) are 
related in the following way : — 

If F{aQj fli, Oj, . . . ff„) be any coefficient of the comrianty 
{-iyF{an, cin-i, ffn-2, . . . Afo) ts tts cofijugatc. 

From the expression for the degree of a oovariant in terms 
of zj and ic, namely nzs - 2k, we may draw the following im- 
portant inferences : — 

(1). If a^^ is an invariant, nzj = 2k. 

For, in this case and yfj are the same function, and conse- 
quently their weights k and nzs - k also the same. 

(2). All the invariants of quantics of odd degrees are of even 
order. 

For if n be odd, it is plain from the equation nm = 2ic that 
w must be even, and k a multiple of n. 

(3). All covariants of quantics of even degrees are of even 
degrees. 

For in this case nzj - 2k is even. 

(4). T/iC resultant of two covariants is always of an even degree 
in the coefficients of the original qtiantic. 
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For, the degree of the resultant expressed in terms of the 
orders and weights of the oovariants is 

We add some examples in illustration of the principles ex- 
plained in the preceding Articles. 



Examples. 

1. Show tliat the resultant of two equations is an invariant of the system. 

2. Show that the discriminant of any quantic is an invariant. 

3. Prove directly that any function of the differences of the roots of the cova- 
riant 

U'ipl , , , ... —J 

\ai— JP 02 — * 03 — X an—x/ 

equated to zero is a function of the differences of ai, az, 03, . . . on. 

4. If a, /3, 7 ; and a', B>' be the roots of the equations 

[7 = ac» + Uj^ + 3tfj? + rf = 0, 

express in terms of the coefficients the function 

(^ - 7)Ma - a) (« - /S') + (7 - a)M^ - «') 03 - /B') + (« - ^)M7 - «') (7 - iS'). 
Denoting this function by 0, we easily find 

-a^a'tp = 9 {fl'CW- c2) - V(ad-bc) + ciac-h^)). 

Attending to the definition at the close of Art. 160 we observe that this function 
is an invariant of the two equations ; for it involves all the roots of the cubic in the 
second degree, and all the roots of the quadratic in the first degree. If, in fact, wo 
make the substitutions of Art. 160, and render the function integral by multiply- 
ing by TP IT, the result will not contain dr, and is therefore an invariant of the 
system. 

The geometrical interpretation of the equation ^ = is that the quadratic U' 
should form with the Hessian of the cubic V a harmonic system. 

5. If a, jS, 7; d', /S*, 7' be the roots of the equations 

ax^ + Ux^ + S^jj: + rf = 0, 

0^x3+ 36V +3<j';r+rf'=0; 

express the following function (when multiplied by aa') in termd of the coefficients, 
and prove that it is an invariant of the system : — 

(a-a')(iS-iS')(7-.7) + (a-/3')(/3-y)(7-«') + (a-7'y(/3-a';(7-/3'); 
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or, differently amnged, 

(a-a')0S-7')(7-/8') + (tt-/8')08-«')(7-y) + («-7')(i8-^(7-a) 

Am, 3{(arf'-«'rf)-3(W-*V)}. 

6. If tif'fij jf 9 ; a, 0^ 7', V be the roots of the biquadratics 

(a, *, e, d, e) {x, 1)* = 0, (a', 4', ^, rf-, e') (x, 1)* = ; 
prore 

««'2(a-a')(/3-/8')(7-7')(d-«') = 24{«^ + «'*-4(W'+W)+6«<}, 

and show that this function is an invariant of the system. 

7. Prove that the following function of the roots of a biquadratic and quadntie 
gives an invariant of the system, and determine its geometrical interpretatioa :— 



1 3 + 7 ^ 
1 a +8 a9 
1 o' + zr 0/3' 



1 7 + 70 
1 /3 + 8 /38 
1 a' + /3' a /a* 



1 a + /3 a3 
1 7 + J 7» 
1 a' + iB' o'iT 



= f 



The geometrical interpretation of the equation ^ = is, that two ccmjugtte fbd 
of the three involutions determined by the biquadratic form along wiUi the qns- 
dratic^an harmonic system. 

8. Prove that the following functions of the roots of a biquadratic and quadntie 
give invariants of the system, and determine their values in terms of the ooef- 
ncients * 

aobo^2{a' - a) (a' - fi) (jS' - 7) (3' - »), 

ao« V2 (a - fi)^ (7 - a) (5 - 3*) (7 - fi') (« - a). 

9. Find the condition that one pair of roots of a cubic should form an hannonie 
range with the roots of a given quadratic. 

10. Find the condition that the roots of two cubics should detennine a system 
in'involution. 

The condition is expressed by multiplying together the six determinants of the 
type 



1 a + o' 



aa 



1 /3+/8' fifi' 

1 7+y W 

and equating the result to zero. 

153. Formatloii of CoTarianto by the Operator B.— 

From Art. 138 we infer that the expansion of F{ Un, Uf^u . . . I^o) 
may be expressed by means of the Differential Calculus in the 
form 

rr* of 

lyFo^..., 






-IPF„+ ... + 



1.2.3...r 



Formation of CovarianU hy the Operator D. 345 

where F^ is the result of making a? = in F{Uny Un^i, . . . Uo)y 
viz., 

and D = flo 3" + 2ai -;- + 3^2 -7- + . . . + w«n-i -r-« 

CMi cUh »^s ^n 

In forming a covariant by this process, the source F^ with 
which we set out is altered by the successive operations D till 
we arrive at the original function -P(eio, fli, . . . an), from which 
the source was formed. Since this is a function of the differences, 
the coefficient derived by the next operation D vanishes, and the 
covariant is completely formed. The corresponding operations 8 
on the synmietric function \po have the effect of reducing the 
degree in the roots by one each step, the final symmetric func- 
tion containing the differences only. Thus the successive 
operations supply between the roots and coefficients a number of 
relations equal to the number of coefficients in the covariant. 

The degree m of the covariant is plainly equal to the number 
of times S operates in reducing xf/^ to 0, i. e. equal to the difference 
of the weights of the extreme coefficients. And since 

Yo = (fli a« • • • OnJ ♦ I — > "~ > • • • — h 

\ai as an/ 

the weight of xpoisnm- k, where k is the weight of (ai, as, . . . an) ; 
hence the degree of the covariant whose leading coefficient is 
Oo'^ is tit7 ~ 2ic, the same value as before obtained. We add two 
simple examples in illustration of this method. 

Examples. 

1. Fonn the Hessian of the cubic 

Oq}^ + Sai** + 3a2X + As = 0. 
Taking the function S 3 a^Oi — ai\ wo find, as in Art. 151, 

ao^Sa'OS - 7)»= 18(^22 - aiOi). 
OpeiBting on the left-hand side by 9, and on the right-hand side by D, we obtain 

-ao»22a(/3-7)»= 18(aias- «o«3) ; 
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and operating in the same way again, 

ao* 22 (/8 - 7)» = 36 (ai' - ootfa). 

The next operation causes both sides of the equation to yanish. Henoe the le- 
quired coyariant is, as in Art. 151, 

(aiai - ^22) + (ffofls - aia2)x + («o«2 - ai')«*. 

Wo find at the same time the corresponding expression in terms of x and tlie 
roots. 

2. Form the Hessian of the biquadratic 

floJT* + 4tfiJE' + 6tf2a^ + 4a3« + a* = 0. 

The coyariant whose leading coefficient is JET^ oq^s — ai' is called the HesBiB 
of the biquadratic. Its degree is 4, since w = 2, and ic = 2 ; and .*. nZ5 - 2« = 4. 
Changing the coefficients into their complementaries, the source of the coyamntu 
Oitt^ — a^^ and we easily find 

JSr, = (ffo 03 - a^) j:* + 2 (ao flj - ai oa) af* + (aq^'* + 2ai 03 - Saa^) «* 

+ 2 (ff 1 ai - aiaz)x-\r {oliOk - as*). 

154. Theorem.* — In the disoussion of ooYoriants through 
the medium of the roots, as in the previous Articles, the following 
proposition, due to Mr. Michael Roberts, is of importance:— 

Any function of the differences of the roots of two comrianUii 
a function of the differences of the roots of the original quantic. 
Let 

(Co, C„ C„ . . . Cj)(ar, yY - C, (a? - y^y) [x - y^y) ... (a? - y,^) 
be two covariants of the quantio 

{fh, ai, a., . . . (7„)(j-, yy. 
Operating with Z) or S on the identical equation 
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and remembering that, in general, Df= ao'Stp, where 

we have 
andy therefore, 

S^r = -l; 

similarly 

hs = - 1, 

whence 

proving that jSr - 7» is a function of the difterenoes of the roots 

Oiy a2y Ojy • • • On* 

155. Homocraphic Transformatloii applied to the 
Theory of CoTariants. — Hitherto we have discussed the 
theory of covariants and invariants through the medium of the 
roots of equations. We proceed now to give some account of a 
different and more general mode of treatment, by means of 
which this theory may be extended to quantics homogeneous in 
more than two variables, such as present themselves in the 
numerous important geometrical applications of the theory. 
Although this enlarged view of the subject does not come within 
the scope of the present work, we think it desirable to show the 
connection between the method of treatment we have adopted 
and the more general method referred to. With this object we 
give in the present Article two important propositions. 

Prop. I. — Let any qiMntic Jin he tramfonned bt/ the honw- 
graphic transfonnation 

\X ^^ fJL 



X = 



X + fj. 

if I and I' be corresponding invariants of the two forms, tec have 

i'=(A/-AV)r/. 
To prove this, let 

/ = tfo' S (ai - aa)" (as - aa)* ... (oi - anYy 

each root entering in the degree w. 
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/ M^-/* 



Now, transfonning the similar value of /', since x' = T—yZ; 
we have 

/_ , (A/tl' - AV) (Oy - Qg) 

"' °^'"(X-Va^)(X-X'a,)* 

Again, transforming Unj and rendering the result integral, 
Un takes the form 

where 

<5fo' = ^0 (X - X'aJ (X — X'tta) ... (X - X €Ln) j 

making these substitutions for all the differences, and for Oo', 
the denominators of the fractions which enter by the transfor- 
mation disappear ; and we have, finally. 

Prop. II. — Ift^{x) he a covariant of the quantic Uny the new 
value of^{x)y after honwgraphic tramformationy u {tchen rendered 
integral) 

(X,i'-xv)'*(^). 

The proof is similar to that of the preceding Proposition. 
We have 

0(a?) = flTo' S (ai - aa)" (as - aj)* . . . {x - aiY {x - 0%)^ . . . , 

this expression being obtained by substituting 

x — Qiy X'-Qif ... X — an for ai, as, . . . On 

in the source of the covariant i^[x) expressed in terms of the 
roots. Now, transforming, as in the previous Proposition, the 
value of [x) thus derived; since the factors X - X'oi, X - X'a», . . . 
all enter in the same degree zs in the denominator (for each root 
enters the source in the degree w), they will all be removed by 
the multiplier Oo'', and the transformed value of {x) is 

(x/-xv)'*(^). 
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156. Rednetlon of Homograplilc Tranuifoniiatloii to 
m INmble I«lnear Transformatloii. — With a view to thia 
xeduction let the quantic be written under the homogeneous 
form 

\iX/ + it 

and, in plaoe of putting as before x = ry-? >, and removing 

A.X + /I 

fractions to make Un intecral, let now - = ^, , , n where - 



x' 



and —. are the variables in the ordinary sense. The transfor- 
mation may therefore be reduced to a linear transformation of 
both the variables x and y^ and can be effected by putting in 
the original quantic 

aj = Xa;'+/i/, y = yx->r fii/j 

the introduction of fractions being in this way avoided. 

Thus we pass from a homographic transformation of 
functions of a single variable to the linear transformation of 
homogeneous functions of two variables. 

The determinant \fi - XV> whose constituents are the coef- 
ficients which enter into the transformation, is called the modulus 
of transformation. 

We are now enabled to restate Propositions I. and II. of 
Art. 155, in the following way : — 

Prof. I. — An invariant is a Junction of the coefficients of a 
quanticy such that when the quantic is transformed by linear trans^ 
formation of the variables^ the same function of the new coefficients is 
equal to the original function multiplied by a power of the modulus 
of transformation. 

Prof. II. — A covariant is a function of the coefficients of a 
quantiCy and also of the variables^ such that when the quantic is 
transformed by linear transformationy the same function of the new 
variables and coefficients is equal to the original function multiplied 
by a power of the modulus of transformation. 
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The definitions oontained in the preceding propositions are 
plainly applicable to quantics homogeneous in any number of 
variables, and form the basis of the more extended theory of 
covariants and invariants referred to in the preceding Article. 
We give among the following examples an application in the 
case of a quantic involving three variables. 

Examples. 

1 . Perfonning the linear transf ormation 

a: = XX + /iF, y = \\X + yn F, 
if 

ajfi + 2bxy + cy^ = AX^ + 2BXY + CF*, 
prove that 

AC^ B* = ^Ami - Xi/i)M« - **)• 

2. Performing the same transformation, if 

(n, 5. r. d, i){x, y)*= {A, B, C, 2>, JB)(X, F)*, 
prove that 

AE - ABD + 3C» = {Kill - Xi/i)* (« - 4W + 3<?»). 

3. Performing the same tranfiformation, if 

«jx» +26xy +<?y» =^X« + 2BXF + rF», 
and 

aix^ + 2*1 jy + n y* = -4i X' + 2-Bi XF+ CiF», 
prove that 

-•ICi + AiC- 2BBi = (Xmi - Xi/i)-(«-i + aic - 2Wi). 

This follows from £x. 1, applied to the quadratic forms 

(a+jcai)ar«+2(*+ic*i)Ty+(<? + icfi)y'=M+jc^i)X2+2(i?+jc5,)XF+(C+jcC0P, 

by comparing the coefficients of k on both sides. 

Whence we may infer that, if two quadratics determine a harmonic system, the 
new quadratics obtained by linear transformation also form an harmonic system. 
For their roots being a, fi and ai, /3i, we have 

<wi|(a-oi)(iS-/3i) + (o-/3i)(/3-ai)}=2(fl<ri + aitf-2*Ji). 

4. If the homogeneous quadratic function of three variables 

aj:« + V + «=* + 2/y« + 2ysjf + 2Ajry 
be transformed into 

AX^ + BY^ + CZ^ + 2J'FZ+ 20ZX + 2irXF 

by the linear substitution 

x = \iX + fiiT + yiZy y = X2X + AiiF+ nZ, t = XjX + /113F+ nZ; 
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proye the relation 



A 


H 







H 


B 


F 


- (Ai /ill's)- 


Q 


F 


C 





a 
h 





h 
b 

/ 



9 
f 



where the determinant (Xi/isys) is the modulus of transformation. 

This is easily yorified hy multiplying the proposed dotorminant of the original 
coefficients twice in succession hy the modulus of transformation written in the 
form 



Ai 



Ml 



A2 



M2 



y\ V2 



A3 



M3 



yi 



and comparing the constituents of the resulting determinant with the expanded 
values of the coefficients of X\ J^, &c., in the new form. 

It appears therefore that the determinant here treated is an invariant of the 
given function of three variahles. 

157. Properttes of CoTaiiants derived from Unear 
Transformatloii. — We proceed now to show, taking the second 
proposition of Art. 156 as the definition of a covariant, that the 
law of derivation of the coefficients given in Art. 153 imme- 
diately follows ; that is, given any one coefficient^ all the rest fnay 
he determined. 

For this purpose, performing the linear transformation 

whose modulus is imity, the quantic 

(flo, fl'i, ^2, . . . an) (^, vY becomes (^o, ^i, -4,, . . . An) (X, F)~, 

where 

Aq = do, -4i = fli + Oohj ^i = fla + 2^1 A + do/*', &c. (See Art. 35.) 

Now, if (do, di, 02, . . . an, X, y) be any covariant of this 
quantic, we have by the definition 

(do, «I, «l, . . . d„, a?, y) = {Aoy Axy Aiy . . . -4„, Xy F), 

or 

^ (do, di, da, . . . a^ X, y) s (^Ao, Aiy At, . . . Any x-hy^ y). 

Expanding the second member of this equation, and con- 
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fining OTir attention to the terms which multiply h ; observing 

(iA 
also that -77^ = ror-i when terms are omitted which would be 
ah 

multiplied in the result by /<*, h\ &c., we have 

^+^f-y-^ + 2)0 J + h* ( ] + &c. . . . a 0, 

which must hold whatever value h may have ; hence 

y:7 -^o:r" + 2ai^ + 3a,-^+ ... +n^,»_,^, (1) 
ax olflfi (Wj doz dan 

and, substituting for ^ the value 

(Sa,5i,-B2, ...5m)(^,y)", 
we have 

mB^iixf^^y + m (m - 1) BiOf^i^ + . . . + mB^it^ 

s DBoix?^ + mDB^af^^y + . . . + DB^p^; 

whence, comparing coefficients, we have the following equations: 

DBo = 0, 2>J?i = 5o, DB2 = 25„ . . . DB^ = m5^„ 

which determine the law of derivation of the coefficients from 
the source Bm ; the leading coefficient ^0 being a fimction of 
the difPerences, since DBo = 0. 

The calculation of the coefficients is facilitated by the follow- 
ing theorem which has been proved already on different prin- 
ciples : — 

Two coefficiefits of a covariant equally removed from the extremes 
become equal [plus or minus) when in either of them e/o, a^ ... a^ 
are repla<ied by any an-i^ . . . Oo, respectively. 

To prove this, let the quantic be transformed by the linear 
substitution 

X = OX + F, y =X ■¥ OF, whose modulus = - 1. 
Thus 
(«u, flfi, 02,... an){x, yY= {an, a^^^, a^, . . . a^{X, F)*, 
and, by definition, any covariant 

{flny On~i9 0»»-2, . . . fl^oj X, F) = (- 1)* ^(ao, «!, Oj, . . . a„, X, y) 

s (- 1)« 0(^0, ai, d,, . . . anj F, X) ; 
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whence it follows that the coefficients of the oovariant equally 
removed from the extremes are similar in form, and become 
identical (except in sign when k is odd) when for the suffixes 
their complementary values are substituted. 

We may infer similarly that a covariant satisfies the diffe- 
rential equation 

u dih ^ u0 ^ dib u0 

^'T^^IT' + 2flrn-i :7-^ + 3an-2 T-^ + . . . + wai-/-, 
ay aa^-x 00^^ aan^ aao 

as well as the equation (1) already given. 

Again, if ^(^o, a^ 029 ... an) be an invariant of the quantic, 
the former transformation of the present Article gives, employ- 
ing the definition of Art. 156, 

i> (^w ^i> ^, . . . an) = ^ (wdo, A\y Aay . . . An) I 

and proceeding as before in the case of a covariant, we prove 
that an invariant must satisfy both the differential equations 

flo ^ + 2ai ^ + 3fla 3^ 
aai ooa oOs 

^:^ + 2a».i ;^ + 3an-3 
aan-1 aan-i 

either of which may be regarded as contained in the other, since 
if we make the linear transformation x = Yy y = X (whose 
modulus = - 1), we have from the definition of an invariant 

♦ (flffi, <»i»-ij flfi»-a> . . . flo) = (- 1) ^ («o, «!, «2, . . . an) ; 

proving that an invariant is a function of the coefficients of a 
quantic which does not alter (except in sign if the weight be odd) 
when the coefficients are written in direct or reverse order. 

Having now explained the nature of Covariants and Inva- 
riants of quantics, and the connexion between the two modes in 
which these functions may be discussed, we proceed to prove 
certain propositions which are of wide application in the forma- 
tion of the Covariants and Invariants of quantics transformed 
by a linear substitution. The student who is reading this sub- 

2a 
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jeot for the fibrst time may paas at once to the next ohi^ter,irii6re 
the principleB alieadj explained are applied to the caaes of die 
quadratio, cabio, and quartio. 

158. Prop. L — Lei any homogeneouB quantie ofihbft^ degm 
f{xy y) become F{X^ Y) by the Unear irantfarmatian 

abo lei any/uneiian u ofx^ y became Uby the eame iramfiMrmtUum; 
then tte have 

'■/(l-D-KS-S) "I 

where M it the modulus qf trmu/ormation. 

To prove this propoedtion, aolving Che eqaatioDB 

x = \X + iaT, vX'X + n'Tt 
we have 

MX=n'it-ity, MT " - y» + Xy i 
whenoe 

^A^""' ^^=-'" -^d^-^' "^-^"^ 



Again, 

dx My^dX'^dTP 

^^dT 1 / dU ^ dU\ 
^^-^'My-f'dX^^dY} 



du dUdX dUdT 1 
dt" dXdt * dY 



*< ^ dUdX dUdT 1 
dy ~ dX dy* dY 



-whidi equatioiu may be put tinder the form 



du .(ldV\ ( I dXT\ 
dy"'\MdY)^''\CMdx} 

_du (\ dU\ ( 1 dU\ 
^''^[MdY)*''[-Mdx)'' 



and since 

/{\X + fiY, XX^-ii'Y)mF{X,r), 
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changing X and Y into -^jyf and -^-Tt^ respectively, 

the proposition is proved. 

In an exactly similar manner, changing X and Finto 



i-A LA. 
MdT' 'MdX' 



it may be proved that 



The results (1) and (2) may be applied to generate oova- 
riants and invariants as we proceed to show. 

Suppose /(a?, y) and ti to be oovariants of any third quantic v, 
where v may become identical with either as a particular case ; 
also, denoting by Fc{Xj T) and Uc the same [oovariants ex- 
pressed in terms of the X, Y variables and the new coefficients 
of r after linear transformation, we have, by Prop. II., Art 156, 
the identical equations 

MPF[X, Y) = Fc{X, r), and M^U^ Ue\ 

whence, substituting from these equations in (1), 

(du du\ (dUc dUc\ 

^^W''d^)^^\dY''''dx} 

proving that fi-j-j "" ;^) ^ ^ covariant of v. 

And in a similar manner it is proved froih (2) that 



/ 



W ^d^J 



leads to an invariant or covariant of v, according as fi is of the 
n*^ or any higher order. 

We add some applications of this method of forming inva- 
riants and covariants. 

2a2 
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d d 

1. I^ ^ ' ^ ^ substitated lor x and y in the qnaztic («, (, ^ ^ e) («, y)^s IT, 

and the reeulting operation perf onned on the quartio itself, ahow that the rnnnuit 
/ is obtained. 
We find 



2. Prore, bj performing the same operation on Hm% the TTnnmin of die q[iuBt2c 
(see £z. 2, Art. 163), that the inyaziant /is obtained. 

Here we find 

(«, 4, ^ rf, *)(^, -iy J.- 72(«>*+ 2W-«rf«-#*»-«»). 

3. Prore that 

(a, 4, e,d) (^ -£yGf.=-12(a«rf«-6eW+4«i» + 4a»rf-8i»«^, 

where G^« is the cubic coyariant of the cubic (a, i, 0, if) (x, y)'. 

4. Find the yalue of 

:(«-*^(g)*-(«*-»*)gS+(M-^)(S)'. 

where u s (a, 4, <^, d) («, y)». 

.^fiM. - 9JI.'. 

159. Prop. II. — If ^(oo, flfi, flj, . . . On) fe «» invariani of 
the farm (oo, «i, Oa, . . . fl^) (^, y)*, «n<^ t# any quantie of the n*^ or 
any higher degree^ 

fd^u d^u d^u rf*t*\ 

* \d^' db^^y dar^dy"' '"' d^J 

is an invariant or covariant qfu. To prove this, let 

y = X'X+M'r, y'=X'X' + M'r; 

and, transfonning as in the last PropoBition, 

, d , d ^, d ^f d 
dx "^ dy dX dY 
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liaOy transforming Uj we have 

whence 



k 



uid writing this equation when expanded under the form 

(Do, D|, 2>„ . . . I>n)i,X\ TY = ('/o, rf„ r/„ . . . dn)[x\ i/Y, 

we have, fix)m the definition of an invariant, 

^(Do, 2>i, 2>„ . . . 2>h) = Jf*^ (rfo, dijdt,... rf„), 

showing that ^(ej^, rfi, d^, . . . ^») is an invariant or oovariant. 

When Xy y and ;r', i/ are transformed similarly, as in the 
present Proposition, they are said to be cogredient variables. 

Examples. 

1. Let the quadntio 

ao«' + 2aisy+asyS become ^o2' + 2^iZr+ ^sJ^. 
We hftTe then, u in Ex. 1, Art. Ii6, 

Now sinoe 

d'^JT d*U d*U dhi dhi dhi 

it follows fipom the last result, considering X\ Y* and d^, y^ as Tariablee, that 

dX* dY^ " [dXdYj ~ [dx^d^* " \dxdy) ]' 

This covariant is called tho Heuian of U, 

2. When u has the Talues 

(a, 4, <r, rf) (t, y)», and (a, 4, <^, rf, e)(jt, y)*, 

nrhat coTariants are derived by the process of the last example P 
Ant. (1). {ae - b^) a:« + (orf - bc)xy + (W - ^)y». 

(2). (*<? - *2) «* + 2(«i - ^)«»y + (a# + 2W - 3«»)A«y« 

+ 2(fe - ed)xy^ + («• - rf«)y*. 
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160. Pmop. m. — If any intariani of the quoiUie inx^y^ 

he formed^ the eoeffieienU of the different powers qf i, regarded u 
homogeneous funetionB of the variables J^ %f^ are covariants qf U. 
For, tranfifoimmg U by linear transfonnationy let 

(fl„ a„ fl„ . . . a,) (ir,y)- » {A^ ^u At, . . . A^) (X, F)"; 

alflo iix^ff and a<, / be oogredient yariablee, 

«y'-ary = Jf(Zjr-Z'F). 
Whenoe 

(oo, fli, fli, . . . a,) (a?, y)" + *(a!y'- a^)* 

beoomes when transformed 

(^p,^», ^„ . . . u<.)(X, IT + *Jf-{XF'- X'F)-; 

and forming any invariant ^ of both these forma, we have 

(♦, *!, ♦.,... ♦pjtl, */ = Jf* (*, *i, *„ . . . 4V) (1, MH)% 
proving that 

or that ^r is a ooyariant. 

When (ar/ - x'yy^ is replaced by (^ 6i, &i, . . . ft«)(«, y)"> ^ 
have the following Proposition which is established in a siinilar 
manner: — 

Ifi^iaof fli, Oty ... On) be an invariant of {oo, aiyOt, ... fl.)(a?,y)"» 
all the coefficients ofk in 

^(^0 + kboy 01 + kbiy ... On + kbn) 
are invariants of the system ofguantics 

(flo, «!, aty ... an) (a?, y)*, (60, fti, ii, . . . 6») (a?, y)* ; 
or, u^AfcA is the same thing. 



( 



^•^.■'^•i^"-*-^; ♦'*""*"•' 



flrre invariants of the system. 

If, further, ^ be replaced by a covariant, we may in lik® 
manner generate new covariants, a similar proof applying ^ 
this case. These results hold for any number of variables. 
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161. Pbop. rV. — 1/ ^{x, y) and ^(a?, y) are hamogeneom 
quanHcSf the determinant 

d^ d^ 
d» dy 

dy\t d\p 
dx dy 

is a cavariant of these quantics. 

For, transfonniDg ^ and ^ by the linear substitution 



we have 
giving 



dX "^dx "^dy' dX'^dx^^dy' 
d^ d^ ,d^ d^ d\lf ,d\P 



=M':7: + M3r 



= M3r + M 



Whence 



dT '^dx^'^dy' dT '^dx^'^dy 





d^ d^ 




dX dT 




d'¥ d^ 




dX dY 


whiohi€ 


>duoesto 



dx dy^ 



^ dx ^ dy 






M 



fd^ dxff d^ dp\^ 
\dx dy dy dxj^ 



and the proposition is proved. 

This oovariant is called the Jacobian of ^ and ip, and is often 
written under the form cjr(^, ^). The Jaoobian of n functions 
in ft variables is a determinant of similar form, and can be 
shown to be a covariant by an exactly similar proof. 

We now conclude this Chapter with some examples selected 
to illustrate the foregoing theory. The student is referred for 
further information on this subject to Salmon's Lessons Intro- 
ductory to the Modem Higher Algebra, and to Clebsch's Theorie 
Der Bindren Algebraischen Formen, 
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MiaCMLLAJSnOVB EXAXPLBS. 

1. From tlie deflnitJonn, Art. 160, prore that all the inTariants of ^ qvantie 
U{»if " x'y) are ooTazianta of U^ the Tariable being sf : /. 

Hence deriye the oovariantB of a cubic from the mvarianta of a qnaitic e xpr eaed 
in terms of the roots. 

2. If Ii, 1%, Js, . . . /» be the same invaxiant for each of the qnantif* 

, , , . . . of the order w, where ciii as. . . . a^t •*• ^* 

jr — di X — Of X — «t * — *i 

roots of ^(x) s 0, ptrore that 



is a covaziant of ^(x). 

3. If ai, «a, Of, . . . On be the roots of the equation 



and if 



(«o, «if ••, . . . «!.)(«, 1)» = 0; 



where ^i> ^ ... ^ are all the Talaes of a rational and integral fonetioii of some 
or all the roots obtained by subetitation, find the eqoatioQ whoae roots are the 

m values of - ^, given 8*^ a 0. 

Am. FilTo, ITi, Ut, * . . IT'.) s 0. 

4. Denoting bj a, fi, y, and a, fi^, y' the roots of the cubic equations 

(a, *, IT, d) («. 1)» = 0. (•-, b\ e, d) («, 1)» = 0, 
prore that the following coraiiant of the S3fstem 

a4i'a{30S-|8')(7-7') + 3(i8-7')(7-i80 + 08-7)08'-70}(«-«)(*— T 
expressed in terms of the coefficients is 

18{(ac'+a'd-2W')«»+(arf' + a'rf-*<^'-4V)« + (W + *'rf-2«')}. 

5. Express the identical relation connecting three quadratics in terms of their 
inyariants. 

Let U = «i«» + Uixy + «iy», 

»^=«««» + 2*i*y + <Jjy»; 
multiplying together the two determinants 
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III 


In 


lit 


U 
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1X2 
lit 


In 
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In 
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W 






0, where 2i^ = Op^f + «f <> — 2^&f. 



this determinant we haye 
<JmJs3-/m*) r7»+ (Jm/ii-/si») F' +(/»/»-/»') ir»+2(J„/i,-7ii7») VW 

+ 2(/m/„-/m/8i) »^t7'+2(/2sJsi-/a8/i2) CrFa 0. (I) 

There are two particular cases worth notidng : — 

(1). When the thrc$ quadratic* are mutualfy harmonic, — In this case 
In » 0, Jai = 0, lit = ; and the identical equation aswimefl the following 
ample fonn:— 



Wii J ^ [^InJ^Vln J '^ ' 



(2). When oH$of the quadratict W= ietermvuee the foei of the inwauHan of 
the points given hy the other two, CTs 0, and F= 0. — In this case In == 0, and 
In = ; and making this reduction in the general equation (1), we haye 

{In^-IiiIn)W^ = In(InlP-2Iit UF^ In V^) ; 

hut from the equations In = 0, and In = 0, we find 

•• = «(fli*i), -2*i = jr(^ai), «s = jr(*i«a); 
whence 

or 

and reducing, when j( s 1, or WmJ(U, F), 

-'{J(u,v)Y = inm-2inur^iii'n. 

6. Determine the inyariants of the quartio 

Xi(« - ai)*+ X,(jt - aa)*+ . . . + Xn(x - a«)*. 

Am. I = aXiXa (ai - «i)*, / = 2XiX2As V(ai, oi, og), 

where v(ai, oi, ... or) represents the product of the squared differences of 
a\ y as, ... Or* 

7. Proye that the condition that four roots of an equation of the »^ degree 
should determine on a right line a harmonic system of points may be expressed bj 

* *: * • • * **v J («-l)(«-2)(»-3) 
equating to lero an inyanant of the degree ^ -^—^ — — -. 

8. If ^(oo, «iy otf . . . On) be any rational, integ^, and homogeneous fimction 
which depends on the differences of the ro:)ts of the quantic (oo, ai, os, . . . ««) [x^ 1)»; 

piore that ^ depends on the differences of the roots also. 
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9. Prore that the functions 

which depend on the difforenoes of the roots of the equation 

(«o, «i, ««,... «!.)(«, !)•= 0, 
gire rise to corariants of the degrees 

2fi - 4, 2fi - 8, Sm - 6. 

10. Prore that the coefficient of the penultimate term in the equation of the 
squares of the differences of any qnantic leads to a eorariant of that qnantic of Uie 
fourth degree in the yariables. 

11. Prore that the product of two corariants of the ssme qnantic whose aoarce» 
are ^ and i^ may he written under the form 

t* + x2>(^) + j^2>«(fl»r) + Ac. . . . 

ICr. If. Boherts. 

12. Prore that the m*^ power of the quantic 

(Oo, «!, Oj, . . . «») («, 1)» 
may he represented hy 

«»" + *2>(a»") + J— g^**""* ■*■ 1~2~»^^*""' "*" *^' 

Mr. M. BoheitB. 

13. Prore from hoth definitions of a coraiiant that any oovaiisnt of a corarisnt 
is a eorariant of the original quantic or qusntics. 

14. If ai, a», OS, . . . a«, and 0u fi%, fii, . . . $m he the roots of the eqni- 
tions 

Cr=(«o, «!,««,... amHar,l)* = 0, and Fa (^ »i, *»,...»■)(*» 1)*'=^ I 
from the simplest function of the differences of their roots, Tia., S(ap - fitif ^^ ^ 
required to derive a coyaiiant of the system U and V. 

This question will he solved if we express 

in terms of the coefficients of CTand V. 
For this purpose we have 

and if U and V be written as homogeneous fimctions of x and y, 

^x-ay dx ^ x -{ay dy 

Whence, suhBtituting these values in the last equation, we have 

irrV— ^^^^— = — — - — — • 

^ {x-ay){x-/3y) dx dy dy dx^ 

which is the Jacobian of U and V, It should be noticed also that the lesdingo<^' 
ficient of /(IT, F) is aoh - aibo. 
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16. To Ttduoe the two 



to thefonns 



1^ IrfF 

idX* idT' 



by meaxLi of a linear tzantfoiniation 

tlie coeffidents in which are to be determined in tenne of the eoeiBcienti of the 
giyen cubice. 

Let F = (4, B, C, D, -») (Z, 7)*; 

then Um{a, h, c,d){x, y)>= (^, JJ, C, 2>)(X. T)\ 

r=(«',4',«^,rf')(*,y)>=(2^, (7, 2>, ^)(jr, IT. 

Now, subetitating the differential symbolB Dy, — 1>« for «, jf, and ^2>r» -- |^-^x 

for X and 7in the Hessian of both forma of U, we find the operational equation 



♦(«, y) 

Similarij, 

♦(«, y) 



where / is the ternary inyariant of F, 
Again, since 
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^(Z>„-D.)= — Dr, and -^Pr, -i>.) - i^"^'' 



m 



performing the operation 

^(2>^ - 2>,) ifr («, y), or iil)^, - D.) ^ («, y), 
on equiralent f onna we hare 
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We are now in a podtum to detennine the eoeffidenta of Fin terms of tlie eorf- 
fidentBof CTand F. 

For we hare from f onner equations 



a«- 



b 



e d 



^- 



«y = - 



ti V e 



^ + 



h c d 

d h ^ 

h' / d' 

m h e 

tl v e 

V e d' 



*. 



♦; 



h e d 

whence, suhstitating these Talnes of 9 and y in IT and F, we find 



and, therefore, 



also 



^ 4 rff ' 



0»r = ^^, where J^o = (^-Bb,a»,iV. *)(♦,♦)*; 



16. Determine the inTaiiants of J^o in the preceding example. 
We hare, from the equations of Ex. 16, 

/»»=ir«/o, and /•/=Jf»/o; 

and, suhstitating differential symhols for «, y and i; T in hoth forms of F, aid 
operating on CT, we find 

Fmad'-'tfd-'Z(M^V€)^^ 

which equation, along with the equatbn Q = -=^ enaUes us hy preTioas reniltt to 
express Jo and /o in terms of P and Q in the following way : — 

/o = PQ», and /o=0». 

17. Prore that the resultant of the cuhics 17, Tof Ex. 15 is I*- 27C w]ia« 
P and Q have the same signification as in the preceding examples. 

From the results of Ex. 16 we derive the equations 

from which it follows that when />= 27/*, we have P» = 27Q ; hut the firitrtU- 
tion holds when Phas a square factor, which necessitates CTand F having a como^ 
factor ; whence we infer that P^ - 27Q» heing of the proper degree and weight, u 
the resultant of the cuhics V and V. 

18. Prove that if it he possible to determine jc so that U-^kV should be a perfect 
cube, the relation Q = must hold among the coefficients of the cuhics ; and that 
in this case the transformation of Ex. 15 fails. 
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The trauBfonnatioii pUunlj failB when Q = 0, for the valuee of X and rbecome 
then identical. If CT + jc F be a peifect cube the deriyed functiona with regard to 
X and y Taniah nmultaneoualy ; whence we haye the equations 

• ■^m' __ b + Kb' _ € + xe 

* + «*'"" tf + «<?'" rf + jrrf' ' 

Equating these fractions separately to - 1^, we find the equations 

* + «*' + •« + icicV = 0, 
tf + «/ + jcrf + KK^d'= ; 

and solying for k, k', kjc', we maj eliminate them, and thus find the condition that 
CT + K r be a perfect cube in the form 



a 


b 


e 




a' 


V 


e 




*' 


d 


i' 





v e r 



c 



b' if 



tC V e' 

v e d' 



= 0. 



Or, eliminating k and jc* without introducing k^, we haye from the aboye equa- 
tions another form for Q, yiz., 

orf- be ad'+ «'rf- ^ - b'e a'rf* - b^<f 
bd^^ bd'-¥b'd--lc<f Vd'-<f^ 

19. Proye that the quartic 

/(», y) = (a, », <r, d, 9) («, y)* 

maj be reduced by a linear transfonnation s = xX •^- iiT^ y^\*X-^ikT to the 
where 

20. Retaining the notation of the last example, proye that -; and —, are conju- 
gate roots of the seztic coyariant of the quartic. 

21. Proye that the common &ctors of two quantics are double factors of their 
Jacobian /(IT, F), when the quantics are of the same degree. 

22. Proye that the 2 (fi - 1) double ftctors of lU^mV^ obtained by yarying 
/ and m, are the factors of J(U^ V), where IT* and Fare both of the n^ degree. 

23. Find the resultant of two cubics IT and Fby eliminating between 



ir=o, F=0, 



dJ{(r,V)_^ dJ{U,V) _ 



dx 



= 0. 



rfy 



= 



CHAPTER XV. 

OOYARIANTS AND IMYARIANTS OF THB QUADRATIC^ CUBIC, 

AND QUARTIC. 

162. The %na4ratlc. — The quadratic has only one inw 
riantj and no covariant other than the quadratic itself. 
For, if a and /3 be the roots of the quadratic equation 

the only functions of their difference -which can lead to an inva- 
riant or covariant are powers of a- )3 of the type (a - /3)^ ; the 
odd powers of a - /3 not being expressible by the ooeffidentB in 
a rational form. Whence, expressing 



Xa-x p-x) 



by the coefficients, we conclude that the quadratic has only the 
one distinct invariant ac - 6', and no covariant distinct from U 
itself. 

163. The Coble and Urn CovarUuite. — ^In the present 
Article the covariants of the cubic will be' discussed as examples 
of the principles already explained, and in the following Artiole 
the definite number of covariants and invariants will be deter- 
mined. 

In the case of the cubic a covariant is obtained from a 
function of the differences of the roots most simply by sub- 
stituting 

jSy + oa:, 7a + /3^, afi+yx for -a, -/3, -7, 

and thus avoiding fractions ; for, transforming a - /3, we have 

_Jl 1_ - (/3y -f ax) -f {ya + fix) 

a-x (i-x {x - a)(x - fi){x - y) * 
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and when fraotions are removed we arrive at the above trans- 
formation (the order being equal to the weight in the case of 
either function of the differenoes H or O), This mode of trans- 
forming functions of the differenoes will now be applied to the 
oovariants of the cubio. 

(1). T/ie Quadratic Oovarianty or Hessian^ Hg. 
Transforming both sides of the equation 

flo* (o + «/3 + w*y) (o 4- (i>')3 + ufy) = 9 (di* - flofla), 

we have 

X {(o+ w'/S + ioy)x+ (iy + oi'ya + waj3) - 9(17;*- UtJTi) ; 

thus showing that 

Lx + Li and Mx + Mi (See Art. 69.) 

are the faotors of 

JH", - (flofla - ai*) a^ + (flofla - ai fl,) a? + (ai fls - «,»), 

where 

In a /3y + ta^ya + to^afij Jfi a /Sy + «' yo + wafi. 

From the form of the Hessian in terms of the roots in Art. 151, 
or from the relations of Art. 43, we oonolude that when a cubic 
is a perfect cubcy each of the coefficients of the Hessian vanishes 
identically. 

(2). The Cubic Covariant, G^. 
We have, as in Art. 59, 

aoM(o + w/3+ w'y)'+ (o + toi'/3 + ioyY) = -27(flo'fls + 2ai» -SooaiO,). 

Transforming both sides of this equation as before, we find 
a^[(Lx-^ L,Y-^ {Mx^- M,y] ^ ^2^[TPUo^■2Ut^ -^UiU^U) 

= 27ff., 

where O, denotes the oovariant formed from the function of dif- 
ferenoes O ; and operating as in Art. 153 on the source derived 
from O (the sign being changed in order that O may be the 
leading coefficient), we easily obtain 

Ox = (flo'fls - Soofli at + 2a^) ir" + 3 (flo«i fli + axO^ - 2aofla') «• 
- (a»'flo - 3fliaiai + 2a^) - 3 (otOsOo + a%ai - 2ata^) x. 
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BesolyiDg {Lx -i- Li)* + {Mx -i- Jfi)', we may obtain the factors 
of Ox ; or, more siinply, sinoe the factors of O are /3 + 7 - 2at 
7 + a - 2/3, a + j3 - 27, the factors of Ox are 

1121121 12 

+ , + -n • + 



/3-iP yx a-x*y-x a-x [i-x^a-x jB-a? 7-3?* 

when fractions are removed. 

We have obTiouslj the following geometrical interpretation 
of the equation Ox = : — If three points Ay -B, C determined by 
the equation Z7 = be taken on a right line ; and three points 
A\ B', C\ such that A' is the harmonic conjugate of A with 
regard to B and C ; jB' of J5 with regard to C and A ; and (?' 
of C with regard to A and B ; then the points A\ B^ C are 
determined by the equation Ox = 0. (Compare Ex. 13, p. 88, 
and Ex., Art. 65.) 

(3). Expression qfthe Cubic as the difference of two cubes. 
This can be effected, by means of the factors of the Hessian, 
as follows : — 

[Lx + ix)» - {Mx + Jfx)' = 27 U^ . 

For, as in Ex. 6, p. 114, we have 



i»-Jlf» = y-27(/3-7)(7-a)(a-/3). 
Transforming this equation as before, the first side becomes 

[Lx + L,Y-{Mx-^M,)\ 
and the second side 



Substituting from previous equations, we have 

(4). Relation between the Cubic and its Covariants, 
The following relation exists : — 



Numher of Covariants and Invariants of the Cubic. 369 
Por, from Ex. 6, p. 114, 

and ixanaf orming this equation as before, 

whence A CT' = Ox* + 4JEr,*, 

(5). Solution of the Cubic, 
The expression 

is a linear factor of 27. 

For, from the relations in (2) and (3), we have 

2flo' {Lx + L,y = 27 ( Uyj - G^), 

-2^o»(-afo + ifi)' = 27(ZryA+ (?,); 
and since 

{Lx + X,) - (Jfo? + Ml) 

is a factor of 27, the proposition follows. 

This form of solution of the cubic is due to Prof. Cayley. 

164. Mamber of CoTariants and InTariants of the 
€«blc. — The following method of determining the ntunber 
of covariants and invariants of the cubic is similar to that 
employed by Professor Cayley for the same purpose: — 

The cubic has only ttoo covariantSy their leading terms being 
Sand O; and only one invariant^ viz,^ the discriminant A, where 

a»A = ff* + 4ff», or A-»a»rf« + 4a(j>-6a6crf+4rf6»-3iV. 

To prove this, let (a, /3, 7) be any integral sjrmmetrie 
function of the differences of the roots (of order 9), expressible 
by the coefiScients in a rational form. 

We have then (Art. 36), 

a-^[a,fi,y)r^F{a,H,Cf) (1) 

(where r remains to be determined); and, in the first place, if ^ 
be an even function of the roots, O can enter this equation in 
even powers only, since JST is an even function of the roots. 

2b 
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EUminating the even powers of O by meaiiB of the lelaiioA 

we ahow therefore that in the ease of an even function of tha 
roots equation (1) takes the form 

which may be written* 

«-♦(«, ft 7) =-P.(a, H, A) + s5^^^^, (2) 

where ts is the order of ^ (a, j3, 7)1 and jPo an integral function. 
It is now necessary to prove the following Lemma : — 
No function of H and A exists which is divisible by a. 

For, suppose jP^C-H* A) to be divisible by a; then making a 

vanish, we have 

F,{S\ A') - 0, 

where JT = - b\ A' = 4rf6' - 3iV, the values of JJ and A when 
a vanishes. This equation is plainly impossible ; for, eliminat- 
ing b by means of the equation H^ ^^V^c and d remain in the 
equation connecting H' and A'. 

Wherefore equation (2) must assume the form 

a'^[a,^,y)^F,{a,H,6)\ 

for the first side of the equation is expressible as an integral 
function of the coefiScients ; therefore so must the second side 
also, and consequently the fractional part disappears. 

Now, to extend this result to odd functions of the roots, we 
have only to multiply the first side of the equation by 

and the second side by 270^, for O must be a factor of every odd 
function, since H is even. 

We are now in a position to prove the original proposition 
as to the number of invariants and oovariants. For since a'^ 
is of the form 

OF [a, H, A), or F{a, H, A), 

according as ^is an odd or even function of the roots^ it follows 
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in the first place that there oannot be an invariant of an odd 
d^ree in the roots, sinoe OF(aj H^ A) does not remain the 
same fdnction when a, h^ c, d are changed into dj c, b^ a, 
respeotiyely ; and the only invariant of an even degree must be 
a power of A, sinoe if Fifl^ H^ A) contained a or ^besides A, it 
oonld not remain the same function when the ooeffioients are 
similarly interchanged. 

Again, the cubic has only two distinct covariants; for it has 
been proved that every function of the difEerenoes 0^0 is of one 
of the forms 

jP(a, JT, A), or QF[a, H, d). 

Now, considering these forms as the leading terms of cova- 
riants, every covariant must be expressible as 

^(J7,ir„A), or GsF{UyH:,,A); 

that is, every covariant is expressible in a rational and integral 
form in terms of Hx and Oxf along with U and A ; or in other 
words, there are only two distinct covariants. 

165. The €iiuurtfc. Its Covariants and Invariants. — 

We have shown abeady that the quartic has two invariants, / 
and J (see Art. 151). From the functions H and O of the diffe- 
rences of the roots we can derive two covariants Sg and Oxf 
whose leading coefficients are S and O ; for from the relation 

we derive, by the process of Art 151, 

ao'S(a - liy{x - y)«(ar - 8)«- 48(1717;- W); 
and, expanding UUt- Ut^ we have 

F[» ■ {fhOt - ai*)aj* + 2 (ooOj - aia»)aj' + (00^4 + 2aia8 - 3a,*V 

+ 2(aia4 - OjOj) x + (0,^4 - Oj*). 
In a similar manner, since 

O^ 0^0% + 2ai' - SooOiOty 
2b2 
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we obtain the ooyariant 

whioh reduoes to the aixth degree ; and if it be written 88 
follows : — 

we find, by expanding the aboyoi or more simply, by fonning 
the source A^^ and performing the suooessiye operations of 
Art. 153, the following values of the ooeffidents : — 

At "-a^'fli -I- 3^40,0, -2fl8*, -45=-fl4*«o-2a4flf»«i-6fl3'fl8 + 9fl4<^*, 
-^4 = - 5a4«s«o - lOos'ai + IbaiOtOif A^ = - lOtha* + 10ai'a49 
A2 = 5flo«iflf4+ lOfli'flTs- ISooOsas, Ai = ao*a4+2aoaiaj+6ai*ai-9aafliS 
-4o = ^Fo'flfs - 3flroflifl2 + 2ai*. 

Here it will be observed that, when Az is determined, 
At9 Aiy and Ao may be obtained from A^j At^ and At by 
changing the suffixes into their complementary values, and 
altering the sign of the whole, in accordance with what was 
proved in Art. 152. 

We proceed in the following Articles to discuss the leading 
properties of these two covariants of the quartic. 

166. €iaadratlc Factore of the Sextic Covariant,* 
Gr, — ^As the quadratic factors of O^ enter prominently into the 
following discussion, we proceed in the first place to find expres- 
sions for those factors in terms of the roots of the quartic, and to 
deduce their principal properties. 

Since the factors of &, expressed in terms of a, 0, 7, S, are 

/3 + 7-a-S, 7+a-/3-S, a+/3-7-S, 

the factors of O^e are obtained from these by substituting 
- — y — -?a' Z — 9 —-^y for o, /3, 7, 8, respectively, and mul- 

»C ^ Q, il? "~ 1^ *P "~ 7 3/^0 

tiplying each factor by — to remove fractions. 



♦ See a Paper by Prof. Ball, Quarterly Jonrfial of Mathematicn^ vol. TlL p« S6S. 
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Whenooi denoting these factors by u, v^ tc, we have 



au 



av 



^ jj(J_ ^ _i 1 L^ 

\iP-/3 X-y X-a X-S/ 

\x — 'Y «-o x—p x-h) 

\fr — a x—p x — y x — oj 

which Taluesjof u, «, tr, airangtd in powers of «, are 

« = (/3 + 7-a- S)«»- 2(/3'y - a8)« + /3y(a +8)- agO + y), 

r = (7 + a -/S-S)**- 2(70 -/38)«+ 7a(^ + 8)-j38(y +a),; (2) 

«7=(o +^-7-S)«»-2(a/3-78)« + oi3(y+8)-7S(o+^); 

and, consequently, Z^Q, « a'ttrcr. 
From equations (1) we easilj find 

t^ = (a.8)(a.-P)(a:-7)-0-7)(a.-«)(.:-8), 
w^ (a-8)(ir-^)(a?-7) + 0-7)(* -«)(«-Sj; 

and from these and similar equations we haye 

= r- = -T = 4-, (3) 

where A, \ky v haye the usual meaning (Ex. 17, Art. 27) ; and 
consequentiy, 

(m - v)tt»+ (v -X)p» + (A -/ijw* 3 ; 
whence 

- {/i - i;)m' a (tr-y/A - fi + <\v/A - v){fo*y\ - /i - c-v/A - v). 

Since, as this equation shows, the factors on the second side 
are both perfect squares, we may assume 

IC^ k -jti + V y/A - V s 2ui', 



/r ->/A-/i - f? v^A - V = 2!ii^; 
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we have, therefore, 

W'/X^ii = III* + tti*, 

V v/A- V = 111' - ««*, 

M \/v-/i = 2!iitti; 

from which Tallies we condade that ti, r, tr, M« quadratic faetan 
of Oxj are mutually harmante. 

167. ExFreMtoB ef the MeMlan by the ^aadnUie 
Faetora of Ox. — Since 

combining the terms in pain,'aBd noticing that 

S(/3-y)(a-S)ir-0, 
S(«-/3)»(*-7)'(ar-8)» 

= s{(3-7K*-«)f*-«) + («-8)(*-^)(«-7))N 

the quantities between brackets being u^ r, w, we haye 

which is the required expression for Sx» 

168. Expreaaloii of the €iaartle Itself by the %wi* 
dratle Faetora of Ox- — ^From equations (3) a symmetrical 
value may be obtained for U; for, substituting in those equa- 
tions in [place of X, /i, v their yalues in terms of the roots 
p„ pa, ps of the equation 4p' - ijt> + J*- 0, we find 

a'(t*«-t^)=16(pi-p2)l7; 

from which equations, by means of the value of JETx in the pre- 
ceding Article, we obtain 

{any ^ 16 {p,U-Hx), [avf^lQ{p,U-Hx\ (4) 

{awy=^lQ{p^U'Ex). 
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We now make the substitutioiis 

w»»AiJ», f^-A,F», fr»-A,Z», 

where Ai, A,, As are the disoriiniiiants of ti, t?, tr ; thus replacing 
Uj Vy to by three quadratics X, F, Z whose discriminants are 
each equal to unity. By means of this transformation the 
forms of the quadratics are further fixed, and the identical re- 
lation connecting their squares (see (1), Ex. 5, p. 361) is ex- 
pressed in its simplest form. Calculating the discriminants, we 
find 

with similar values of As and As ; whence we have 
Ai = -(A-^)(A-v), As = -(^-v)Oii-A), A,= -(v-X)(v-/[i). 

Making these substitutions, the preceding equations become 

(pi - ps)0>i - /»s) X' - JST, - piJJy 

{pt - p^){fH - p,) r»= Ss - pjr. (5) 

0>3 - pi)(/t>s - pa) -Z'^ = -ff, - psIT; 

from which are easily deduced the following values of U and 
J7]r, and the identical equation connecting X, F, Z\ — 

jj;, = p,«x«+ps'F« + ps'z«, 

^V^P^X^^p^Y^^p.Z', (6) 

0»X*+F»+Z»; 

where, as has been proved, X, Y^Zeixe three mutually harmonic 
quadratics whose discriminants are reduced to unity in each case. 
The value of Ox may be expressed in terms of X, F, Zbb fol- 
lows. Since 

ttVw*" 0« - v)'(v- A)»(A -^)» J'F'Z' - ^ (/»- 27/*) JT-Z*, 

we easilj find 

&, = i v//» - 27/' . ZFZ. 
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169. Resolotloii of the %martlc. — ^From the equations 

we find 

where X\ F*, Z^ have the values determined by equations (5) ; 
and breaking np these values of C^into their factors, we hsTe 
three ways of resolving U depending on the solution of the 
equation 

The resolution of the quartio has been presented by Fm- 
fessor Gayley in a symmetrical form which may be easflj 
derived from the expressions already given for U and Hs> 
For, since in general 

is a perfect square when 

S/' {aid - Ji') + 2mn(ojCa+ 03^1-26,6,) = 0, 

/X + fwF+wZ is a perfect square when /* + m' + n' = 0, 

Xy Yf Z being mutually harmonic, and the discriminants of each 
reduced to unity. 

The resolution of TI is therefore reduced to finding values of 
/, m, n such that IX + mY-^ nZ^ or 



+ n v^pi - pt y/Hg-piUf 

being a perfect square, may vanish when) C^ vanishes ; or in fft<^ 
to satisfy the two equations 

l^/pz-pi + m^pz-pi + n v^/oi- p,= 0, /' + w' + n'«= 0. 

These equations are plainly satisfied if 

I m n 



\/p» - Pi V P» " Pi \/pi ~ 



P» 
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whenooy finally, 



ifH- fh) ySs - piU^ {fH- pi) \/Sr - piU-^ ipi' P2) y/Hx-p%U 

is the square of a linear factor of the quartio U. 

If it be required to resolve the quartio kU - Xflx> it appears 
in a siniilar manner that 



^ypt-pz ySs- piU-¥ m v^pj - pi y/Sx ' ptU 

+ n -v/pi - Pi vSx - p8^> 

being a perfect square, must vanish when kU - \Hx vanishes; 

or, values of /, m, n must be determined so as to satisfy the 

equations 

/* + m* + ii» - 0, 

i\^(p%-p^{K''piX)'\'my{pi''Px){K--'p^)'¥ny{pi-p%)[K-p:X)^^' 

These equations are plainly satbfied if 

I m n 



. • 



vipt-piKK-piX) y/(p%-pi)(K-pt\) y/ipi-ptiit^-piX) 

whence 



(p» - pi) \/K-pi\yHx-piU'+ {pi - pi) v/ic - p%\ x/Hx - ptU 



+ Gt>i - P2)\/k -p%\y/Hx - pzU 

^ the square of a linear factor ot kU- XHg. 

170. The Invariants and Covariants of k 17 - XHic 

— Employing the equations (6) of Art. 168, and denoting 

^' + r»+ Z* by r, we may, by adding - ^Fto XjET, - kU, 

K'^uce it to the form EiX^+BtV^^ RtZ^y where JJi + iZ, + iZ, = 0. 
Mrhen this is done, we have the following reduced values of 

3JJi = ic(2/>i - /Oa - Pi) + X (2pa/t>s - pzpi - pi pa), 
ZRt = ic(2/j>a - /03 - pi) + X (2/t>,/t>i - pipi - pipi)y 
3JJ, = K (2/>8 - Pi - pa) + X (2/0, pi - P2P3 - papi). 
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On aooount of the siinilarity of the f onns 

piX} ^ ptT* -¥ p^Z^ and iZi J*+ jB,r*+ A^, 

whioh are of a fixed type, we calculate the inyariants and oon- 
liants of jcZT"- XH, by simply changing pn ptf p% into BxyB^h 
in the expressions for the inyariants and ooYaiiants of U. 
Therefore, since 

and 

JBi - ft = (pi-ps)(ic - A/t>i), JB, - jBi- (pi - f>i)(K- \t>i)> 

JBi - JB, = (pi - fh) (ic - Ap,), 

we find the following values for the inyariants of aelT'-XS'x:— 



</i«.A)= c/ic' - ^ic*X + :^ icX*- L ^ \\ 



/• . IJ ., 54er- p 

If we form the covariants S^K^k)^ and G^(c,a)9 of 

4Qs4ie»-/icX*+ JX' 

(the reducing cubic rendered homogeneous in k^ X), we fini 
as M. Hermite has remarked, 

ii«, X) = - 12 Jr(,, A), €/(«. A) = 4 (?(,. A) 

Again, to calculate the Hessian of kU^ X^^, we reduoe 

by the substitutions 

pi'J* + p,'r» + p,»Z" - - i(/J7+ cT^F) - - \IU, 

p/ J' + p,* r» + p,*^' - I (/Bs + cT^ZT), 

the first of which follows from the equations 

pi = Pipi-^ ilf P»' = pspi + i/, ps' = Pi pi + ^ly 

multiplying by piX*, pjF% psZ', respectiyely ; and the seooDd 
from the first by changing Z', F", Z* into pi X*, p%T*f p%^' 
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In this waj we find the foUoKring form for the Heesiaa of 
mU- XSr :— 

-which maj be ezpreesed in the form 

Again, sinoe 

P - 27 J* - 16 Oh - p,)* (p. - p.)* 0»i - Pt)S 

and O, - iy/r - 27 J* . XTZ; 

transforming pi, pt, pt into JB|, J2i, JZj, we find 

We have therefore expressed the invariants and coYariants 
of kCT- \Hx in terms of the invariants and covariants of 17. 

171. Mnmber ef CoTariants and InTarlants of the 

^■artlc. — We proceed to prove the following proposition^ 

whioh determines the number of these functions: — 

The quartic lias only the two distinct invariants I and J^ and 

two distinct covariants whose leading coefficients are H and O. 

This proposition asserts that every invariant is a rational and 

integral function of / and J, and every covariant a rational and 

integral function of Uy Sx, O^ ly J. The following discussion 

is founded on principles similar to those already employed in 

the case of the cubic. 

Attending to the observations in Arts. 36, 37, it is plain 

tliat if (a, /3, 7, S) be any integral function of the differences 

of the roots expressible by the coefiSoients in a rational form, we 

liave, in general, considering the equation with the second term 

^r emo ved 

a'^ (a, /3, y, 8) - F{a, H, /, G), 

"xvhere ^ is a rational and integral function, and r remains to be 
detennined. 



«380 Covariants and Invariants of Quadratiej ife. 

And if, in the first plaoe, ^ be an odd fonotion of the roots; 
changing their signs, and subtracting the two values of ^, we 
find 

This value of ^ plainly vanishes with O ; whence, elimiDat- 
ing the powers of O beyond the first by the identical equation 
of Art. 37, we have 

a-^{a,^,y,i)^GF,{a, H,I, J). 

It follows that every odd function ^ of the differences of 
the roots is divisible by 

and removing this factor on the first side of the equation, and 

32 — on the second side, we have 
a' 

«''-'0i(a, f3, 7i 8) = FM ^> h J)^ 
where ^i is an even function of the roots, and Fi a rational and 
integral function. 

We proceed to prove, in the second place, if ^ (o, 0, 71 1) 
be any even integral function of the differences of the roots, of 
the order 9, expressible by the coefiScients in a rational fonn» 
that a*^ (o, /3, 7, S) can be expressed as a rational and inUft^ 
function of a, Hj /, J. 

To prove this, the following lemma is necessary : — 

There exists no Junction ofHy /, J which is divisible by a. For, 
suppose F[Hj /, cT") to be divisible by a. Making a vanish, w» 
have F{H\r,J')^0, where Jr = -i', r=-4M+3c', 
J' = 2bcd - eb^ - c' (the values of jff, /, J, when a = 0} ; and as 
it is impossible to eliminate 6, c, e/, 6, so as to obtain a relation 
between H\ /', J\ we conclude that no relation such a* 
F[H\ I\ J') 3 exists ; and therefore there is no function of 
the form F{Hy I, J) which is divisible by a. 

We now proceed with the proof of the proposition ; and 

since, as has been already proved in the case of an even function 

of the roots, 

a^i>{a,(i,y,S)^F{a,H,I,J), 
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"we have, dividing by a*^, 

Again, since the first side of this equation is expressible as a 
zational and integral function of the coefficients not divisible by 
tf, the second side must be a similar function of the coefficients ; 
and this, by the lemma just established, is impossible unless such 

terms as 2 — — ~-^ — • disappear. 

Wherefore 

and, finally, we have proved that a'<^[ay /3, y, S) may be ex- 
pressed by the forms 

OF[a,H,I,J), or F{a, H, I, J), 

according as is odd or even. 

We are now in a position to prove the original proposi- 
tion as to the number of invariants and covariants. For, if 
F{af Hf Ij J)he An invariant, a and H must disappear, since 
if they were present this function could not remain the same 
when the coefficients are written in direct or reverse order. Simi- 
larly, no odd function such as &jP(a, Hy /, J) can give an in- 
variant. It follows that every invariant is a function of /and J. 

Again, the quartic has only two distinct covariants ; for we 
have proved that every function of the differences a^<^ is of one 
of the forms 

F{a, JBT, /, J) or OF{a, H, /, J). 

Now, considering these forms as the leading terms of cova- 
riants, it has been proved that every covariant is expressible as 

F{U,S„I,J) or 0,F{U, R^ I, J); 

'that is, every covariant is expressible in terms of S^ and O^ 
itlong with U, /, and J; and this is the proposition which 
"Was required to be proved. 
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MraCSLLASXOUB BZAMFIBS. 

1. If IT* be any cubic, and Gm its cnbio oorariant, prove that the Hmbih d 
xlT+ fiOm baa the same roots as the Hessian of IT, X and /i being constsnts. 

2. If ai, 01, 71 be the roots of 6^* s 0, prove that 

where 

^(a,/B, 7) = ^(ai, /Bi, 7i); 

prove also that 

9ai = 901 = 871 = — 1. 

3. Prove that any oovaziant of a quantio, whose roots axe ai, at, • . . oi^ x^ 
fies the equation 

where 17 is the degree of ^ in the coefficients of the quantic, and «i = So. 

4. Find the condition in tenns of the coefficients that two cubies IT'and Fahould 
determine a system in involution, the roots of one cubic being the oonjogatesof tk 
roots of the other. 

In this case the cubies may be written under the following form :— 

also, writing the discriminant of pI7'+ Tin general in the form 

p4i) + p»lf + p«iy'+ pir + 2/ - 0, 
we find in this case 

whence the required condition is DJT* - J/JIH ss 0. 

(For this condition expressed in terms of the roots see Ex. 10, p. 344). 

5. Given 

U = (a. *, e, d) («, y)», r s («', y, c\ d') («, y)\ 

find the relation which connects the coefficients of these cubies when it is posaibto 
to determine the ratio X : /u, so that \U-^ ikV should be a perfect cube. 

In this case the Hessian of xlJ + ^F must vanish identically ; and writiDg it 
under the two forms 

X» J.+X/iZ;+M«J.'s Xi2 + lfoy + iVjr», 

jr,s(a<j'+ a'c-2*y)ir'+ («rf' + a'rf-ic'- yc)«y+(W + W-2<Jc')y», 
we have 

Z = 0, lf=0, iV=0; 
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«ikd eUmination x', Afs m* from these equations, the conditioii is obtained in the 
foUowing foim : — 



4W - 4* 



€d-he 



bd-^ 






Q=0. 



6. Given two oubics, /(«) and ^(x), the roots of /(x) being a, 0,y (no two of 
which are equal) ; prove that Q = when the roots aro connected by the relation 

05-7)\/VW + (7-«)\/^) + (a-iB)^^- 0. 
Bationalising, we have 



also^ since 

3(a + X)(i8-7)»=3(«+X)(i8 + X)(7 + X)(i5-7)(7-a)(«-i8), 

oompanng the coefficients of the different powers of X we can render the last equa- 
tion an integral function of the roots, which again, expressed in terms of the coef- 
ftdents, takes the form 

{3P}'-27(P*-27Q)=0, or Q«=0. 

7. If a quantic have a square factor, prove that the same square &ctor enters 
its Hessian. 

8. If a quartic have a square factor, the covaiiant Qm has that factor as a quin- 
tuple factor. 

9. If f{x) and ^ (x) be two quartics with unequal roots, the roots of /(«) being 
■> /9> 7» 9 ; prove that the condition that a quartic of the system V(') + f^i*) ^^^^ 
bave two square factors may be expressed as follows : — 

1 a «» \/<t>(a) 



= 0. 



1 fi /8» ^/¥W 
1 y 7* /Hy) 

1 5 «» a/^) 

10. Determine the condition in terms of Uie coefficients that the qoartio 
^(dp) + fi^ («) may have two square Actors. 

In this case the Hessian of X/C^) +M^(') uequaltoie{x/(«)+M^(s)}, from 
which identity we have five equations to eliminate x>, K/i, tk\ kX, k/k ; thus 
obtaining an invaziant In of the fourth degree in the coefficients of both equa- 
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11. Prore that the reeoltant of tiro qaartics becomes a perfect eqnaie wkntlM 
inTariant lu Taniahee. 

Bendering rational the determinaiit in Ex. 9, and dividing by the prodoet of 
the aquaree of the diffisrencea of the roots, we find, introdncing the ooefllcients, 

/i4 E /tt> - 64J2; whence, Ac., ke. 

12. Prove that the aextic covariant &g of the qnantio ^(s) may be wiittoi 
under the fonn 



t^W}'^^.- 



13. Applying the principlea of Art. 171, determine ^e form of the aextic con- 
riant of the quartic X 17* + fiir«. 

14. Calculate the values of JJ, /, O, J for the Hessian of a qnaitic. 



Ahm. H* = 



zooJ-Mi ^ -n ^, /^ w ««^-^ 



12 ' 12* 4' 216 

15. A function ^ of the diflBsrencea of the roots of the equation 

(ao, «i, ffj, . . . «»)(«, 1)"- 
arranged in powers of On being 

p s Ap-^pAp.iOn + ' ^ Ap.2an^ + . . . + AoOn' I 

prove that DAj = - nonJijAj^i^ and hence show that if ^(0o» ^i) ^j • • • ^) ^* 
function of the differences so also is ^(^o» Au '^a» • • • At)* 

16. If the discrimiriant of a biquadratic be written under the form 

(-4o, AuA2, Az)(ai, l)^ 
prove that the discriminant of this cubic is 

27»0»A3', 

where A3 is the discriminant of (ooi ^b ^» ^^ ('? 1)'* 

17. Form the equation whose roots are 

where ai, 03, as* . . . an are the roots of f(x) = 0, the resultant R €if{x) and ^(i) 
being given. 

Change the last coefficient bm of ^ {x) into 6m — f>, and substitute this value for 
bm in the equation J2 = 0. 



CHAPTER XVL^ 

TRANSFORMATIONS. 

Section I. — Tschirnhausen's Transformation. 

172. Under the general heading of this Chapter we purpose 
collecting several propositions which could not have been con* 
veniently given elsewhere, and which are of importance in 
connexion with the subjects discussed in the foregoing pages. 
We commence with a general theorem relating to rational 
transformations. 

Theorem. — The most general rational algebraic tramfonna" 
tion of a root of an equation of the »'* degree can be reduced to an 
integral transformation of the degree n-1 at most. 

For every rational function of a root or of the equation 
JXx) = is of the form 

X(^r) 

where x ^^^ ^ ^^ integral functions ; also 

XM ^ / X )/> (oQ . . . . xf, (or-i) ^ (qr^i) .... 1^ (an) 
xP[ar) ^^"'^i/'lai) xPia,) xP[an.i) xPia^Y 

and the denominator ^(ai) \p{a2) • . . ^{an)9 being a symmetric 
function of the roots oif{x) « 0, can be expressed as a rational 

function of the coefficients. Whence ,\ . is reduced to an in- 

tegral form. 

Moreover, the numerator of the former fraction is a sym- 

metric function of the roots of the equation ^ = 0, and may 

X "Or 

consequently be expressed as a rational function of the coef- 
ficients of that equation ; that is, in terms of or and the coef- 
ficients of /(a?). 

2c 
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Nowy denoting by F{ar) this integral fonn of ^^^ wbIiatb 
by diviaion 

where ^ (or) does not exceed the degree n- 1 ; which proyesthe 
proposition. 

In the partioolar eases of the qoadratio and odbio it followi 
that the most general rational function of a root can be reduced 
to a linear function, and a quadratic function of that root, 
respectively. In the case of the cubic this quadratic fonolin 
may be reduced to another form which is often useful, as Al- 
lows : — ^Denoting the quadratic function by ^(0), and diTidii^ 
the cubic /(9) by \Ij{0)j we have 

proving that 

whence it appears that the most general transformaUon ofarufi 
of a cubic may be reduced to a homographic transformation. 

In connexion with the proposition here established it is easy 
to justify the remarks made in Arts 59, 66, relative to the eola- 
tions of the cubic and the biquadratic equations. With this 
object in view, let ^ and -^ be two rational functions of n qaB&- 
tities oi. Of, ... On (which may be considered as the roots of a& 
equation), each having only jt? values when the roots are iDte^ 
changed in every way. Denoting these values of both fonotioitf 
in order by 

♦if 0«l #81 • • • ^pi 

^ii ^> ^ . • . ^pi 
we have, for every integer/, 

♦i>/'i'+ ♦i^*'*+ i%^^ . . . + ♦jiV = Tj\ 

a symmetric function of the roots, since it is the sum of sQ ^^ 
possible values which ^i/r^' can take. 
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In this way we obtain the system of equations 
^1 + ♦» + ♦» + . . . + #j, =2;, 

♦i^/"' + #1^' + ♦•^* + . . . + ^piPjT' = r,^„ 

rhere Tq, Ti^ . . . 2^i are all symmetrio functions of a\ , oa, 03, . • • or. 

Solving these equations, we find at onoe ^1 expressed as a 
^mmetric function of 1^9 1^, . . . xpp^i ; and therefore by the 
ceeent proposition reducible to a rational and integral function 
f ^1 of the degree jt7~ly since ^p has onlyjt? values considered as 
. function of ai, 03,... on. Now considering the special cases 
eferred to — (1), when p=2y and n » 3, it is proved that a 
inear relation connects f and tp in terms of symmetric functions 
f ai, ot, 03 ; and (2)9 when p = 3, and n » 4, ^ and ^ are in a 
ixnilar manner shown to be connected by a homographic 
elation. 

173. Formatloii of Uie TraBsforme4 Eqwatton. — The 
ransf ormation explained in the preceding Article was first em- 
)loyed by Tsdumhausen for the reduction of the cubic and 
nquadratic. We proceed to explain the method of forming 
n general the equation whose roots are 

♦(«0> ♦(««)> ♦("»)> • • • • ♦(«»)> 

where ^(«) is a rational and integral function of x of the degree 
»-l. 

Let ^{x) "08+ aix + at^ + ... +fl»j«f-*. 

Raising ^[x) to the different powers 2, 3, ... n in sucoessiony and 
reducing the exponents of « in each case below n (by dividing 
yyf[x) and retaining the remainder), we have 

^' = 6« + bix-k- 6i«* +.... + bf^x^\ 



2c2 
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Subfititating for x in these equations each of the roots of the 
equation /(jt) = 0, and adding, we find, \i 81,8^8^ &o., denote 
the sums of the powers of the roots of the required equation, 

81 = IMIo + ^'i*! + <hH +.... + fU-iSn^\y 
8% = wfto + ^*» + ^*a + .... + &f»-it».i9 



Now, expressing «i, <s, . . . «<».i in terms of the ooeffidents of 
f[x\ we have £^1, 8%j . . . Sm determined in terms of the coeffi- 
cients of ^ [x) and f[x) ; we are also enabled hj Art. 133 to 
express the coefficients of the equation whose roots are ^[a^ 
^(as), . . . ^(on) in terms of £^1, 8t, , . . 8ny and therefore finally 
in terms of the coefficients of ^ {x) and f{x) ; thus theoretically 
the transformation is completed. 

174. Second Method of forming the Trmnsfomei 
Equation. — ^There is another way of finding the final equation 
in ^ by elimination, which we now give. Since 

Lf this equation be multiplied by a?, aj*, . . . a?""^, and the expo- 
nents of X reduced below n by means of the equation /{x) = 0, we 
have in all n equations to eliminate dialytically the n - 1 quao' 
tities a?, a?*, . . . a^^. We thus obtain the transformed equation 
in the form of a determinant of the n^* order, ^ entering into 
the diagonal constituents only. For example, if /(a;) = af-l» 
we obtain the transformed equation in the following foim:— 



Oo-^ Oi 



(h . 



««-! 



Oo — ^ Oi 



a»-i 



«i^^ 



Oi fla Ot . . a^-^ 

Although these methods of performing Tschimhauflen* 
transformation appear simple, yet if they be applied to i^ 
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Loular oases the result usuallj appears in a complicated form, 
^fessor Cajlej, by choosing a form of the transformation 
nggested by M. Hermite, was enabled to take advantage of 
lie theory of covariantsy and thus to complete the transforma- 
ton for the cubic, quartic, and quintio. We shall content our- 
dlves with showing in an elementary way how Professor Cayley's 
esults for the cubic and quartic may be obtained. 

175. TschimhaaBeii's Transformatloii applied to Uie 

:!abie. — Let the cubic equation 

as^ + 3&r* + 3ca? + rf = 

le written under the form 

»»+32/i5+<7-0; 

ud let it be transformed by the substitution 

y = A + ica + «*. 

[f Sly 2,9 2s be the roots of the cubic, and yi, y2> ys the correspond- 
ng values of y, we have 

yi-y» = («t-«.)(ic-»i), 

ys-yi = («s-«i)(ic-2,), (1) 

yi-ya = (»!-«.)(« -2,), 

Kid consequently, 

2yi -y,-ys = (22i - 2,- 2s)ic + (22,2, - z^Zi - »i2a), 
2y,-yj- yi = (2s2 -2,-2i)ic+ (22,»i -2i2, - 2,23), (2) 

2yj - yi - ya = (2s, - Si -22) ic + (22i 2a - 2,2, - 2s2i). 

^eref ore, if the equation in y with the second term removed be 

r' + 3fi^'F+(y=o, 

'e have from equations (I) and (2) 



and cqUo ooTariant of 
3^ dwitfa ig complgted, sinoeyi + ys + Jb 



ittoa applied U 

i» act attempt to f onn direoUy 

d» following theorem^ irliicii 

IT be raolTed into two othoB. 

omc^a9ige$ajutaik 

^ «Hto waBTvei^ « /r+ jfi^^ and thmjm 
t*"^ «^«k^w » ri^ iKSvr /«r» Jy Smiwr tran^brmatm. 




>. ;:;. .-> ^ ^ Vr :3ii swe» ci i^ quotzc, and yi, jti, tft, 9* 






».*tt US4IW ^itddCxiK w« pe«MMd to show that ' 

wi«v r* *a>i Si^ iivcl'tif ^ kccj of the quaztic Bymmetric^ 

ws^?r« .V bad' i» ^scal Tahw« Ttt, r^j - rj-j : and secondly, si^ 

r.' • r^, - r,' = ^r- - r,^ * - x,r„ 4c., 
find again 

JTi * Xj T* * XtT^ • X*^ -P (Xi - X*. [jPt^ -r XA -^ '»*} = Jh - /^ijh '/H- 
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I^ally, sinoe the other terms in the produot are obvioufllj of 
the same form as Po + QoX, we have proved that 

whence 

(ya - ys)(yi - yO = (v - /u)(Po + QoX). 

NoW| introduoing piy pa, pi, in plaoe of X, fiy v, this and the 
similar equations preserve their forms ; whenoe, altering Po and 
Q$ into similar quantities, we obtain the equations 

(yi-y») (yi -yO = 4 (fh-fn) (p- QpO, 
(yj - yi) (ya - yO = 4(pi-p,)(P- Qp2), 
(yi - ya) (y» - yO = 4(p2-pi)(P- Qp,), 

whioh lead at onoe to the invariants of the transformed quartic; 
and comparing their values with the invariants oi kU- \Hx 
given in Art. 170, the theorem follows at onoe. 

177. Redaetlon of the €able to a Binomial form hj 
Tochlrnhaiisoii's Transformatloii. — ^Let the oubio 

aa^ + 36aj* + Sex + d 

he reduced to the form y* - F* by the transformation 

y = J' + jM? + «'. 

If Xiy ^, ^ be the roots of the given oubio, and yi a root of 
the transformed oubio, we have the following equations to deter- 
-jannep and q: — 

«i' + l>a?i + fl' = yi, 
aj,* + /M?, + j' « wyiy 
a^^ +pxi + q= u?yx\ 
irom which we find 

X^ + toX^ + iMi^Xt , , V 

P ^ ^ ^ ^ a^ > ?=-+(«a+iWi). 

Xi + WXt + W Xi 
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Adding a^i + ^ + at, to this value of p, we have 

X^Z + WX^x + M*X\Xt 

p + Xi +aj, + irb= ; ; 

"^ Xi-^ wXt + urxi 

it follows (see Ex. 25, p. 57) that there are only two ways of 
oompleting this transformation, as the yalues of p, q nltimately 
depend on the solution of the Hessian of the cubic. 

178. Redoetloii of Uie Qjiartle to a Trinomial Fom 
hj Tmehhrnhmmaen^ Transformatioii. — ^Let the quartio 

a«* + 4&C* + 6«c* + 4dx + e 

be reduced to the form y* + P^ + Q, in which the second and 
fourth terms are absent, by the transformation 

y = J' + /w; + «*. 

If Xif Xzf £1%, ^4 be the roots of the quartic ; also ^i, yt two 
distinct roots of the transformed quartic, we have the foUow* 
ing equations to determine p and q : — 

«i' +1^1 + ? = yij ^z + P^r, + j' = y„ 
x^-^pxt-^q^-yij x^ +|M?4 + ? = - y»; 

from which we find 

xf-^X^-X^'X^ , , . 

^ " " ^ ^^ ^ ^ > ^ = - i («« +/«i)- 

And, adding Xi-\- Xf^- Xi + x^ to this value of jt?, we have 

2(xtX2-XiXA) 
P'¥Xi'¥Xt + Xi + Xi- ' ; 

hence, by Ex 5, p. 130, it follows that there are three ways of 
reducing the quartic to the proposed form, the determination of 
which ultimately depends on the solution of the reducing cubic 
of the quartic. 

179. Removal of the Second, Third, and Fonrlh 
Terms from an Equation of the n^* Degree. — We begin 
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by proving the followiDg proposition, whioh we shall subse- 
quently apply: — 

A homogeneous function V of the second degree in n quantities 
^ij ^^yX^j ... Xn can be expressed in general as the sum of n squares. 

To prove this, let Vy arranged in powers of x^ take the fol- 
lowing form :— 

v^here Pi does not contain x^ x%y . . . . Xn\ also Qi and jBi are 
linear and quadratic functions, respeotiyely, of ^^2, o^ . . . Xn- 
We have then 

Iso, assoming 

F, - J2i - ^ = P,«i» + 2Q,«, + JJ„ 

'here Pa is a constant, and Qs and Rt do not contain Xi and Xt^ 
re have, similarly , 



r, = (^.. . -^)U - ^ , 



D that 



Proceeding in this way, we arrive ultimately at En-i - n — > 

ihioix is equal to P^n ; and the proposition is proved. 

Now, returning to the original problem, let the equation be 

aj" +piaf"^ + PaJJ?^' + ...+/?!• = ; 

jid, putting 

ff = aa^ -¥ ^ + Yic* + &F + c, 

et the transformed equation be 

y + QitT' + QajT* + . . . + ft. = 0, 
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where, by Art 173, Qi, Qs, . . . <2r» • • • are homogeneous fanotions 
of the first, second, • . . r'* degrees in a, /3, y, S, c. 
Now, if a, /3, 7, 8, € oan be determined so that 

e,-0, ft = 0, 0,-0, 

the problem will be solved. For this purpose, eliminating c from 
Qi and Qsy by substituting its value derived from Qi = 0, we 
obtain two homogeneous equations, 

jB, = 0, A = 0, 

of the second and third degrees in a, /3, y, S ; and by the pro- 
position proved above we may write Rt under the form 

which is satisfied by putting u=^v and w = t. From these 
simple equations we find y = Ai 4- ii?j3, and i^ka-^- if i/3 ; and 
substituting these values in Qs = 0, we have a cubic equation to 
determine the ratio /3 : a. Whence, giving any one of the 
quantities o, /3, y, 8, c a definite value, the rest are determined, 
and the equation is reduced to the form 

tr + Q*y^ + fty^ + . . . + Q« = 0. 

In a similar way we may remove the coefficients Qi, Qs^ Qa» 
by solving an equation of the fourth degree. 

Applying this method to the quintic, we may reduce it to 
either of the trinomial forms* 

or again, changing x into -, to either of the forms 

In this investigation we have followed M. Serret (see his 
Cours d^Algibre SupMeure, Vol. I., Art. 192). 



* See Note A. 
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180. Re^oetloa of the tlolntlc to the Sam of Three 
Fifth Powers. — This reduction can be effected by the solu- 
tion of an equation of the third degree, as we proceed to show. 
Let 

(^^o, ai, fla, flj, ^4, as) (iT, y)» = Ji(a? + j3iy)* + J, (a? + jSayV + fti (a? + j3sy)% 
where /3i, /3ai j3s are the roots of the equation 

P»^ + p^ + PiX + J9o = 0. 

Now, comparing coefficients in the two forms of the quintic. 



«0« 



whenoe 



bi + 6» + Jj , fli = Jij3i + btftt + 63/33, 
*i/3i* + b^^^ -f b43,\ a, = 6»j3i* + b^t' + 63/33% 
6ij3i* + 4,/3a* + J3/3,*, as = Ji/3i» + 6,^,' + 6,3s' ; 

Jt?o<lo +i?i«i +i?2fla +i?sfl^> = 0, 

Po^i +i?i«« +l>«as +Pi04 = 0, 

l^o^'a +l>i«3 +I>aa4 +i?8«5 = 0. 

When these equations are taken in conjunction with the 
equation 

Po + pi^ + Pi^ + ^3^1^ = 0, 

we have the following equation to determine j3i, /3i, j3a : — 






Ot 



fli 



at 



Ot 



a% 



ai 



a% 

«4 



an 



Also, 61, A,, ft, are determined by the equations 

61 + 6a + 6j = Oo, 
61/3, + 62/3a + 6,/3, = flTi, 

6i0i' + 6a/3,' + 63^3' = AT,; 
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whence the questioii is completely solved when /3i| /St, jSa are 
knovm. 

This important transformation of the quintic Ib a particular 
case of the following general theorem due to Dr. Sylvester : — 

Any homogeneous function of a?, y, of the degree 2n - 1, can be 
reduced to the form 



S»~l 



by the solution of an equation of the n*^ degree. 

The proof of the general theorem is exactly similar to that 
above given for the case of the quintic. 

181. Qjiartlcs Trmnsformable Into eaek oUier. — ^We 

proceed to determine under what conditions two quartics can be 
transformed, the one into the otheri by linear transformation. 

Let the quartics be 
r=(a, 6, c, rf, «)(«?, y)*"«(d?-oy)(«-^y)(a?-7y)(a?-8y), 

and if they become identical by the transformation 

« = Aa? + /ly, / = Xx + ii% 
we have, by Art. 38, 

(ff'-YO(a--y) (/-aoo'-y) («'-ff')(y-y) 

03-7) («-S) {Tr-a)(/3-S) " («-0)(y-8)' 

showing that the six anharmonio ratios determined by the roots 
must be the same for both equations. 

From these equations we have also the following relations 
between the invariants of the two forms : — 

r = r% J'^f^J; (1) 

whence 

J^2 - JV (2) 
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P 

The quantity -yr, being absolutely unaltered by transforma- 

tion when the quartic is linearly transformed, is called the 
absolute invariant of the quartic. The condition expressed by 
equation (2) is, therefore, that the absolute invariant should be 
the same for both quartics. The condition here arrived at 
agrees with the result of Ex. 6, p. 146, where it is proved that 
the sextic which determines the anharmonic ratios of the roots 
involves the absolute invariant, and no other function of the 
coefficients, of the quartic. 

The conditions expressed by the equations (1), (2), are 
always necessary; but not always sufficient^ as we proceed to 
illustrate by two exceptional cases. 

Suppose, in the first place, 

where w, r, tr, t/, v\ are of the linear form & + mi/. 

Although the condition -=5- = -^ is satisfied in this case, the 

common value of these fractions being 27, it is impossible to 
transform U into Vy since it is impossible to make vw a perfect 
square by linear transformation^ 

Secondly, if CT = u'r, T ^ w'* ; 

although the equations /' = ^J, J' = r^J are satisfied, since 
/' » 0, / = 0, c/' = 0, cT" = 0, it is, nevertheless, impossible to 
transform CTinto F. 

In both these cases it would be impossible to identify the 
six anharmonic ratios depending on the roots of the quartics. 
In general, it may be stated that it is impossible to transform 
one quantio into another by linear transformation when any 
relation exists between the invariants of one of them which 
does not exist between the invariants of the other (see Clebsch's 
Theorie der Bindren Algebraischen Formenj Art. 92). 
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MiaCXLLAJnOVB EXAXFLU. 

1. Tiamfonn two giTen qnadimtics m «, jr to Hhib iarmM 

whero u and 9 are linear fnnctioiif of x and jr. 

2. If tiie coefficients of three quadratioi 

be connected by the relation 

«i *i *i 

«t *• «» =0; 

as ^ «l 

prove that they may be reduced by linear tranafonnation to the forma 

-4iJ«+Cir», -4iJ«+ftr», AiX^+dT^. 

The detenninant here written is the condition that the three quadratics thco^^ 
determine a system of points or lines in involution. 

3. Beduce (a, 6, e, d) {x, y)' to the sum of two cubes by the method of 
Art. 180. 

4. Prove that two cubios can in general be txansfonned one into the other by 
linear transformation. 

5. Express three cubics, IT, F, W, by means of three cubes. 

Amniinmg 

\U -^ flV -\- pJFa {x - p^)*f (1) 

and comparing coefficients, we have 

X«i + /uu + •'flj = 1, 
A*i + M^i + y^ r= . ^, 
Atfi + /i^ + r^ = ^, 

These equations, by eliminating x, fi, w, give three values of ^, and corresponding 
values of \, fi, w: in this way we obtain three equations of the form (1) to deter- 
mine it; F, ^ in terms of 

(*-fiy)», (*-^yft (x-^y. 
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It IB eafj to lee that p xb given bj the equation 

hxp-^-ei h%p-\'e% bip -^ e^ e=0. 
c\p-^d\ e%p-\-di Cip-^ik 

A mmilar method may be applied to express fi qoantios of the n'* order in terms 
<3in n*^ powers. 

6. ProTO that the three roots of a oubio may be expressed as 

where 

9 x-r M 



From Art. 60, patting ^ a/ - "j = -^i where •= 1 or - 1, we derive 

K{fi -7) = fffiy + Ji(iS + 7) + JETa, 
jr(7- a) = Hya + ^1(7+ «) + Ji» (1) 

^(a -iB)= Ja3 + Ji(a + iB) + S%. 
These homographic relations between the roots may be written in the form 

iB««(7), 7 = «(«), « = «(«; 

where the numerator and denominator in 9 are supposed to be divided by 2K; and 
this being done it will be found that /, m, F, m' are connected by the relations 
Im* — Fm 's I = I + m\ and the roots a, 7, /S may be represented as a, 9(a), 0*{a) ; 
0^(a) being equal to a. It is important to observe that the equations (1) are con- 
sistent, the sum of the expressions on the right-hand side being zero ; that is to 
say, ^must have the same sign in all three, any other oombination of signs being 
inadmissible. (See Serret's Court d^Algibre Supirieure^ Vol. II., Art. 511.) 

7. CHven a binary oubio 27 and its Hessian JETc, the cubic being satisfied by the 
ratios x : y and s' : y*; prove that 

is an absolute constant, A being the discriminant of XT. 

Reduce IT to the sum of two cubes by a linear transformation whose modulus 

= 1, and the constant may be easily shown to be ^__i. This is another form of 

the homographic relation of Art 60. 

8. Prove that a rational homographic relation in terms of the coefficients con- 
nects any two rational functions of the same root of a cubic equation ; but that 
the relation is not rational when the roots are di£BBarent. 
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9. Transfonn the quartic 

(a,*,e,rf,i»)(*,l)* 

into one whose inTariant / shall Tanish. 

Assuming y = jt* + 2iix + (, 

and making the inyariant / of the transformed equation vanish, we have 

a(p.-P3)M^-pi)'=o, (1) 

where ^ is a known quadratic function of ir» not involTing (. 
Expanding (1)» we have 

which dotcnninos ^, and consequently if, by means of a quadratic equation ; and ( 
may have any value. 

By a similar transformation / can be made to vanish. 

10. Pruve that the most general rational transformation of a quartic /(x) may be 
reduced to the transformation 

P ^ Q 



p — X q — X 

When P = Hfip) f{q), and (? = - Rf{q) f{p), show that the second term 
of the transformed quartic is absent. 

11. Prove that the transformation 

ax* + 2Bx + y 

y- 



oiar*+ 2)8ix + 71 



may bo resolved into the three successive transformations — (1) a homographir 
transformation ; (2) a transformation of the roots into their squares ; (3) a homo- 
graphic transformation. 

12. If /7 be any integer, prove that 

where 2o and 2i are symmetric functions of xi, X2, x^ ar«. 

13. If 4>{x, y) and iff far, y) be two covoiiants of the binary form 

Ue (oo, tfi, <i2, . . . «n)(jr, y)" 
of the degrees p and g, respectively ; and if 

\ gdy gdx I 

be expanded in the form 

(Fo, Fi, Fj, .... rp)(X, 1>; 
prove that To, Fi, Fj, . . . . T, are covariants of U. 
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Section II. — Hermite's Theorem. 

182. Homogeneoiis Fmictloii of Second Degree 
expresseii as Sain of Squares. — We have already shown, 
in a general way (Art. 179), that a homogeneous funofcion of 
the second degree in the variables may be reduced to a sum of 
squares, no hypothesis being made as to the nature of the coef- 
ficients of the function considered. We now return to the con- 
sideration of this problem when the coefficients of the function 
are supposed to be all real; and we proceed to determine, in 
magnitude and sign, the coefficients of the squares in the 
transformed function. 

Let F(xiy rTj, . . . ;r„) be a homogeneous function of the second 
degree in n variables with real coefficients ; and let us suppose 
that it is reduced by the method of Art. 179 to the form 

Pi {^i + ihdCt + a^Xi + . . . + anXf)^ 

+i?2(iPa+ h^Xz + . . . + 6„iPn)' 



where all the coefficients of this new form are real. 
Making now the linear substitution 

Xi = iTi + OjiTa + (hXz + ai^r* + . . . + «««•«, 
Xj = X2+ biXi + biXi + . . . + bnXny 

Jl» = Xz+ CiXi + . . . + CnXny 



X.= 



X, 



n> 



we have 

F{Xi, X29 ir„ . . . Xn) ^ PiXi^ ■\' P2X2* + Pa J,* + . . . -^PnXn*. 

Since the modulus of this transformation is equal to 1, the 
discriminants of both these forms of J^must be absolutely equal. 

2d 
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Denoting, therefore, the discriminant of Fhy A«y we have 

and similarly, when the variables 07^1, Xf^ • . • ^m are made to 
vanish in both forms of F, we have 

A/ •= PiPtPi • • • ft- 
Now, giving y the values 1, 2, 3, &o., we find 

. As As A» 



1 As Af^i 

and the ooeffioients are determined in terms of the discriminant 
of the original quadratic form in n variables and the discrimi- 
nants of the forms in n - 1, n - 2, &c., variables derived from 
the given form by causing one, two, &c., of the variables to 
vanish in succession in the manner just explained. 

Again, since the constants in the form i^(^i, Xt^ ... Xn) vie 
in number in{n - 1) less than in a form composed of a sum of 
squares of n linear functions of n variables, we learn that i^oan 
be reduced to a sum of squares in an infinity of ways. It is 
most important, however, to observe that in whatever way the 
transformation is made^ provided it is realj the number of coefficients 
[affecting these squares) which have a given sign is always the satfie. 
This theorem, which is due to Sylvester, is easily proved ; for 
suppose the contrary possible, and let 

F^PiXi^-i-p^X^^-i-. . . -^PnXn^^qiYi^ + q^Y^ + . . . + qnYn\ 

where the number of positive coefficients on both sides of this 
identity is not the same. Making all the terms positive, by 
transferring those affected with negative signs to the opposite 
sides of the identity, we shall have a sum of / squares identically 
equal to a sum of m squares, where m is greater than /. Now, 
substituting such values for Xi, ^, . . . ^«» that each of the 
/ squares may vanish (which may be done in an infinity of 
ways), we find a sum of m squares identically equal to zero, 
which is impossible. 
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183. IIeriiilte*s Theorem. — The principles explained in 
the preceding Article have been applied by M. Hermite to the 
determination of the number of real roots of an equation /(:p) = 
comprised within given limits. The special form of the function 
^ which he makes use of for this purpose is 



in which Xi^Xt^ . .. Xn are any variables in number equal to the 
degree of the equation ; and r takes all values from 1 to n in- 
dusive, the roots of the equation being ai, oa, . . . a^ ; also p is 
any arbitrary parameter. 

This form is plainly a symmetric function of the roots of 
the equation f{x) = ; and as the coeflScients of this equation 
are supposed to be real, F will be also real, when expressed in 
terms of these coefficients and py provided the parameter p be 
given any real value. If the roots ai, as, os, . . . a^ are not all 
real, the assumed form of F will not be obtained by real trans- 
formation ; but it is easy to deduce from it, as follows, another 
form which will be so obtained. 

If oi and oi be a pair of conjugate imaginary roots, we may 
write 

Oi = ro(cos a + I sin a), a% = ro(cos a - t sin a). 

Denoting for shortness Xi + arX^ + or^x^ + . . . + ar^^Xn by Y^ 
and substituting these values in Fi and Y%y we find 

"Vrhere U andjF are real ; also putting 

= r (cos ^ + 1 sin ^}, = r (cos'^ - » sin ^), 



ai — /» a% — p 

the part of the function F depending on oi and oa, viz., 

F|« Fa' 

+ , 



a\- p a%- p 

2d2 



404 Transformations. 

beoomeB 

which may be also written as the difiFerence of the squares 
2r(crco8 I - Fein IJ- 2r(z78m|+ FooslJ; 

proving that two imaginary conjugate roots introduce into F 
two real squares, one of which has a positive and the other a 
negative coefficient. 

We now state Hermite's theorem as follows : — Let the equa- 
tion J\x) ^ {x - ai){x - as) ... (a? - a») = have real coefficients 
and unequal roots : if then by a real substitution we reduce 



¥,' F,' F,' f; 



2 



+ ...+-^^, (1) 

a\- p 02 -p as-p On- p 

tchere ¥r = Xi'\- arX% + ar*Xi + . . . + Or^^Xn, 

to a sum ofsquareSy the number of squares having positive coefficients 
will be equal to the number of pairs of imaginary roots of the equa- 
tion f{x) = 0, augmented by the number of real roots greater than p. 

This theorem follows at once from what has preceded if we 
consider separately the parts of the function (1) which refer to 
real roots and to imaginary roots, for obviously there is a posi- 
tive square for every root greater than /o, and we have proved 
that every pair of conjugate imaginary roots leads to a positive 
and negative real square, without affecting the other squares 
independent of these roots. 

The number of real roots between any two numbers pi and 
P2 may be readily estimated. For, denoting in general by Pj 
the number of positive squares in F when p = pj, by N, the 
number of roots of the equation f{x) = greater than p^, and by 
2/ the number of imaginary roots, we have 

P. = i^, + /, P2^N2 + I; 

whence 

i^x - iV, = Pi - P„ 
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proying that the number of real roots between px and p% is equal 
to the difference between the number of positive squares when 
p has the values px and p%^ respectively. 

The number here determined may be shown to depend on a 
very important series of functions connected with the given 
equation. In order to derive these functions we consider F 
under the form (Art. 182) 

The number P expresses the number of coefficients in this 
form which are positive, or, which is the same thing, .the number 
of the following quantities which are negative : — 

_Ai _Aa _A3 __A» 

We proceed now to calculate Ai, As, . . . Ay, ... An in terms 
of p and the roots of the equation /(a;) = ; and as the method 
is the same in every case it will be sufficient to calculate A3, 
i. e. the discriminant of the original form of F when all the 
Tariables except Xx^ x%^ x^ vanish. 

Writing for shortness vr = , we have in this case 

Or-p 

Fz = 2,Vr{Xx + arX% + Or^X^y. 

The discriminant of this form is 

A, = 2«v Sa'v Sa'v 
: 2a'v 2a'v Sa*v 

which may be written as the product of the two arrays 

1 1 ... 1 \ Vi Vi , , . Vn 




ax Oj • . . On } f OxVx ajVs . . • On^n ( f 

S 2 2 1 2 8 2 

Qx As ... an / Ol Vi O) 1^2 • • • On Vm 
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andy oonfiequently, 



Aj ^ SviVsVs 



fli Of Os 



S 3 S 

fll fls fls 



= :S 



(ai-p)(aa-^)(a,-p)* 



In an exactly similar manner we find 



(ai - f>) (aa - /») ... (aj-p)* 

where the notation v (oi, oa, os, . . . oy) is employed to lepreeent 
the product of the squares of the differences of oi, oa, as, . . . flj> 
Hence the quantities Ai, Aa, Ay . . . A^ are all determined. 

NoWy multiplying the numerator and denominator of eadi 
of the fractions in the series (2) hy /(/o), eaoh value of aIb 
rendered integral, and the series becomes 

1} Vj r, r^ 
v F/ Ta, • ' 



where 



F = (p - oi) (p - aa) . . 

Fi - 5 (f> - Oa) (p - Os) 
Vi = SV (oi, a%) (p - 03) 



{p - On), 
.. {p - an)f 

. . . (p - a„), 



(3) 



F3 = SV (oi, oay Oj) (p - a*) .... (p - a«), 
Ffi = v(ai, Oa, Os, . . . . a,t). 

Since negative terms in the series (3) correspond to sana- 
tions of sign in the series F", Fi, Fa, Fs, . . . . F«, it is prow 
that the number of variations lost in the series last writteot 
when p passes from the value pi to the value p%^ is exactly eq^^ 
to the number of real roots of the equation /(/o) « comprised 
between pi and p2. 

184. Sylvester's Forms of Starm's Fvnetloiis.--'^^ 
will be observed that the functions F, Fi, Fa, Ac, arrived at 
in the preceding Article have the same property as Sturm » 
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fonotionB; from which in fact they differ by positive multipliers 
only, as was observed by Sylvester, who first published these 
forms in the Philosophical Magazine^ Deoember, 1839. The 
identity of the two series of functions may be established as 
follows : — 

We make use of the notation] already employed in Ex. 7, 
p. 312, and we propose to show that the Sturmian remainder 
Bj differs only by the positive factor yj from the function F}. 
From the example referred to, we have 

Bj o Jj/{x) - BjAx), (1) 

where 

Bj = r© + TiX + r,a^ + . . . + rn^jx^y 

Aj= Ao + \\X + Aaa^ + . . . + \j.ixt'^y 

Bj = fio+ fliX + fiiCI^ + . . . + flj-2^^ 9 

and from the value of rn^j there given we have immediately 

showing that the leading coefficients in Bj and Vj differ only 
by the factor yy. "We now proceed to prove that the last co- 
efficients in these functions differ only by the same factor. 
For this purpose, dividing the identity (1) by/(^), substituting 
in it from the equation 

/(x) 8o S, 8t 

/(x)' x^ x"^ x"^""' 
and comparing coefficients, we find 

/io «* Ai^o "^ Aj^i + As^j + • . • • + Aj^iSy^j 
fli = Ai^ + As«i + .... + Xj^lSj^y 



Also, putting d? = in (1), we have 
and, substituting for /uo in terms of Ai, A3, As, &c., 

*" •"" ^ Ao ^-1 + Ai^o "^ A281 + •••«• + Aj^\Sj^ f 
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whenoe, giving to Ao, Xi, . . 
caloulation of r»_^ we find 



. . A,.! the same yalues as in tlie 



v-» 



r.'-iriypnyj 



«-i 



«0 



«o 



oi • • • o^-2 
*t • • • */-! 



«M %^1 «i 



:S 



Now, refeiring to the oaloolation of A/ in Art. 183, and put- 
ting p « 0, or vr == — 9 in the value of A,- there found, we find 

Or 

for the determinant just written the value 

fllCltCIS • • • Clj 

hence, giving p« its value in terms of the roots, we have 

r© = (- 1)"^7j SV (ai, as, Os, . . . q/) a^xOj^ ••.«•, 

whioh was required to be proved. 

The first and last coefficients of 22,-, when divided bj y/t 
having been thus shown to be the same as in the form Vj, 
it follows that all the intermediate terms must be similarly 
related ; for, in the first place, Rj is a function of the diS^ 
renoes of the quantities Xy oi, 03 . . . on, as may be seen by 
transforming f{x) before calculating Rj by the substitution 
3 = Ooa? + fli, as in Ex. 3, Art. 92. When this transformation 
is completed, every coefficient in £y, as well as 2, is a function 
of the differences; consequently, Rj satisfies the differential 
equation 

d 



(: 



d d d 
dx dai dat 



-5«;)^>=<'' 



or ^ - DRi = 0, 
ax 



showing, as in Articles 138 and 157, that all the coeffioientfl 
may be obtained from the last by a definite law. The same 
conclusions plainly holding also for the function F}, it is there- 
fore proved, finally, that 

Rj - yj Vj. 
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EXAICPLBS. 

1. To reduce two quadrics in three variables to the sums of the same three 
eqriares with proper coefficients. 

Let 

IT= a** + *y» + «» + 2/yz + 2ffzx + 2A«y, 

F = fliJ5» + *iy« + <yi«2+ 2/iy«+ 2yifar+ 2Ai«y, 

dF dF dF 

r(,,v.z)^xiT+r, x=i-, r=i^, z=j-. 

We have then identically 



JPrr- 



A(X) 



Xa + «i XA+ Ai V + yi i 

XA+Ai xb-\-bi X/+/i F 

X^ + yi A/+/i X« + tfi Z 

J T Z 



♦JX)^ 
A(X)' 



where A(X) is the discriminant of xU-k- V; and *(x) is a function of the 2nd 
degree in X, the symbols Z, F, Z being retained in it for the present, and not 
replaced by the values involving X. 

Besolving into partial fractions, we have 



F = 



♦(Xi) 

A'(Xi) X - Xi "^ A'(X») X - Xa ^ A'(Xj) X - X3' 



1 ^ *M 



1 ^ ♦(A3) 



(1) 



in which * (Xi), * (x«), * (X3) are all perfect squares, since they are obtained by 
bordering the vanishing determinants A (Xi), A (Xi), A (Xs). (See Art. 129.) 

Now, replacing X, F, Z by their values, xZ7i + Fi, &o., *{Kj) ib easily re- 
ducible to the form 



-(X-X,)^ 



x^ + fli A^A + Ai Xj5^ + g\ U\ 

X^A+Ai Kjb'\-bi A^ + Zi U% 

N9^9\ ^if-^A X/<?+«i Ut 

Ui U% Uz 



where ^ = 1, 2, or 3, and uj is independent of x. 
Substituting tiiese values in (1), we find 



= (A - \i)W. 



xr7'+ ra(x-xi) 



«l- 



ut* 



^ 



A'(XO^<^ ^'>A'(xi)+<^-^>i-(X,) 
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Equfttmg the ooefBdMits of x, we liA?e 

Urn "*'* I '^' I '^^ 

fl|t f^S lljf 

which WM required to be done. 

It is to be observed that this problem has only one solution. The mode of 
reduction here given is due to Darbouz ; and is plainly applicable whatever be 
the number of variables. 

2. Prove that a quadric in fi variables may be reduced by a reml orthogonal 
transformation to a sum of fi squares. 

An orthogonal transformation is a linear transformation such that, when the 
modulus written as a determinant is squared the terms in the principal diagonal 
are each equal to 1, and all the other terms vanish. 

In a transformation of this kind it follows that the sum of the squares of the 
new variables is equal to the sum of the squares of the old. 

3. Writing as before one of Sturm's remainders in the form 



prove that 



JijBAj4^'(x)'-Bji^{z), 



Bj=^yj 



•q 


•i 


*i 


. . «^-i 


• 


• 


«3 . , 

• • 


1 • • 


• 


• 


• • < 

•J • • 







Ti 


Tt . . 


. Ti-x 



where 2> = •oxi-^ + «i«i-* + fi«H + . . . + 9j.\. 

4. Denoting by Vn 



S(«- Or) (J?i + o*i + a»J?s + . . . + rt»-^*,»)', 
r-l 

prove that the discriminant of Uj may be determined by the equation 

A> = ---, 

where Aj and yj have the same signification as before ; and show directly that if 
Aj = for a certain value of «, Aj^i and Aj^i have opposite signs for the same 
value of X. 

Note. — Hermite's theorem holds where ar - p is changed into (or — p)** in the 
enunciation on p. 404, m being any odd integer, positive or negative. 
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Section HI. — Geometrical Transformations.* 

185. Transformatloii of Binary to Ternary Forms. 

— We think it desirable, before closing the present Chapter, to 
give a brief account of a simple transformation from a binary to 
a ternary system of variables, whereby a geometrical interpre- 
tation may be given to several of the results contained in the 
preceding Chapters. The applications which follow in connexion 
with the quadratic and quartic will be sufficient to explain this 
mode of transformation ; and will enable the student acquainted 
with the principles of analytic geometry to trace further the 
analogy which exists between the two systems. 

Denoting the original variables, i.e. the variables of the bi- 
nary system, by a-Q, y^, we propose to transform to a ternary 
Bystem by the substitutions 

X = iPo', y = 2aroyo, « = Vo- 

For example, taking the simple case of a quadratic whose 
roots are a, /3, viz., 

V - (a + ^)x^yo + ajSyo' = 0, 
and transforming, we obtain 

ar-i(a + /3)y + a^« = 0. (1) 

We have also the identical equation 

y* - 4&1? = 0. 

This is the equation of a conic, which we call F, and (1) is 
plainly the equation of a chord of this conic joining the points 
a and j3, the point determined by the equations 

-^ = ^ = 2, where 6 = — , 
being referred to as the point ^ on the conic V. 

* See Quarterly Journal of Mathemattety vol. x., p. 211. 
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When a = /3 the quadratio becomes [Zft - ayo)\ Le. the square 
of a factor of the first degree ; also (1) reduces to j;- ay+ a's = 0, 
which is plainly the equation of the tangent at the point a to 
the conic V; whence the line corresponding to a quadratio with 
distinct roots is a chord of the conic F, this line becoming a 
tangent when the roots are equal. 

The only invariant that a quadratic has is its discriminant, 
and this is also an invariant in the ternary system, its vanishing 
being the condition that the line corresponding to the quadratic 
should touch the conic V. We now consider the system of two 
quadratics 

which for shortness we call L and M. 

When transformed these become two lines 

L s ax •{■ by + c%f Jf a c^x + b^i/ + c^z. 

Now the condition that the line whose equation is X £ + nM "= ^ 
should touch the conic V is 

A' {ac - 6') + Xfi (ac' + a'c - 2 J6') + /ii» (aV - 6") = 0. (2) 

All the coefficients of this equation are invariants in both 
systems : we have already seen that this is true of the first and 
last coefficients, and the intermediate coefficient which is the 
harmonic invariant of the binary system is an invariant in the 
ternary system also, its vanishing expressing the condition that 
the lines £, Jf should be conjugate with regard to the conic F. 
This equation determines the tangents which can be drawn 
through the point of intersection of L and if to the conic F. 
When this point is on the conic the tangents coincide, and the 
discriminant of the quadratic vanishes. Whence we obtain 
geometrically the following form for the resultant of two qua- 
dratics : — 

R^^{ac- h") [dc - 6") - [<u! + dc - 2hhJ ; 

for if Ly M, and V have a common point, the original quadra- 
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tic8 must have a oommon root, and the coiidition is in each case 

the same. 

Again, the pairs of points or lines given by the equation 
XL + fiM=0 form a system in involution (of. Ex. 2, p. 398), the 
double points or lines being determined by the equation (2) ; 
and in the ternary system the corresponding pencil of lines 
passing through a fixed point determines on a conic a system of 
points in involution, the double points being the points of con- 
tact of tangents drawn to the conic from the fixed point. 
If we consider next the three quadratics 

it is seen that the determinant (^162^3) is an invariant in both 
systems, its vanishing being the condition in the binary system 
that the quadratics should form an involution (Ex. 2, p. 398), 
and in the ternary system that the three corresponding lines 
should meet in a point. 

As a final illustration, we consider a system of three qua- 
dratics connected in pairs by the harmonic relations 

aiC% + a%Ci - 26163 = 0, &c. 

Transforming the quadratics, we obtain three lines X, F, Z, 
ivhich form a self -con jugate triangle with regard to the conic V. 
l!he theorem relating to three mutually harmonic quadratics, 
viz., that their squares are connected by an identical linear 
x^lation (see Ex. 5, p. 360, and Art. 166), is suggested by a 
'^ell-known property of conies ; for V expressed in terms of 
^, F, Z is of the form 

whence, restoring the original variables x^^ yoy To vanishes iden- 
tically, and Xf Tj Z become the original quadratics, each divided 
by a factor which may be seen to be the square root of its dis- 
criminant (see (1), Ex. 5, p. 360). 



414 TransfofTnaiians. 

186. The ^vartlc and ite CoTariaaitft treated get- 
metrteally. — It will appear from the remarks to be made in 
the next Article that in applying the transformation now 
under consideration to the quartic Uo s (a, b^ e^ d^ e){xs^ y^\ the 
term Qcx^yo* will be replaced by 2cxz + ci^^ so that the qoaitio 
will be replaced by the two following conies : — 

F'=y*-4ar = 0; 

the form of U here selected being connected with F by an 
invariant relation. The invariants of ^and F are invariants 
of the original binary form, for the discriminant of U~ pV'^ 

and the invariants of the ternary system are 

A' = -4, e' = o, e = /, A = c/; 

where / and J are the invariants of the quartic, and the dis- 
criminant of U- pVis written as usual under the form 

Let the conies U and V intersect in the points -4, By Cj D ; 
these points being determined by the equations 

X _ p 

^^ " 2^ " ^' 

when ^ has the four values o, /3, 7, Sf the roots of the binary 
quartic ; and let the points of intersection of the common chords 
BCy AD; CAy BD; ABy CD be J?, Fy Oy respectively, the 
triangle EFO being self-conjugate with regard to both conies. 
Now, denoting by (a)3) = the equation of the Une ABy and 
using a similar notation for the remaining chords, we have by 
the theory of conies 

U- p,V- (fiy) (aS), U-p,V= (ya) 038), U-p,r= {afiHyS), 
where piy piy p^ are the roots of the equation 4p^ -Ip -\- J= 0. 
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On restoring the original variables a^y^ vel these equations, 
Fo vanishes identioally, and we have Uo resolved into a pair of 
quadratic factors in three different ways, depending on the 
solution of the reducing cubic of the quartic. Whence it 
appears that the resolution of a quartic into its pairs of quad- 
ratic factors, and the determination of the pairs of lines which 
pass through the intersections of two conies, are identical prob- 
lems, each depending on the solution of the same cubic equa- 
tion. 

We now proceed to show that the sides of the common self- 
conjugate triangle of 27, F" correspond to the quadratic factors 
of the sextic covariant in the binary system. Since the side 
FO is the polar of J?, the co-ordinates a^, y of E are found by 
solving the equations (J37) = 0, (aS) = ; we have, therefore, 



/3y(a+8)-aS03 + 7) 2(/3y-a8) /S + y-a-S* 

and, substituting for af^ t/^ z' the values thus determined in the 
polar of Hy viz., 

we express this equation in the form 

(j3 + 7-a"8)a?-2(i37-aS)i^+(i37(a + 8)-a8(i3 + 7))2=0. 

On restoring the original variables oto, ^0, this is seen to be 
one of the quadratic factors of the sextic covariant (see Art. 
166). It is therefore proved that the points where FO meets 
V are determined by the quadratic equation 

O + 7-a-8)«*-2037-a8)^ + /37(a+8)-a803 + 7)=0; 

and consequently the six points on V which correspond to the 
roots of the sextic covariant are the points where this conic 
meets the sides of the common self-conjugate triangle of U 
and V. 

To determine the points on V which correspond to the roots 
of the Hessian, we calculate for the conies ^and F the 00- 
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variant oonio W (Salmon's Conic Sections^ Art. 378) ; thus 
finding 

+ (fl«- 2W+c')&r+ {ad-bc)xy\ 
and on restoring the original variables, we have 

also, since the conic JF* intersects XT and Fin the points of con- 
tact of their common tangents, we see that the points on F 
corresponding to the roots of the Hessian are the points so 
determined. The Hessian has, moreover, a double geometric 
origin, for it may equally well be obtained by transforming the 
conic 4> (Salmon's Conies^ Art. 377) which is the envelope of a 
line cut harmonically by the conies U and F. 

187. When the transformation of Art. 185, viz., 

X = iTo', y = 2aroyo, « = yo', 

is applied to a quantic /(^o, yo) of even degree 2m, it is plain 
that the roots of this quantic will be represented geometrically 
by the points of intersection of a curve of the w'* degree with 
the conic section F. If the degree of the quantic is odd, it 
must be squared before the transformation is effected ; and the 
roots will then be represented geometrically by the points of 
contact of the corresponding curve with the conic. 

In transforming the quantic /(iTo, yo), we may obtain an 
indefinite number of ternary forms by varying the mode of 
transformation ; for if U denote any one of these forms, 

C^+#,^F, 

in which the coe£Bicients of ^m-3 are arbitrary, would equally 
well be a transformation of y(xo, yo), since this form would 
on restoring the origiDal variables return to the quantic 
/(iPoj yo). Moreover, every possible transformation is included 
iu the foregoing. Among these innimierable ternary forms 
there is one, and only one, such that its invariants and co- 
variants are invariants and covariants of the binary quantic 



TJie Quarfic and its Covariants treated geometrically. 417 

also. To determine this form, take the tangential form of Vy and 
let n be the operator obtained by substituting D^, Dy, 2)« for 
the variables therein ; operating then with 11 on Z7+ ^»-iF, we 
obtain a result ^.^.2 of the degree w - 2 ; and equating to zero 
its coefficients, we have equations sufficient to determine all the 
coefficients of ^m_3. The required transformation is therefore 
unique, as these equations are of the first degree. 

The following method may be employed to obtain the 
proper form of XT corresponding to a given binary quantio 
of even degree. Let the quartio u = (a„, ai, a,, as, a^ {xq^ y©)* 
"be written in the form 

1 ( ^d'u ^ dH ^d\^\ 

3-4 ( dx^ "^ dx^dy^ dy^) 

transforming the second differential coefficients, and multiplying 
the terms by a?, y, £, respectively, we obtain the proper form for 
Z7, such that n {T7) s 0, viz., 

QqOi? + flay* + a^z^ + 203^3 + 2a,sa: + 2aixy, 

A^ain, in the case of the sextio t/, writing it in the form 



I i ^d^u ^ dhi .dHi 

6*6 I dxo^ dxodyo dy^ 



d^u d*u d*u 
transforming the quartics ^ij , . , -j—i in the manner 

aXo ciXoCiyo ayo 

just explained, and multiplying by a?, y, 2, respectively, we 
obtain a ternary cubic U of the proper form. In a similar 
manner the transformation of the octavic is made to depend 
on that of the sextic ; and proceeding in this way step by step 
we may transform any binary quantio u of even degree to a 
ternary quantio 27 of half the degree, such that n (27) » 0. 

The following examples are given to illustrate the trans- 
formation explained in the present section. 
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1. If /(«o, y^) beoomef XT (s, y» «) 1>7 tbe transfomuitioii 
prore in genend that 

% =2(— i)g-4.n(D. 
^ =2(«-i)--4.n(r). 

where « w the degree of /(«, y), and n(l7) s ^-^ - — . 
Whence, in particular, if n (ZT) s 0, proye that 

where so, yo* and 4(^', yo' are oogredient Yaziablea. 

i#i/ rfV rfV 

prove that H(»^i + y^ + «^) s when n(4>i) = 0, n(^) = 0, H{<h) = ^' 
Since 

dy^ dxodffo dxo** 
we haye, by Ex. 1, 

d^i __ d^ ^ d^^ 

di ~ dy ^ d»* 
but 

and therefore yaniaheB by what precedes. We haye thus a formal proof of ^ 
statement at the end of Art. 187. 

When n(^i), n(^), n(^) do not yaniBh, we haye in general 

(n~Z)n(x^\ + y^ + «^) = (n- i){arn(^i) + yn(^) + «n(^)}. 

3. If two quanticB u and w be transformed ; prove that the Jacobian of ti, v ^^ 
the binary system becomes the Jacobian id XT, V, W m the ternary system. 

Express J(u, w) in terms of «o', «oyo, y^ and the second differentials of t* an^ 
Wy and then transform by Ex. 1. 

4. Prove that the quartios 

(aia?« + 2i8i«y + 7iy3)(as«2+ 2/58«y + 73j^ - (aix» + 2iSt4y + yjy»)», (1) 

(ai«»+2a8«y+a8y»)(7i«' + 27i«y + 7sy») - (i8i«» + 2i5ja?y + /83y*)* (2) 
have the same invariants. 
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Tnmsfonniiig (2) to the ternary system, we haye the conic 

(ai« + oiy + ass) (n* + y»Jf + 7»«) - 09i« + /Ssy + /83s)*, 
^which for shortness we write as LN— JP, where 

X s aii; + osy + oss, JTs i3ii;-f iSsy + iS3S, iV^s ^iif + Tiy + tji. (3) 
^ow, when the disciinunant of 

XJV-jn + x(y»-4«) 

is formed, the invariants of (2) are the functions — 3^ and G of this cuhic in x (or 
the last two coefficients when the second term is remoyed). This discriminant may 
he obtained as the resultant of the three equations 

Nai " 2 Jf/Si + X71 - 4X1 « 0, 

iV^oj- 2-1% + X7J 1-2x^=0, (4) 

Jf OS - 2 JfiSs + Xyj - 4X« = 0, 

when ir, y, s are eliminated; or by eliminating the six quantities x^ y, 2, X, Jf, N 
by means of the three additional equations (3) the resultant is obtained in the 
fonn 
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A(X). 



If we had operated similarly on the quartic (1) we should have obtained the same 
resultant A(x), the form the determinant takes in this case being obtained by 
dividing the first three rows of A(x) by -4x, and multiplying the first three 
columns by - 4x. Whence it follows that the invariants are the same in both 



To expand A (X) we replace X, if, N by their values in equations (4), and then 
eliminate x^ y, s, thus obtaining 

In lit /is-2x 



/12 In + X In 

Jis-2X In Its 

This determinant becomes when expanded 



, when22„=apy,^^a^p■'2fipfif. 



4x> + 4(/«-/,3)x3-{/ii/i8-/is*+4(Ji,/a-/ii/«)}X- 



Xii III lit 
/is In Its 
/is In Its 



every coefficient of which is the same for both quartics, as may be verified directly. 
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5. Detennine tlie condition that three quadratics should by linear tiaaflfbr- 
mation be reducible to the f onns 

d*^ d^ d*f 

Ant. /11/33 - 47is/33 + In* + 2J«/3i = 0. 

6. Prove that the condition in Ex. 5 is the same for the following two sets of 
quadratics : — 

ai«»+ 2i8iary + yiy*, oax* + 2/32 jry + 72^*, ajaf* + 20zxy + 73^*, 

and 

aia;»+ 2aiary + 03y», iBia;* + 2/52ary + fty*, yir^ ^¥2y2xy-{■y^r^ 
^. Determine the condition that \u-\- p%p should have two square factors, 

where u and w are quartics. 

Transforming, we have in this case 

XCr+ /4r+ pJTs (aa: + /9y + 7*)*; 

consequently, every term in the tangential form of kU -\- /iV ■¥ pW must yvso^i 
giving six equations to eliminate x', /*', »»*, fix, yX, X/* ; hence the required co^^* 
dition is determined. 

8. If a quartic have a square factor, prove geometrically that this factor '^ 
a quintuple factor of the covariant Gx ; and construct the point on the conic ^ 
which corresponds to the remaining root of the equation Gg = 0. 

9. Resolve the quartic as in Art. 169 by finding the tangents to the conic 
where U meets it, U and V having been expressed as sums of squares. 

10. Express in terms of their invariants the resultant of the quartic and biquad^ 
ratic 

oar* + ibjfiy + 6c«2y2 ^ 4<fey3 _|. gy4^ 

ax* + 2fixy + yy*. 

1 1 . Determine the condition that two quadratic factors {x — a)(x — fi), (x— y){x-l) 
of a quartic Uo should form with a given quadratic \x* + 2ftx + y a system in in- 
volution. 

Transforming, the three corresponding lines must meet in a point, which point 
is one of the vertices of the common self -con jugate triangle of the conies U and V. 
The tangential equation of these points is J (2, 2*, ♦) = 0, which is therefore the 
required condition, the tangential form oi kU ■{■ V being ic^S + it* + 2*. 

12. Apply the method of transformation of Art. 186 to prove the theortm ol 
Art. 176. 

Let Tschimhausen*8 transformation be put under the form 

or- + 2/3.r t^ y 
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Make the numerator and denominator of the last fraction homogeneous in or, y\ 
Teplace s by — x, and transform : (1) becomes then 

X + XiL' = 0, 
where X = o* + /By + yj, X' = ax + ffy + y*z. 

If X, y, 2 be eliminated from the equations X + aX' = 0, 17' = 0, F= 0, we 
shall have the transformed quartic in \ ; which, considered geometrically, deter- 
mines the lines drawn from the point of intersection Pot L and L' to the points of 
intersection A, B, C, D oi U and F. Again, if «c be so determined that the conic 
U ■\- kV pass through the point P, the anharmonic ratio of the lines FA, FB, FC, 
PDj is equal to the anharmonic ratio of the lines TA, AB, AG, AD, where TA is 
the tangent to U-^-icV&tA; that is, of the lines 

▼here t and f are the tangents to U and V at A. Now, forming the invariants of 
the quartic whose roots are a, pi, pS) f>3y the theorem follows by Arts. 170 and 177. 

13. Let three points a, 6, <; be taken on the conic V given by the equations 

p« = ai ^ + 3i ^ + <?i, 

the values of f at these points being a, /S, y, the roots of a cubic U\ prove the fol- 
lowing constructions for determining the points on the conic corresponding to the 
nxyts of the cubic covaiiant Om and the Hessian Hm ' — 

1"*. Let tangents be drawn to the conic V at the points a, bj e, forming a tri- 
-angle ABC, the lines Aa, Bb, Ce meet the conic at points of, b\ e' corresponding to 
tlie roots of (?«. 

. 2^.. The four triangles dbe, ab*<fy ABC, A'B^CT are homologous, and their axis 
<^ homology meets the conic V at the points corresponding to the roots of Xr«. 

14. From the constructions in the last example prove that Um and Om have the 
^^sjftine Hessian if*, and that the roots of Ru are imaginary when the roots of Uu are 

Dublin Exam. Faper», Bishop Lavo'a Prize , 1879. 
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188. Cfraphlc Representetloai of Imai^ary ^ni 

titles. — The imaginaij expression a -¥ b ^Z- 1 may be imtten 
in the form 



;i(oo8a + sin a v^- 1), 



where 



u = v/fl* + b\ and tan a = -. 



It may be regarded, therefore, as determined by the linear 
magnitade /i, and the angle a ; fx being called the modulus^ and 
a the argument of the imaginary quantity. 

Let rectangular axes OXy OY (fig. 7) be taken; and a 
point A such that 
XOA^Qf a,niOA = /i. 
We have then OJf >= 
fi cos a = a, and ^ Jf 
= /ti sin a = ft. The 
expression a + 6 -v/"~ 1 
may therefore be re- 
presented graphically 
by the right line 
drawn from to a 
point in a plane whose co-ordinates referred to the fixed axes 
are a, b ; the distance OA of this point from the origin being 
equal to the modulus, and the angle XOA equal to the argu- 
ment of the imaginary quantity. 




Pig. 7. 
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The magnitude of an imaginary quantity is estimated by 
the magnitude of its modulus. When the imaginary quantity 
vanishes (that is, when a and b separately vanish) its modulus 
vanishes; and, conversely, when the modulus vanishes, sinoe 
then a* + (' = 0, a and b must separately vanish, and therefore 
the imaginary quantity itself. Two imaginary quantities, a + ib 
and a' + %b\ are equal when a = tf' and b = b\ i. e. when the 
moduli are equal and when the arguments either are equal or 
differ by a multiple of 2ir, 

In what follows we shall for brevity represent the modulus 

and argument of a + 6 ^/-T by the notation 

mod, (a + »6), arg. (a + t6), 

where % as usual represents y^- 1. 

189. Addition and Sabtraetlon of Imaclnarles. — 

Let a second imaginary quantity tf' + iV be represented by the 
right line 0A\ so that 

OA' = mod. (cl + ib% XOA = arg. {a + iV). 

We proceed to detennine the mode of representing the sum 

a + »J + tf' 4- ib\ 

Writing this sum in the form a + d' + t (6 + 6'), we observe, 
in accordance with the convention of Art. 188, that it will be 
represented by the line drawn from the origin to the point 
whose co-ordinates are a + a^, ( + V. To find this point, draw 
AB parallel and equal to 0A\ since AP^ BFj are equal to 
dy b\ B is the required point, and we have 

05=morf.(fl + tf'+ %{b + b')], XOB^arg.[a-va^'Y%[b'^b')]. 

To add two imaginary quantities, therefore, we draw OA to 
represent one of them ; and, at its extremity, AB to represent 
the second (that is, so that its length is equal to the modulus, 
and the angle it makes with OX equal to the argument, of the 
second) ; then OB represents the sum of the two imaginary 
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qoantities. Sinoe OB is less than OA + ABj it follows that 
ihe modulus of the sum of ttco imaginary quantities is less than the 
sum of their moduli. 

This mode of representation may be extended to the addition 
of any number of imaginary quantities. Thus, to add a third 
a" + iV\ represented by 0A'\ we draw BC parallel and equal to 
0A\ and join OC. Then OC represents the sum of the three 
imaginary quantities OA^ 0A\ OA". It is evident also that we 
may conclude in general that the modulus of the sum of any 
number of imagitiart/ quantities is less than the sum of their 
moduli. 

Subtraction of imaginaries can be represented in a similar 
way. Since OB represents the sum of OA and OA'j OA will 
represent the difference of OB and 0A\ To subtract two 
imaginary quantities, therefore, we draw at the extremity of 
the line representing the first a line parallel and equal to the 
second, but in an opposite direction {i.e. a direction which makes 
with OX an angle greater by ir than the argument of the first). 
We join to the extremity of this line to find the right line 
which represents the difference of the two given imaginaries. 

190. JHnltlplicatlon and DiTtslon of Imagin«rie«>— 
To multiply the two imaginary quantities a + tA, a' + ib\ we 
write them in the form 

fl + 16 B» /ti (cos a + 1 sin a), a' + ib' b j/ (cos a' + 1 sin a). 

We have then, by De Moivre's theorem, 

(a + tA)(a'+t6') = /u/ti'{cos {a + a) +f sin(a + a)), 

which proves that the product of two imaginary quantities is an 
imaginary quantity of the sameform^ whose modulus is the produd 
of the two tnoduliy and whose argument is the sum of the two argu- 
ments. 

In the same way it appears that the product of any number 
of imaginary factors is an imaginary quantity, whose modulus 
is the product of all the moduli, and whose argument is the sum 
of all the arguments. 
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To divide a + t6 by 0^+ iV^ we have similarly 



-; — r[7 s C. 008 (a - a^ + t 8in (a - a ) , 



vrhioh proves that the quotient of two itnaginary quantities is an 
imaginary quantity of the satneform^ whose modulus is the quotient 
of the two moduliy and whose argument is the difference of the two 
arguments. 

It is evident from the foregoing propositions that any power 
of an imaginary quantity, e.g. {a + i6)"*, can be expressed in the 
form A + iBy where A and B are real quantities. And, more 
generally, if in any polynomial 

whose coefficients are either real or imaginary quantities, an 
imaginary quantity a + ib be substituted for the variable s, the 
result can be expressed in the standard form of imaginary quan- 
tities, viz. A + iB, 

It was assumed in the proof of the theorem of Art. 16 that 
when a product of any number of factors (real or imaginary) 
Vanishes, one of the factors must vanish. This is evident when 
tlie factors are all real. From what is above proved the sa me 
Conclusion holds when the factors are imaginary; for, in order 
tliat the modulus of the product may vanish, one of its factors 
xnust vanish, and therefore the imaginary quantity of which 
"that factor is the modulus. 

191. The Complex ¥arlable« — In the earlier Chapters of 
t.lie present work the variation of a polynomial was studied cor- 
responding to the passage of the variable through real values 
from - 00 to + 00 ; and the mode of representing by a figure 
'the form of the polynomial was explained. Such a mode of 
treatment is only a particular case of a more general inquiry. 
Given a polynomial 

^e may study its variations corresponding to the different values 
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of s, where % has the imaginaiy fonn x + ry, and where ir and jr 
hoth take all poesible real values. This form x-^-iyvA called the 
ccmplex rariabie. All possible real values of the variable are of 
course included in the values of a? + if/^ being those values whidi 
arise by varying x and putting y=0. In accordance with the 
principles of Art. 188 we may represent the imaginary quantiir 
:r + t^ by the line OP (fig. 8j drawn from a fixed origin ta 
the point whose co-ordinates are x^ y. Or we may say, x-^-iy')^ 
represented by the point P. Thus all possible values of ^ + tjf 
will be represented by all the points in a plane. Since for an/ 
particular value of %if{z) takes the form A-k-iB (Art. 190), tha^ 
values of /(s) may be represented in a similar manner by points 
in a plane. We confine ourselves in the present Artide to the^ 
representation of the variable 
x-^- iy itself. We conceive the 
variation of a; + ty to take place 
in a continuous manner ; for ex- 
ample, by the motion of the 
point if, y, along a curve. If OP 
and OP represent two consecu- 
tive values of the variable, we 
write the corresponding values 
X -¥ iy^ / + ly', as follows : — Kg. 8. 

»sir + tyar(cosO + tsinO), «' = «'+ iy^ r'(cosy+ • sin9^). 

Since OP' represents the sum of OP and PP" (Art. 189), it 
follows that PP' represents the imaginary increment of s ; and 
if s'= s + A, A may be written in the form 

h ^ p (cos ^ + t sin ^), 

where p = PP^^ and ^ is the angle PP' makes with OX. 

The variation of the modulus of 2 is OP' - OP or r - r ; the 
variation of the argument of s is P'OP or (T - fl ; the variation 
of z itself IB h or p (cos + t sin 0), as just explained. 

Let the point be supposed to describe a closed curve. When 
it returns to P the modulus takes again its original value ; and 
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fbe argxunent takes its original value if the point is ex- 
terior to the curve, or is increased by 2Tr if is interior to the 
carve. 

If the complex variable describes the same line in two oppo- 
site directions, the variations of its argument are equal and of 
opposite signs, i.e. the total variation is nothing. From this we 
can derive a property of the variation of the argument of the 
complex variable, which will be f oimd of importance in our suc- 
ceeding investigations. 

Let a plane area be divi- 
ded into any number of parts ^ 
by lines BD, AF, EC, &c. 
(fig. 9) ; then the variation 
of the argument relatively to 

^A« perimeter of the whole 

^^-cw is equal to the sum of its 

^^^'^tions relatively to the pe~ 

^ ^99eter8 of the partial areas : Fig. 9. 

**1 the areas being supposed to be described by the variable 

''^ living in the same sense. This is evident; for when the 

P^^&it is made to describe all the partial areas in the same sense, 

of the internal dividing lines will be described twice, the 

'^ descriptions being in opposite directions ; and the exter- 

perimeter will be described once ; hence the total variation 

^"5 the argument relatively to the dividing lines vanishes, and 

^^e variation relatively to the external perimeter alone remains. 

*.H the figure, for example, when the point describes the areas 

A£Ff AFD in the sense indicated by the arrows, the total 

Variation relatively to the line AF vanishes. 

192. Continvlty of a Function of Uie Complex 

¥arlnble. — Suppose the complex variable s, starting from 

a fixed value z^ to receive a small imaginary increment 

A ■ /t> (cos + t sin 0) ; we have then, if f(z) be the given 

fdnotion, 

/(»)-/(^ + h) ^/{z.)^f{z,)h+'^j^h*+ &c.. 
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and the inoremeiit of /(«), being equal to/(«p + h) -/(«•), is 

/(a,) A+-0^ A» + ^CM A' + Ac. . . . 



1.2 



1.2.3 



In this expression the coefficients of the powers of h are all 
imaginary expressions of the usual form ; and if their moduli be 
a, 6, c, &c., the moduli of the successive terms are ap^ bp*^ cp\ &o. ; 
and since, by Art. 189, the modulus of a sum is lees than the 
sum of the moduli, it follows that the modulus of the increment 
ot/{z) is less than 

ap + bp* + cp* + Ac. 

Now a value may be assigned to p (A.rt. 4], such that for it, 
or any less value of p, the value of this expression will be less 
than any assigned quantity. It follows that to an infinitely 
small variation of the complex variable corresponds an infinitely 
small variation of the function ; in other words, the function varies 
continuously at the aatne tune as the complex variable itself, 

193. ¥arlatloii of the Armament of /(z) corresponding 
to the Description of a small Closed Gnrve by the Com- 
plex ¥arlable. — Corresponding to a continuous series of values 
of s we have a continuous series of values of /[s), which can be 
represented, like the values of z itself, by points in a plane. 
We represent these series of points by two figures (fig. 10) side 




0^ 



X' 




Fig. 10. 

by side, which, to avoid confusion, may be supposed to be drawn 
on different planes. To each point P, representing x + ty, cor- 



Variahon of the Argument off{z\ 6fc. 429 

^©sponda one determinate point P' representing /(s). When P 
describes a continuous curve, P' describes also a continuous 
^^^H've; and when P returns to its original position after describ- 
Hig a closed curve, P' returns also to its original position. 

Our present object is to discuss the variation of the argument 
^t ./(s) corresponding to the description of a small closed curve 
*>y P. Let A be any determinate point whose co-ordinates are 
*o> t/of i.e. So = aro + ii/o. We divide the discussion into two 



(1). When Xo + it/o is not a root of /(s) = 0, i.e. when /(st,) 
is different from zero. 

(2). When ro+ iy^ is a root oi/{z) = U, or/(so) = 0. 

(1). In the first case, to the point A corresponds a point A' 
^^presenting the value of f{zo), and (/A' is different from zero. 
Xiet z = Zo-\'hy where h^p (cos ^ + * sin 0) ; and suppose P, which 
I'epresents 2, to describe a small closed curve round A. Let F^ 
^©present /(«) ; then A'P^ represents the increment of f{z) cor- 
I'esponding to the increment AP of «. By the previous Article 
it appears that values so small may be assigned to /», that the 
modulus of the increment of /(a), namely -4'P', may be always 
less than the assigned quantity (/A'; hence P may be supposed 
to describe round A a closed curve so small that the correspond- 
ixig closed curve described by P' will be exterior to (X. It fol- 
lows, by Art. 191, that corresponding to the description by P of a 
9 mall closed curtCy which does not contain a point satisfying the 
equation /{%) = 0, the total variation of the argument of f{z) is 
nothing. 

(2). In the second case, suppose Xq + iyo is a root of the equa- 
tion /(s) = repeated m times, and let 

f{z) = (s - So)- if, (2) ; 
then 

/(«) = h^\p (2) = p^ (cos m<p + / sin w^) \p (2). 

In this case (/A' => ; and when P describes a closed curve 
Tound Aj P' returns to its original position, and the argument 
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oif[z) will be inoreased by a multiple of 2tj whiob may be de- 
termined as follows : — From the above equation we have 

arg./{z) ^ m^ -¥ arg.\p{%) ; 

and the increment of arg. f{z) will be obtained bj adding the 
increment of m^ to the increment of arg. xp (s). Now the latter 
increment is nothing by (1), since the curve described by P may 
be supposed to contain no root of i^ (s) >= ; and since the incre- 
ment of ^ is 2ir in one revolution of P, the increment of m^ is 
2mir. It follows that tchen P describes a small closed curve con^ 
taining a root of the equation f{%) » 0, repeated m times^ the argu- 
ment off{z) is increased hy 2mir. 

194. Gaachy*8 Theorem, — When s describes the same 
line in a plane in two opposite directions, /(s) describes the cor- 
responding line in its plane in two opposite directions, and the 
arg. f{z) undergoes equal and opposite variations. It follows 
that if any plane area be divided into parts, as in Art. 191, the 
variation of the arg.f{%) corresponding to the description in the 
same sense by z of all the partial areas, is equal to the varia- 
tion of arg. f{z) corresponding to the description by z of the 
external perimeter only. Now let any closed perimeter in the 
plane XY be described ; and suppose, in the first place, that it 
contains no point which satisfies the equation /(s) = 0. It can 
be brokeu up into a number of smaU areas, with respect to each 
of which the conclusions of (1) Art. 193 hold ; and by what has 
been just proved it follows that the , 

variation of arg. f[z) corresponding ^ 

to the description by z of the closed 
perimeter is nothing. Suppose, in the 
second place, that the closed perime- 
ter contains a point which is a root 
of the equation f{z) » repeated m 
times. Let a small closed curve 
PQRS be described round this ^- ^^• 

point. The variation of arg.f(z)^ corresponding to the descrip- 
tion by z of the whole perimeter, is equal to the sum of its 
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Tariations oorresponding to the description of the areas 
ABCP8R, CDAEQP, PQBS. The two former variations 
vanish by what is above proved ; and the latter is, by (2), 
Art. 193, equal to 2mw. The total variation, therefore, otf{z) 
is 2mir. Similarly, if the area includes a second, third, &a, 
pouits which represent roots repeated m\ ni\ &c., times, the 
total variation - 2(m + w' + w" + &c.) ir. Hence we derive the 
following theorem due to Cauchy : — 

The number of roots of any polynomial^ comprised toithin a given 
plane areOj is obtained by dividing by 2ir the total variation of the 
argument of this polynomial corresponding to the complete descrip^ 
tion by the complex variable of the perimeter of the area. 

195. Wamber of Roots of the General SSqaatloii. — 
T7e are Enabled by means of the principles established in the 
preceding Articles to prove the theorem contained in Arts. 15 
and 16 ; namely, every rational and integral equation of the n*^ 
degree has n roots real or imaginary. 

Let 

/(«) a flo*" + «!«*■' + OtS^ + . . . + a^iZ + an 

\>e a rational and integral function of z. Without making any 
anpposition as to the existence of roots of /(z) => farther than 
^thBtf{z) cannot vanish for any infinite values of the variable, 
'^e can suppose z to describe in its plane a circle so large that 
Xio root exists outside of it. If, then, 

= z^^iz^j where «'= -, 

V, whose modulus is the reciprocal of the modulus of 2, will 
cLescribe a small circle containing a portion of the plane oor- 
xesponding to the part outside of the circle described by z ; and 
^o root of .^ (0 = will be included within this small circle. 
Sence, oorresponding to the description of the whole circle by s, 
4iie variation of arg. ^{z^) = 0, and, therefore, 

variation of arg. f{z) - variation of arg. s" ; 
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and if s=r(co80 4-f sinO), or s'*=r"(co8ffO + t sinnfl), 

is inoreased by 2ir, and, therefore, arg. s* is increased ^^ 
2n7r. 

It follows from Cauchy's theorem, Art. 194, that theniunb^^ 
of roots comprised within the circle described by «, i.e. the toC^^ 
number of roots of the equation /(«) = 0, is n ; and the theorem '^ 
is proved. 

The proposition whose proof was deferred in Art. 15 is thi^-— ^ 
shown to be an immediate consequence of Cauchy's theorenc::^^' 
which may therefore be regarded as the fimdamental proposi ^^^^' 
tion of the Theory of Equations. It is proper to observe, how- 
ever, that the theorem of Art. 15, viz., that every equation 
a root, can be proved directly, and independently of Cauchy*^ * 
theorem, by aid of the principles contained in Art. 193 and the^^^^ 
preceding Articles, as we proceed now to show. 

If possible, let there be no value of s which makes /(s) O^' 
va nish ; and let the value c<,, represented by -4, fig. 10, oorre- — "^ 
spond to the nearest possible position, A\ of P' to the origin ff. ^ 
Now, giving So a small increment A, and considering the first 
term f[z^ h of the corresponding increment of /(2o), it is seen 
that the directions in which these two small increments take 
place are inclined at a constant angle. It is possible therefore, 
by properly selecting the direction of the increment hy to cause 
the increment of /(zo) to take place in the direction -4'(y, and 
thus to make A' approach nearer to the origin, which is con- 
trary to hypothesis. It follows that the minimum value of the 
modulus of /(s) cannot be different from zero, and therefore that 
some value of z exists which makes /(a) vanish. 

In note D will be found some further observations on the 
subject of this Article. 



NOTE S. 



NOTE A. 

ALGEBRAIC SOLUTION OF EQUATIONS. 

^HE solution of the quadratic equation was known to the Arabians, 

^nd is found in the works of Mohammed Ben Musa and other writers 

published in the ninth century. In a treatise on Algebra by Omar 

A^lkhayyami, which belongs probably to the middle of the eleventh 

oentuiy, is found a classification of cubic equations, with methods of 

geometrical construction ; but no attempt at a general solution. The 

Btudy of Algebra was introduced into Italy from the Arabian writers 

l>y I«eonardo of Pisa early in the thirteenth century ; and for a long. 

'period the Italians were the chief cultivators of the science. A work, 

Btyled L^Arte Maggiorey by Lucas Paciolus ^known as Lucas de Burgo) 

^Was pubHshed in 1494. This writer adopts the Arabic classification 

of cubic equations, and pronounces their solution to be as impossible in 

t^lie existing state of the science as the quadrature of the circle. At 

"fclic same time he signalizes this solution as the problem to which the 

attention of mathematicians should be next directed in the develop- 

xxicnt of the science. The solution of the equation a^+ mx = n was 

effected by Scipio Ferreo ; but nothing more is known of his discovery 

'than that he imparted it to his pupil Elorido in the year 1505. The 

sxttention of Tartaglia was directed to the problem in the year 1530, in 

oonsequence of a question proposed to him by Colla, whose solution 

depended on that of a cubic of the form a^ + px^ = q, Elorido, learning 

t;hat Tartaglia had obtained a solution of this equation, proclaimed his 

own knowledge of the solution of the form a^ + tnx = n, Tartaglia, 

doubting the truth of his statement, challenged him to a diRputation 

2f 
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in the year 1335 ; and in the mean time himself discoTered the solu- 
tion of Ferreo's form j^ •\' mx = n. This solution depends on assuming 
for X an expression^/ - v^i* consisting of the difference of two radi- 
cals ; and, in fact, constitutes the solution usually known as Cardan's. 
Tartaglia continued his lahours, and discovered rules for the solution 
of the various forms of cubics included under the classification of the 
Arabic writers. Cardan, anxious to obtain a knowledge of these rules, 
applied to Tartaglia in the year 1539 ; but without success. After 
many solicitations Tartaglia imparted to him a knowledge of these 
rules ; receiving from him, however, the most solemn and sacred pro- 
mises of secrecy. Begardless of his promises, Caidan published in 
1545 Tartaglia' s rules in his great work styled An Magna. It had 
been the intention of Tartaglia to publish his rules in a work of his 
own. He commenced the publication of this work in 1556 ; but died 
in 1559, before he had reached the consideration of cubic equations. 
As his work, therefore, contained no mention of his own rules, these 
rules came in process of time to be regarded as the discovery of Cardan, 
and to be called by his name. 

The solution of equations of the fourth degree was the next 
problem to engage the attention of algebraists ; and here, as well as in 
the case of the cubic, the impulse was given by Col la, who proposed 
to the learned the solution of the equation x* + 6j;* + 36 = 60j:. Cardan 
appears to have made attempts to obtain a formula for equations of 
this kind ; but the discovery was reserved for his pupil Ferrari. The 
method employed by Ferrari was the introduction of a new variable, 
in such a way as to make both sides of the equation perfect squares ; 
this variable itself being determined by an equation of the third de- 
gree. It is, in fact, virtually the method of Art. 63. This solution 
is sometimes ascribed to Bombelli, who published it in his treatise on 
.Vlgebra, in 1579. The solution known as Simpson's, which was pub- 
lished much later (about 1740), is in no respect essentially different 
from that of Ferrari. In the year 1637 appeared Descartes' treatise, 
in which are found many improvements in algebraical science, the 
chief of which are his recognition of the negative and imaginary roots 
of equations, and his ** Rule of Signs." His expression of the biqua- 
• Iratic as the product of two quadratic factors, although deducible 
immediately from Ferrari's form, was an important contribution to 
the study of this quantic. Eulcr's algebra was published in 1770. 
His solution of the biquadratic (see Art. 61) is important, inasmuch 
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it brings the treatment of this form into harmony with that of the 
cubic by means of the assumed irrational form of the root. The 
methods of Descartes and Euler were the result of attempts made to 
obtain a general algebraic solution of equations. Throughout the 
eighteenth century many mathematicians occupied themselves with 
this problem ; but their labours were unsuccessful in the case of 
equations of a degree higher than the fourth. 

In the solutions of the cubic and biquadratic obtained by the older 
analysts we observe two distinct methods in operation : the first, illus- 
trated by the assumptions of Tartaglia and Euler, proceeding from an 
assumed explicit irrational form of the root ; the other, seeking by the 
aid of a transformation of the given function, to change its factorial 
character, so as to reduce it to a form readily resolvable. In Art. 55 
these two methods are illustrated ; together with a third, the concep- 
tion of which is to be traced to Yandermonde and Lagrange, who pub- 
lished their researches about the same time, in the years 1770 and 
1771. The former of these writers was the first to indicate clearly 
the necessary character of an algebraical solution of any equation, 
viz., that it must, by the combination of radical signs involved in it, 
represent any root indifferently when the symmetric functions of the 
roots are substituted for the functions of the coefficients involved in 
the formula (see Art. 94). His attempts to construct formulas of this 
character were successful in the cases of the cubic and biquadratic ; 
but failed in the case of the quintic. Lagrange undertook a review of 
the labours of his predecessors in the direction of the general solution 
of equations, and traced all their results to one uniform principle. This 
principle consists in reducing the solution of the given equation to 
that of an equation of lower degree, whose roots are linear functions 
of the roots of the given equation and of the roots of unity. He shows 
also that the reduction of a quintic cannot be effected in this way, the 
equation on which its solution depends being of the sixth degree. 

All attempts at the solution of equations of the fifth degree 
having failed, it was natural that mathematicians should inquire 
whether any such solution was possible at all. Demonstrations have 
been given by Abel and Wantzel (see Serret's Cours d'Algkhre Supe- 
rieure, Art. 516) of the impossibility of resolving algebraically equa- 
tions unrestricted in form, of a degree higher than the fourth. A 
transcendental solution, however, of the quintic has been given by 
M. Hermite, in a form involving elliptic integrals. Among other 

2f2 
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contributions to the discussion of the <xuintic since the researches ^^ 
Lagrange, one of leading importance is its expression in a trinomu^- ^ 
form by means of the Tschimhansen transformation (see Art. 179^ 
Tschimhausen himself had succeeded in the year 1683, by means o: 
the assumption y = P + ©r + a:*, in the reduction of the cubic am 
quartic, and had imagined that a similar process might be applied to 
the general equation. The reduction of the quintic to the trinomial 
form was published by Mr. Jerrard in his Mathematical Ruearehety 
1 832-1835 ; and has been pronounced by M. Hermite to be the most 
important advance in the discussion of this quantic since Abel's 
dimonstration of the impossibility of its solution by radicals. In u 
Taper published by the Key. Eobt^rt Harley in the Quarterly Journal 
of MaiJiematiciy toI. vi. p. 38, it is shown that this reduction had been 
])rcviouBly effected, in 1786, by a Swedish mathematician named 
liring. Of equal importance with firing's reduction is Dr. Sylrester's 
transformation (Art. 180), by means of which the quintic is expressed 
as the sum of three fifth powers, a form which gives great &cility to 
the treatment of this quantic. Other contributions which have been 
made in recent years towards the discussion of quantics of the fifth 
and higher degrees have reference chiefly to the invariants and cova- 
riants of these forms. For an account of these researches the student 
is referred to Clcbsch's Theorie der hindren algehraischen Formen, and 
to Salmon's Lessons Introductory to the Modem Higher Algebra. 

There has also grown up in recent years a very wide field of in- 
vestigation relative to the algebraic solution of equations, known as the 
** Theory of Substitutions." This theory arose out of the researches of 
Lagrange before referred to, and has received large additions from the 
labours of Cauchy, Abel, Galois, and other writers. Many important 
results have been arrived at by these investigators ; but the subject is 
of too great extent and difficulty to find any place in the present 
work. The reader desirous of information on this subject is referred 
to Serret's Cours d^Algehre Superieurey and to the Traite des Suhstitu- 
tions et des Equations Algehriques, by M. Camille Jordan. 
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NOTE B. 

SOLUTION OF NUMERICAL EQUATIONS. 

The first attempt at a general solution by approximation of nume- 
rical equations was published in the year 1600, by Vieta. Cardan 
had previously applied the rule of ** false position'* (called by him 
** regula aurea") to the cubic; but the results obtained by this 
method were of little value. It occurred to Vieta that a particular 
numerical root of a given equation might be obtained by a process 
analogous to the ordinary processes of extraction of square and cube 
roots ; and he inquired in what way these known processes should be 
modified in order to afPord a root of an equation whose coefficients are 
given numbers. Taking the equation / (x) = Q, where Q is a given 
number, and / {x) a polynomial containing different powers of x^ with 
numerical coefficients, Vieta showed that, by substituting in / (:r) a 
known approximate value of the root, another figure of the root 
(expressed as a decimal) might be obtained by division. When this 
value was obtained, a repetition of the process furnished the next 
ligure of the root ; and so on. It will be observed that the principle 
«)f this method is identical with the main principle involved in the 
^nethods of approximation of Newton and Homer (Arts. 100, 101). 
-All that has been added since Vieta' s time to this mode of solution of 
numerical equations is the arrangement of the calculation so as to 
afford facility and security in the process of evolution of the root. 
How great has been the improvement in this respect may be judged 
«>f by an observation in Montucla's Histoire des MathematiqueSy vol. i. 
J). 603, where, speaking of Vieta's mode of approximation, the author 
regards the calculation (performed by Wallis) of the root of a 
biquadratic to eleven decimal places as a work of the most extra- 
vagant labour. The same calculation can now be conducted with 
great ease by anyone who has mastered Homer's process explained in 
the text. 

Newton's method of approximation was published in 1669 ; but 
before this period the method of Vieta had been employed and sim- 
plified by Harnot, Oughtred, Pell, and others. After the period of 
Newton, Simpson and the BemouUis occupied themselves with the 
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Hunie problem. Daniel Bernoulli expre^sscd a root of an equation in 
the form of a recurring series, and a similar expression was given by 
Euler; but both these methods of solution have been shown by 
Lagrange to be in no respect essentially different from Newton's 
solution {Traiti de la RSsolutum ds$ JSquations Numiriqws), Up to 
the period of Lagrange, therefore, there was in existence only one 
distinct method of approximation to the root of a numerical equation ; 
and this method, as finally perfected by Homer, in 1819, remains at 
the present time the best practical method yet discovered for this pur- 
pose. 

Lagrange, in the work above referred to, pointed out the defect^ 
in the methods of Vieta and Newton. With reference to the former 
he observed that it required too many trials ; and that it could not be 
depended on, except when all the terms on the left-hand side of the 
equation f{x)= Q were positive. As defects in Newton's method he 
signalized — first, its failure to give a commensurable root in finite 
terms ; secondly, the insecurity of the process which leaves doubtful 
the exactness of each fresh correction ; and lastly, the failure of the 
method in the case of an equation with roots nearly equaL The 
]iroblem Lagrange proposed to himself was the following: — **Etant 
(lonnee unc equation numerique sans aucune notion prealable de la 
p-andeur ni de I'espece de ses racines, trouver la valeur numerique 
exacte, s*il est possible, ou aussi approchee qu'on voudra de chacune 
(le ses racines." 

Before giving an account of his attempted solution of this problem, 
it is necessary to review what had been already done in this direction, 
in addition to the methods of approximation above described. Harriot 
discovered in 1C31 the composition of an equation as a product of 
fiictors, and the relations between the roots and coefficients. Viet.i 
liad already observed this relation in the case of a cubic ; but h«' 
failed to draw the conclusion in its generality, as Harriot did. This 
(liscovory was important, for it led to the observation that any integral 
root must be a factor of the absolute term of an equation, and New- 
ton's Method of Divisors for the determination of such roots was 
a natural result. Attention was next directed towards finding limits 
of the roots, in order to diminish the labour necessary in applying the 
method of divisors as well as the methods of approximation previously 
in existence. Descartes, as already remarked, was the first to recog- 
nise the negative and imaginary roots of equations; and the inquiry 
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commenced by bim as to tbe determination of tbe number of real and 
of imaginary roots of any given equation was continued by Newton, 
Stirling, De Qua, and others. 

Lagrange observed that, in order to arrive at a solution of the 
problem above stated, it was first necessary to determine the number 
of the real roots of the given equation, and to separate them one from 
another. For this purpose he proposed to employ the equation whose 
roots are the squares of the differences of the roots of the given equa- 
tion. Waring had previously, in 1762, indicated this method of 
separating the roots; but Lagrange observes {Equations ^umSriquei, 
Note iii.), that he was not aware of Waring's researches when he 
composed his own memoir on this subject. It is evident that when 
the equation of differences is formed, it is possible, by finding an 
inferior limit to its positive roots, to obtain a number less than the* 
least difference of the real roots of the given equation. By substi- 
tuting in succession numbers differing by this quantity, the real roots 
of the given equation will be separated. Wlien the roots are sepa- 
rated in this way Lagrange proposed to determine each of them by 
the method of continued fractions, explained in the text (Art. 105). 
This mode of obtaining the roots escapes the objections above stated 
to Newton's method, inasmuch as the amount of error in each suc- 
cessive approximation is known ; and when the root is commensurable 
the process ceases of itself, and the root is given in a finite form. 
Lagrange gave methods also of obtaining the imaginary roots of 
equations, and observed that if the equation had equal roots they 
could be obtained in the first instance by methods already in existence 
(see Art. 74). 

Theoretically, therefore, Lagrange's solution of the problem which 
he proposed to himself is perfect. As a practical method, however, it 
is almost useless. The formation of the equation of differences for 
(jfiuations of even the fourth degree is very laborious, and for equa- 
tions of higher degrees becomes well nigh impracticable. Even if 
the more convenient modes of separating the roots discovered since 
Lagrange's time be taken in conjunction with the rest of his process, 
still this process is open to the objection that it gives the root in 
the form of a continued fraction, and that the labour of obtaining 
it in this form is greater than the corresponding labour of obtaining it 
by Homer's process in the form of a decimal. It will be observed 
also that the latter process, in the perfected form to which Homer 
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has brought it, is free from all the objections to Newton's method 
above stated. 

Since the period of Lagrange, the most important contributions to 
the analysis of numerical equations, in addition to Homer's improve* 
mcnt of the method of approximation of Yieta and Newton, are those 
of Fourier, Budan, and Sturm. The researches of Budan were pub- 
lished in 1807 ; and those of Fourier in 1831, after his death. There 
is no doubt, however, that Fourier had discovered before the publica- 
tion of Sudan's work the theorem which is ascribed^to them conjointly 
in the text. The researches of Sturm were published in 1835. The 
methods of separation of the roots proposed by these writers are fully 
explained in Chapter IX. By a combination of these methods with 
that of Homer, we have now a solution of Lagrange's problem far 
simpler than that proposed by Lagrange himself. And it appears 
impossible to reach much greater simplicity in this direction. In 
extracting a root of an equation, just as in extracting an ordinary 
square or cube root, labour ctinnot be avoided ; and Homer's process 
appears to reduce this labour to a minimum. The separation of the 
roots also, especially when two or more are nearly equal, must remain 
:i work of more or less labour. This labour may admit of some reduc- 
tion by the consideration of the functions of the coefficients which 
play so important a part in the theory of the different quantics. If, 
for example, the functions JZ", /, and Jy are calculated for a given 
([uartic, it will be possible at once to tell the character of the roots 
^see Art. 68). Mathematicians may also invent in process of time 
some mode of calculation applicable to^numerical equations analogous 
to the logarithmic calculation of simple roots. But at the present 
time the most perfect solution of Lagrange's problem is to be sought 
in a combination of the methods of Sturm and Homer. 
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NOTE C. 

DETEBHINANTS. 

The expressions which form the subject-matter of Chapter XI. 
were first called "determinants" by Cauchy, this name being adopted 
by him from the writings of Gauss, who had applied it to certain 
special classes of these functions, viz. the discriminants of binary and 
ternary quadratic forms. Although Leibnitz had observed in 1693 
the peculiarity of the expressions which arise from the solution of 
linear equations, no further advance in the subject took place until 
Cramer, in 1750, was led to the study of such functions in connexion 
with the analysis of curves. To Cramer is due the rule of signs 
of Art. 108. During the latter part of the eighteenth century the 
subject was further enlarged by the labours of Bezout, Laplace, 
Vandermonde, and Lagrange. In the present century the earliest 
cultivators of this branch of mathematics were Gauss and Cauchy; 
the former of whom, in addition to his investigations relative to the 
discriminants of quadratic forms, proved, for the particular cases of 
the second and third order, that the product of two determinants 
is itself a determinant. To Cauchy we are indebted for the first 
formal treatise on the subject. In his memoir on Alternate Functions ^ 
]>ublished in the Journal de VEcole Poly technique, vol. x., he dis- 
cusses determinants as a particular class of such functions, and 
2)roves several important general theorems relating to them. A 
<;:reat impulse was given to the study of these expressions by the 
writings of Jacobi in Crelle's Journal, and by his memoirs published 
in 1841. Among more recent mathematicians who have advanced 
this subject may be mentioned Hermite, Hesse, Joachimsthal, 
Cayley, Sylvester, and Salmon. There is now no department of 
mathematics, pure or applied, in which the employment of this 
calculus is not of great assistance, not only furnishing brevity and 
elegance in the demonstration of known properties, but even leading 
to new discoveries in mathematical science. Among recent works 
which have rendered this subject accessible to students may be men- 
tioned Spottiswoode's Elementary Theorems relating to Determinants, 
LondoD, 1851 ; Brioschi's La teoriea dei Determinanti, Pavia, 1854 
Baltzer's Theorie und Anicendung der Determinanten, Leipzig, 1864 
Dostor's Elements de la theorie des Diterminants, Paris, 1877 ; Scott's 
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Theory of DeterminanU^ Cambridge, 1880; and the chapters in Salmon's 
Lessons introductory to the Modem Higher Algebra^ Dublin, 1876. 
For further information on the history of this subject, as well as on 
that of Eliminants, Invariants, Govariants, and Linear Transforma- 
tions, the reader is referred to the notes at the end of the work 
last mentioned. 



NOTE D. 

THS FROPOSITIOK THAT EYEST SQUATIOir HAS A ROOT. 

It is important to have a clear conception of what is established, 
and what it is possible to establish, in connexion with the proposition 
discussed in Art. 195. If in the equation Aq^ + flia:*~'+ . . . a, = 
the coefficients Oq, Oi, . . . <7, are used as mere algebraical symbols 
without any restriction ; that is to say, if they are not restricted to 
denote numherSy either real, or complex numbers of the form treated 
in Chapter XVII., then, with reference to such an equation it is not 
proved, and there exists no proof, that every equation has a root. 
The proposition which is capable of proof is that, in the case of any 
rational integral equation of the n** degree, whose coefficients are all 
complex (including real) numbers, there exist n complex numbers 
which satisfy this equation; so that, using the terms number and 
numerical in the wide sense of Chapter XVII., the proposition under 
consideration might be more accurately stated in the form — Every 
numerical equation of the n** degree has n numerical roots. 

VTith reference to this proposition, there appears little doubt that 
the most direct and scientific proof is one founded on the treatment of 
imaginary expressions or complex numbers of the kind considered in 
Chapter XVII. The first idea of the representation of complex num- 
bers by points in a plane is due to Argand, who in 1806 published 
anonymously in Paris a work entitled Essai sur une maniere de repri- 
smter leg quantttes imaginaires dans Us constructions geometriques. This 
writer some years later gave an account of his researches in Gergonne's 
Annales. Xot withstanding the publicity thus given by Argand to his 
new methods, they attracted but little notice, and appear to have been 
discovered independently several years later by Warren in England 
and Mourey in France. These ideas were developed by Gauss in his 
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M-orks published in 1831 ; and by Cauchy, who applied them to the 
j)roof of the important theorem of Art. 194. With reference to the 
proposition now under discussion, the proof which we have given at 
the close of Art. 1 95 is to be found in Argand's original memoir, and 
is reproduced by Cauchy with some modifications in his Exercice» 
4^ Analyse, A proof in many respects similar was given by Mourey. 

Before the discovery of the geometrical treatment of complex 
numbers several mathematicians occupied themselves with the pro- 
blem of the nature of the roots of equations. An account of their 
researches is given by Lagrange in Note IX. of his JEqttations Nume- 
riques. The inquiries of these investigators, among whom wo may 
mention D'Alombert, Descartes, Euler, Foncenex, and Laplace, re- 
ferred only to equations with rational coefficients ; and the object in 
view was, assuming? the existence of factors of the form x - a, x - fiy 
&c., to show that the roots a, P, &c., were all either real or imagi- 
nary quantities of the type a + by/ - I ; in other words, that the 
solution of an equation with real numerical coefficients cannot give rise 
to an imaginary root of any form except the known form a-^b y/- 1 , 
in which a and b are real quantities. For the proof of this proposition 
the method employed in general was to show thot, in case of an 
equation whose degree contained 2 in any power X*, the possibility of 
its having a real quadratic factor might be made to depend on the 
solution of an equation whose degree contained 2 in the power ^ - 1 
only ; and by this process to reduce the problem finally to depend on 
the known principle that every equation of odd degree with real coef- 
ficients has a real root. Lagrange's own investigations on this sub- 
ject, given in Note X. of the work above referred to, related, like 
those of his predecessors, to equations with rational coefficients, and 
are founded ultimately on the same principle of the existence of a real 
root in an equation of odd degree with real coefficients. 

As resting on the same basis, viz., the existence of a real root in 
an equation of odd degree, may be noticed two recently published 
methods of considering this problem — one by the late Professor Clif- 
ford (see his Mathematical Papers, p. 20, and Cambridge Philosophical 
Society^ s Proceedings, II., 1876), and the other by Professor Molet 
{Transactions of the Royal Irish Academy, vol. xxvi., p. 453, 1878). 
Starting with an equation of the 2m*^ degree, botli writers employ 
Sylvester's dialytic method of elimination to obtain an equation of the 
degree m{'lm -\) on whose solution the existence of a root of the 
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proposed equation is shown to depend ; and since the number m {2m - 1) 
contains the factor 2 once less often than the number 2m, the problem 
is reduced ultimately to depend, as in the methods above mentioned, 
on the existence of a root in an equation of odd degree. The two 
equations between which the elimination is supposed to be effected are 
of the degrees m and m - 1 ; and the only difference between the two 
modes of proof consists in the manner of arriving at these equations. 
In Professor Malct's method they are found by means of a simple 
transformation of the proposed equation, while Professor Clifford ob- 
tains them by equating to zero the coefficients of the remainder when 
the given polynomial is divided by a real quadratic factor. The forms 
of these coefficients are given in Ex. 31,, p. 286 ; and it will be readily 
observed that the elimination of P from the equations obtained by 
making Tq and Vy vanish will furnish an equation in a of the degree 
m(2i»- 1). 
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